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Int;l~oduction 

an 'e:c;;ression ';:lith re!3pect "co one variable by in.':!r'E!!:l.cnJclng 'cl-:e 

'...variable and taking the limit as th~ size of: the increment 
approaches zero. Also presented are all the om·] tools 'needed 

to do it. 
study 

T?l~ purpose of -'chis study !'JS.S tOl\s:gmbollc 'manipulation 

thiD kind of differentiation seemed to present the r~ght 
'magnitude and charact;el" of problem. 

The primary problems that arose l~ere both 'in'performing 
substitutions and in performing simplifications. 

The f'izost major problem in substitution t'Jas ,solve.d by 

1m7enting s-uof'p tp.6). The most diff'icult substitution t"Jas 

a 6ubst.it;uti.on of a ne~'l list structure for part:tcular pairs of' 

factors in pro.ducts of' unspecified leo3th occu~"l"ing in list 

structures of unspecified complexity. This was accomplished 

by locating the products and factoring them (p.16). 
j\1gebraia f-:"implificat;icn is self e::::planatory (p .. 26). 
This !d...'"1d of d:U'ferentiation is an impera'Give stat·- .:::;nt 

to- t'Jhich the rnafJhine responds by producing a declaJ?ative 3tate
!i!eIl t (:p D 1!~ ) 

The '#170:::1-: e;;:tanded over a long pe.::ioc1 of tii":'c. No obsolete 

notation remains but some of the latest :::md most concise modes 
of e:q)l"ension miTe not been put into the older programs. In 

particular, si-cp (p26)" uses a lot of special f:.,mations ~Jhl~h . 

use other- specialfllilctions t<1hich are defined in "Germs of function's 

which are of mnre general value. This would be mor.e concise, 

although~ per~~p~ -less intelligible I if the technique of recursive 
definition o~ f~nctional abstraction (p 15) were usedG Also 

the fermat !'U:!.2S (p.12) mal{e laJG~r definitions easier to read. 

Some details ~'?ere not tollot-Jed on earlier def'inl tlm1s • The 

date of each C3~inition is given. 

----- ---..----~-. - --.' .. -----_ ... ,..,- . ...,. .. _ .. -_ ....... _ .......... 
;,. .. ,. ... ." ... ""'._ ... _~--.. ~~~.,..,..--~-...,.....- .. F"""p ),.J'!7"'" 0" ... p .... AthP.z.4«;;e; ""'t.t$"'''''"'" 
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t-Il th Dinor e:;cce!"ycion.;; noted in the 

of 

th~~ t 3Gilie of t!18 ins tI'llctJ .. ons ~~J ill l!O"C 8':~:2r:~ \7(?r'~T t1Ci\.~:.::Lll 2:C 

the tina t-;he7..i arc c1ef~:ln8d if' t:h2 readGI' :::eads "C110 pages j:n 

order. An 21"j,?m'] fr-cm one fU:1ct;:i.onul aos'cz'actie:i:1 -Co a sec~nd 

indicates that the second is used in ths definition of the 
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HO".'1 to keep the :i:~zsul ts 01' a proof' . 

. Suppos~ r!.7e have an n-ste9 proo.f'ge~!cra.ted by 

~ ',p. ·1(---~ (·~l(L "'"n n-~2- ) )-~-» 

1958 NOV ll-

and tole t'J1sh to save eaci'l line of the proof' .. They .can be 

put ou a list asfollo~'1S 

).( J ?cons (PI (car( J) ), J» (cons (L, 0) ) 

"A.{ J ;co:ns (F2 (car( J) ).sJ) ) (nbove) 

- - - -.;.....--- - - - - - - - - --
A(J~conS(Fn_l(car(J)~J)(above) 

i\(J,cons(F"", (C8.:;,"(J» ,J) )(above) 
u 

This list is too Sitlple to solve all problems in organizing 

the ste~Bor a proof. 
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&..:'~~.J-J.L·,.·..J;l.;-J..; 

i 

i·~·~ 8. r! ,3 :~:2 ~1 ~J ~ Jc, -t -:: tel: e r f' .. .., 
~J _ \)1. 

-5--

( 'T a 0 '-:>"'1"1 (~i .,..~\ • r>o""'-'-'r) c-:o·,..(",\· n "f \.1'.::- -~; j'-y't.~ ... \l">!·!J-;.y_ .. ';:J,,"J\.w .r~ .. ~.L\.!.~j~_ ... --:;I! .. ;, 

1958 EOV !~ 
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subfp( f ~ P.? 1'r) 
,subst:1:;;utes f(.J) for ,each uddrc=msJ 

such that P(J)~l that it finds ,in L. 

{ H==:O-?O ~ p (N )~r (N) ~ car (N ) ::=O-..?-'1 " 

1-,'con9(subfp(f.7p~car{N» "subfp(f "P"Cdl'>(H»» 

- --- ------ ' -- ------- --------------
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ins8~t list L nt K in another list 

-~ I:~'I;~ Ie ii--- "--'-~ 
L~ ~~ ! }--;'.tr::B,,""-_-r-I 0"::'"_-'1 

o -~rJXf--~prll ~B _ 0 J-~\~]-7 - - -
insert (LOs K) :::c~r (L) ::..,O~") ~ns ( copy ( cal"' (L) ) :J K) ~ 

l~cons (~opy( car(L»; insel.,t( cd:>(L) ,K) 

19S8cc'l' 28 
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( 
canceladdend (a 7 J) 

COl)ic3 of the list structure at J€:limj.:'1.:lting the ac1clend a 

fro~':1 J • If' .J is a S1.1.:-O it .clinrinCltes the f'il"fJ"G :1.n::J'Cn.nce of a. 

Tlla valu.e is the addrcs3 of' the ne::'! l:i.st .. 

·canc~l~ddend (a~J) 

-=( equal (.car (S),a )~co:py( Cdl" (J)): 
l-~ons (copy{ car( J)} .,canceladc1anc1.(u j cor(J»» 
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c;lncclf~:ctQj" .. copj"es the list 3trl_~ct;1..'..1>2;:: at J!J el:3.mi.-

natins the factor a from J" ~ 

inst<lnce of a as a facto:;:' in each of the t~l"r.1S of "G:'-;e S1}'~11. 

If J is pl"'edicate j.t cc~ncelfacto: ... s the arr;lll'Jei.,,;t (3) 0 lJ.'he 
value is the addl"'eos of the ne~'J list stru.cture. 

It !lli11 be able to factor A srld A+B from 

A(A+B) but 1;Jill not be able to factor 

B from A(BC) but it toJov.ld be able to factor O1.1.t (Be). 

cancelfactor (a?J)= 
(J;~O-'equal(a"cal .. (J) )4cons(cl"coyy(cd:.:>(3))) s 

p!'ed(car(J))vcar(J)=plus-~ 

cons (car.>{ J), maplist (cdr( J) ;> ~(Ktcancelf':;:.(!to::'''(a,:lIC) ) ) );f 

car(J)=ti!nes-~ons('cimes, Gc..:." .'1 .. ' .:··L1. ..... i " cc· .. { J-"\ \ __ w _____ • v-~ ~~ JJI 

~}CO~s(copy(car{J),cancelfactor(cGr(J»))) 

, 
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i·lul t:.tl ( :s ):::; 
( J --O ,1,\ .. - -.,IV-~ 

C:lD.i." (i:n,:.::pl1.!s:-~~::l1..l1:Gn.l (co.i'J.S (plus ?r::aplist 

(-crlar(?~) , A (LiCOl1S {~:i.m~8, inser.t 

. (csrlcGlfactor( car(K) ,J) JlL))) J, 
1 =N?{'cc1r(K))), 

1-)Cons(multa1.{ car{J» ~mult'al( c.~r(J.}») 

1958 NOV 20 

NtU:cal coi'nTe!'ts pl'oducts or sums to sums of ,products. 
x. (a+'iJ+e) .. y~x.y .a+x .. Yob+xoY.o 

The.ezpression ml~t b~ ~leared of confusion by simp if 
multal is to find all cases~ Furthermore~ ~ultal creates 
cor£usion that cen be removed by simpo 

A:;; .the time when F discovel'"s a sum under a product the 

l~st is like t~s: 

""-t;_;_~_~G_ ... -..JI-).· -{'-__ ..!.-.:.;:K:.....II-{_c_.a_l:0.~.LJ---7 - - - -

{ pluS \ cccn">(K)]-j-

4 ••• (If 
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a:::>gurr:ent13 (i.e. both are l ... bi'c, I5-bi·c" or' 36-bi'c cJ:u.ant:l:c:}.GS). 

1:110 value is 1 if Land E have the saGe value and 0 otl1el"-

t·Jise. Th~1"'e is no proe;rmn for ::::: in l:1.st processing lansuage 

since this is part of '(jhe lozical foundation and hence is 

describable only in metalangu~ge (English 01"' SAP). 
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f'o:r"r,:at rules: 

All of t;11e scpa~ate .cond:U::ions of .c . .conditional beS:i.t1 

.sar::e c'Oh;U:111 2.nd t!~ is is a diffe:i."1c:mt column f'ro41l the .immedi-
at~ly adj3.c.entexpl">essions: 

ego (r~~3.1B-,>(C-=-,D,E-)P.) :JG~H) :1's written 

A-,,>B~ 

2. 

B -'>( C-:>D ~ 
E-~F) :J 

G-7H) . 

F{G(Z» - G(Z) = 
F{abovs) 

F(below) 
G{3} 
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I.;,., ·Jj"O.1-h ,...-,.." 
\ _ • t..,:; • •• lI.!..!. t...1~ '< 

<::.:.:6. t118 ,,Talue of L is val'L'!0 of' 

as its 'tJal1.l0 the 4 " aac~ress O·? 
.1;" the word cont~1n-

i~3 L. T:'!:l.s function is used instead of = in the s'Sns~ of 

r8placer.lent .. 
T~~re is no pro3ram for replace in list processing language 
stnce i"'c is part of the logical foundation and is therei'ore 
describable only in a metalanguage (c.g. English or SAP)~ 
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I'T2sts of C<l.j,," and C0.1'" 

,to. e:;:pl"esG a nGG"C of cur! sand Cdl" lsit is necessar-:y to 

~rite cnnd r only once 

car(car-(J)) ='caar(J) 
C~i'>( cd;." ( J) )=c2.dr( J') 

em.'" ( cdr( car (cdzo( cal'" cdr( J)) ) ) ) ) =cadadadr (J) etc. 
\ 

, 
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( V:"l;" ( ,)= ... __ \ t..I , 

( C:'.1"' ( J) :·/0-'-'0 : 
., .... (·r:1{··r\ (1-_1"1 ,n 
.!.-7i\, ''';/ \ :"""'j j ,,~'-'---v-f I, 

p~operty list of the predicate "vir". 
Tl:.is dei'li:lit:ion illustrates ·cl1.z use of D. 1"'ecu.:r:'siv·8 

F :1.8 "i:::l'1e narne 0:(: 

F=!\(I?( :·n ~ (3::=0---00 ~ c.a:> {ic)=v:..i.r---; .. l.:' 1-;27 (CC~l"" (!i) ) ) ) 
and e:;:;':;8ct:. it to have the value 1 2.:3. a :r~sult '..yf the c1ei'j."(liti01.~ 

( 
'-.. em object is a memC81." of a set 2::r-8 similm:.-'., 
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Factol"'p::l.iZ's (P; Q."I.i) 

f.::ctm."''S from cuch p~oduc'i:; in .a .list ·"stl"'uct.ure gall pail"s 

.of f~ct;ors ::::.'!.Cil -chat P df th8 firs.t ·:ai:c1 Q. -of -ti.1G .seco:1c. 

coc-s ·not 
"i::::J t"70l'.lr on.' 
I':Lcto:;:."p:tirs (p ,Q,N)= 

(l·l=O~;1J :I 
,. :;:.~.., r r'-l) =O_-..f!7 ...... _- \- ,,--; 

c~r-(i-1)=tiii1eS-7.cons (times:l 7\( lofofi(J ;K), 

{K=O-;cons (cons (ti~e.s, copy( J) ):10) 1 

P{KH~( l.ofosa(!.) /I 
(L;~~o~s(cons(times,copY(J»),O), 

,Q(L)~ons{liat(timesJ'copy( Gaz'(K») ,copy( car(L»); 
A-fJ";J..oi'.ofi{l! IrJ ) ) (dele."cGrm{L"deleterm(K" J) ) ) ), 

1--;J.ofosa(J""K,cdr(L»» (J ,K, J), 
~lofof'i( J rcd;;:-(K» »( cdr(fi):I Cdl"'{r.J) ) ; 

l.-..:;:cona (f~ctorpail"6 (p" QJ cEr(r.ij :I > ~act':'\rpaj.,!"e (P pQ, cor (r.:J ) 

If tb.is definition seems ha:i.."'d to l'>cad., "chen 1'11"S"1:; l"ead 
u2.1eterm (P..l9) and var(p.1S). l\1so note that; 

Api; lofo:Ei.( F~ "t!) HZ.}=lofofi (3~-S) " 

This is' jtlS't- a tric!{ ..le-o Get t~"jO e~rS"1.1mentG from one.. Note 

alBo that- lofoi'i is nmemonic :for 1l1ook for .fil"'St:;~ and . 
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1. inc~..,GD.~e=),(p.(J) ,7subst( (plus ,X"X) :X;,F(J)) 

2. F(0eJ.o~Jl) 

G(abovc) 

3. P=~(J, p{J)=O) 

It is possible to mnr;ip1..1late sos.e of these mOl"e ccmpli-

cated state~e~ts by p~oce3~es that can be described in list 

3:valua"ce 
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( C62~ (L) ::;a->' conn ( (!()}?y( ca:::' (L) ) ,co.r;:/( CC.ll' (Ie) ) ) : 

l""j";-. corrn (copy (.COl" (L) ) ,6GJ.et81'tmct:i..on (ie, eel::: tIl) ) ) ) 

. c1eletefunct1on (Ie, c6.r (C.J.?( Ie) ») has as :t"cs valuo 

of' the. :rollo~'llng stl"l!c'i;ul"e tl:at i t prod1.~ces: 
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j""'-~' "'~'~-T( ,.~OV)/.; •• ~, .. ·-J-~,-,v· . C·,· ! ., J) • _... ... J,...... .....- \ .. - .~ 

1_'~"CY\~(C1.~lo.{·r.,· .. ~n\:"i C~~"'l/o()\) a~""'I·'''''·!'r."I·''··1!J Cr;.,t,,-),),) - ill"'" ..... - . __ ...,v __ ...... u, ~- ,,_" : \.,.i_'\.ooV\"'o_I_.," ~ u_ \£':r. J 

11:;lS ~s i"G8 ·\I"'~ltlG tl~0 Gdc1ress 

exception of term J ~hic~ it deletes. 

f .... 

-
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slmpf'actol'>(K,;>J)= 

,ca:!.'>(K)::Cl~8im~ti!i1G:J (dele"i;ej."m-(}C, J»): 
C "l7> I C'" •. "> (:or) '--'''~ :'1.:1" ,n OYl'~ (1""1 ;-'\"1~ '''"'-\ 1. ... .:.,;.:.. '-.:.: .. r ....... ..;-.,......, ...... ;.J ; ... _'- ... \.0; 

(CC:U:>(K) ) ) .:K, J) ) I 
,1 ~simpre.ctcj." (cdr(K); J)) 

. 1..11118 goe3 thl"ouSh the factors of 8. pl ... oc11.1 .. cti and replaces 
the pr-oduct ?lith zero if' it 1'1;'1QS '3,. zero proc1uc"c.l' c~01etcs 

a factor of: uni";;Y:1 b:;'')ings minus outside the pl"'oduc,,\:i:1 and 
'l?080VeS unnecessary tim8s 2 3. 

I 
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.~." •• , .. ..,J •• ~ ~.~<~ f J)'-' 
...: 2..L.~ L' :"i.! .. ~-:""':' \ --

-; .... {.,,",", ( "')' _.r" "---I .l.--/" \ 1", .. U.i.. \. (..1 - 'J-i4;-~ :I 
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~hicb hes the sa~e menniDZ as th8 list na~~d by the 

simpl:i.fiC.:itio~lS : 

1" ~i ti.mes ~'!:!. tl1 no 2J..")gti.~:·.8l':\ t~2 is replaced t~J i tl'1 Cl 

2 .. . 
tlr~les 1:Ji th OtE; ~rG"l:·:7.~ ~1-/~ is re})J.<..::.ced l)~T i-{~s ".!.l. 

D..!?gtlIT.ei1t; 

-::0 
..)" 

i ts ]~ac tors 

" . ~ 
50 
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CC.i~ (,J~) !": .. :71i t!L1S--=;.( 

c ..... ,"';; r cr-n,! J-\ )-~.-.. 'i ~"''''1S ..... t. .. .:i· .. 7"'-"v~"'·7 ~ .. ,- (( /': •. ~( "."::'-"'1 { 'r \" \ 
. " • .!. \ U.!. \' ,I -' ..... H .. , -,·_.:.. .. l!J .. : •• i ..... ..:\ , •..... (,-'". \d I) j ~ 

("'" T', (cch" ( .T)' ) ::::," 1 "..... -~.':: :;:--':"-"1 '''i l"~ ( "' ... ,.~ .... { •. .., 1 -~'" ..... _ .... \ ._ ,..., j;;J .... f... •• :-.,,....._.~ ....... ,,! __ L. __ ._ \,;.vt. ....... !.~_L ..... I.: 

-·~;"\l·i.,.~tc'~-.,(·C~'~~(T» .... ,.,. (">"~.r·{· .. l·'·· .. ·~· r.· ..... ·)-··/r-.,..."./~,.\)\)))\\ \a;.l.:....J._,_uv\. :.-!. \. ,"",to!. u, ;:J\,:.. ..... ) .... "_d . .1.:-: \ ... _ .. l..4~l.J·"::!,"'4I""'1 t! \. .. ", ... _. \!.)..j ) I S' 

1~/C'Oi.15 (mimlG"sir:1pminuo (cc"li. .... CJ) )) ).:; 

car! J'::::~,J, ", .., 

. chapge.s minus 'a .S!" n to the J3U::1 .01' ~11~1U.S the addend.s.o 

" j. " iV,'" ,0". (4S, 
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(-. .- ... J' A'! ,:-:, • "I. i ~ .. '} 'I .•• "l -J - - ,,~ .... :~ .... ..'~ ... , .. ( , "' .. 1 ~ '. 1- : 
".~'''' ',- 1 ... :"".1.' \ :.~. : .... -:'_·_~.:.-'-r).t ... ~ !_J.:._ ~ t • .... ~l .. !.I::.J ........ 

( 

, i 

. -'. ':~ :,\,.r 

(1":. '1 t .... ..... \ 

': .,.) '. 
: .:''': .':: 

. ! '; '\ 
'0 "J ; :;.r "', 



D 

{ 
S -; ~;'" 1111'-" ( .. 'I:::: ~ .•.. :.J_. ,-' \ '-' ) 

n",",-"{ -\".(,\ ..... -vc.:..J. d) "v'-_-) ,. 

cd::.' (J) ::::;0-,'(; O:J 
nr'l"( C~l--~ 1,\ I._.A .... ~J. ~r:l)-.l" <:: (eel'''' (J) ) 
\". ..... \. \ \"'.,J. \ r.J I j ..... ~~ .~.11. ~ .. ~- \ .. ".... !) 

J:-.:;.G imp:ld6.e~'2d ( J ~ cdr; ( J) ) ) ; 
l-)-Ccns( Sitlplus (CUl."( J)) ~ sii::plus (edr (J)) )) 

-- ---- ------- ----- -- ---------

.L~ 0'-)8 j.[{'oiT llrl 
,.1- - .' 'oJ , 

ZGl"o"a plus '!;ith O~1G addend to be :?:'2pluccc1 by t112 ::lad.end; 

fl 92.1.18 ~';hich OCCt1:!:'S as an c.Gdend -Co .00 replD,C!ed by its 

2.:t'.:;u2~nts -' 2. Z01.."0 occur!:'ing as an addend to be dele'(:;ed~ 

a~1d t~'Jo cllncelJ.5.ng addends to be deleted .. 
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tiill'3S 1.1) 1\. t1.m.es t.,,1 th no ar3'}.r::.ents :i.3 replaced by Cl" 

1.2) A tin1GS \·Ji .. tGh ·one argument i8 replaced by the 

al"'gU;ileot.o 

-wiul. s. 

plus 

1.3) A times t':hich OCCUl"S 'as a facta~{' is r.eplaced 

by its factors. 
l,.lf·) A one occun :' ing as a .factor is del~ted. 

1.5) If a minus OCCUl"S asa factor it is !>apIe..ce{:1 
by its argument and the product 'is the~~ re
placed by minus the 'product 0 

l .. 6.) A times t'lith a zero argument is replaoec1by • 

the, constant zero •. 
2.1j A minus o? a minus of a term is replac8c 0y 

2.2) 

... -1' .:). } 

3 .. 2) 

.A minus of a plu8 of.' tCl:"r;lS is replaced 
plus of the 7ilinus Dr "i:;l1e -CerwD .. 

It plus 1'11 th one addend is replaced by 'C::,:"

addend .. 

tL'?: 

3,,3) Ii plus Nl1idl oceurs as an addend is !"ep12ced 

by its argusents. 
3.1-!-) Po zel~o' oGcurring as an addend is d-ele·ced. 

3.5) If 2: sum includes a ter~ and minus tha\; 'cen7t 
'as addends th~ are both deleted. 

The definition of simp is in terms of functions which 
'are r-~cura:i.vBly defined but are not vel"Y interest;ing in 

t;hems~lves. These al"e: 

slmptimt1s 

. " 

s-impni nus: 

simplue, deletcaddend~ deletccancellin~ter-ms 

These. dei'init1ons use "t:;wo more l'"'ec"'..!z'sively defined func
tions tha~ may have other uses: 
delcterm l deleterunction • 

. -.--- -._._--- ~---,..,.---
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4). 

5) 

6) 

7) 

""') 0, 
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~i~tlV 

y-:-Ll~':: (1.~.-!.D,1...l) (v-:-.:l v) 

(y+t.y) -y:;;' (U-!-6u) (V-:-Ll v) -uv 

!J.Y:::l0.V+V.2.U·:-.6.11~V 

((~Y/) •. (-~>:)) (~x)=n{ (~v). (ll! -) )~}t-:-v{ U .... u). (K~ ») (li;c) 
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