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Decem.ber zr, 1~3 STANFORD ARTIFICIAL INTELLIGENCE PROJECT 
Memo No .. 11 . 

AN ALGEBRAIC SIMPLIFY PROG~ IN LISP 

. .. Abstra.ct: 

by Dean Wooldridge Jr. 

A program which performs "obvious" 
(non-controversial) simplifying 
transformations on algebraic expressions 
(written in LISP prefix notation) is 
described.. Cancellation of in verses and 
~o~solidation of sums and products ar~ the 

. basic accomplishments 'ot the' program; . 
however, if the user, desires to do 80., be 
may request the program to perform special 
'tasks, such as collect common faotors from 
products in sums.or.expand products. 
Polynomials are handled by routines which 
take advantage of the specialtorm of 
polynomia~s; in particular, division (!,lot 
cancellation) ls always·done in terms of 
polynomials.. The program (run on ·the IBM 7090)" 
is slightly faster than. a human; however the 
computer does not need to check its work by 
repeating the simplification. 

Although the program is~ usable -no bugs are 
known to exist - it is by no means a finished 
project. A rewriting of the simplify system 
is anticipated; this·",il! eliminate much of 
the existing redundancy and other inefficiency, .. 
as well as. implement an identity-recognizing 

.. scheme. 

The res~arch reperted here was supported in part by the Advanced Research 
Projects Agency of the Office of the Secretary of Defense (SD-l83) 
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LISP SIMPLIFICATION 

The formidable lengths and Qomplexities of the algebraic 
expressions with which engineers and physicists must often deal demonstrates, 
the need for machines which can transform such expressions into forms which 
may be more conveniently handled. Although heUri~tics play an important part 
in, simpl;Lf'png'arithmetig expressions, there is a large amount of IIdogworklt 

involved which could quickly and etti~iently be qone by a computero In thia 
paper is described a LISP 1.5 program, call~d Simplify, which app11esvarioua 
s;mplify1ng transformations t? .arbitrary arithmetic expressions. 

Siinpli:fy and its adjuncts were wrlttento,be used on-11neln a timee, , 
sharing system. The user is not expected to be familiar with LISP. However, 

"this memo consists of a rather detailed d~scr"ipt1on ot the program and does 1-

'therefore, assume familiarity with the contents of the LISPle5 manual (a non­
LISP "user's manual" for the simplify 'program will beavailablet:it El later .' 
date)tf,.: In fact, the purpose of this paper is to d~scribe the sy~tem in , " 

" sufficient detail to qualify the reader to improve, the system (an~, 10 the, 
likely event that. bugs still exist, t9 debug the system). ' 

comparison '. of descriptions in this memo with the 11.stings ot .the 
sections ot,'tl:l~ program being described will frequently ~ield rather gross 
discrepancies~- If the differences cannot be attributed to the failure of this 

C
..... ~emo. to discuss all the tedious details of bookkeeping, then . the d1tferences 
.~. are related .to f'e~tures of the program which are described elsewhere in the 

report. . . 
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The Language ofSimplity 

" . The lenguage und~rstood and used by simplify is the LISP S-expression 
notation. .The meanings of the atoms which represent arl thmetic' .i,perationa are 
the same as the meanings given in the LISP 1.5 manual; viz. i~ e is ~he·, . 
S-expr~ss1on corresponding to the Algoiicexpressl~nel ~hen: ' ' . 

(a +,b + 811 • + z)-it= (PLUS~b*. • • ~)J 

(-a). = (MINUS a~) j 

(a - b 1* = (D~FFEBENCE a~ b~); 
'(a x b x 011 .: x z)* = (TIMES a;6 b~ • • 1> . z.)e , ,I 

(a-l ).~=(RECIP 'a.) j 

(a, I b)*', ='(QUOTIEN~' a'trb*); 

. ,_(ab )*-= (EXPT ~~~. 

Simplify al~o has theabill ty 'to handle polynomi~ls s ; whi~h are. ;repre~ented as ' 
follows: ' ' . , .' 

. t, .. 

k . ' a
k 

x )Wr = (POLY x.an• e .• ao.) _, . , 

Polynomials 'Will be discussed in more deta.:l..l in a later section ()t thi8"memo~ 
, . ' >?y:- ~ '. ;.t .... :i,>;";". , .' _ 

,. 

, , i~i~thisps:per, as' in the LISP Programmer's ManUal, w~ sh8.U use lo~er :' , 
case'letters, as variables whose values are S-expressions. A symbol whose value ' 
is its name is written in upper ~ase, rather thanbei~ quoted: . e.g_., ·'POLY".' ' 
corresponds to the S ... expre·ssion' (QUOTE POLY), etc 11 •. 

Simplify" 

.The main portion of the simplify program consists. of' two supervisor 
functions". simplify and simp, and nine iis1mpll ~unctio~s: . s1mpatom; simplus, 
simpminus, simpdifference, simptimes, simprecip,simpguotient, 'simpe?'Et, and, 
slmpoly.. " '" ".', ... -, .. . " 

Simpatom(s) termlna:tes recursion)' for simplify by 'returning cons(SjNIL)i 
it has, however, another reason for existence, and this will be discussed in the 
section on the "descriptor lists" feature of ,the program~ 

. The argume.nt of simplify ls either an atom" in which ca.s~ simpatom is: 
called, or'an expression of the form: 

.(op a it e. z), 1n .. Which'·case ~plify calls simp: 

/simp[opj.~[simplify[a]j ".11 Cl jsimplify[z]]j(op ,a • ~ • z)]. 

Thus/ simplify simpl1es its argum~nts on ,all levels, starting at the 'lo:westll 

'Simp applies t~ its second argument'/1tIhlch iea list of termaorfactora" 
the function whose name is stored on the prol'e:rty list of ol' atter the indicator 
FSIMP; e.g. if op = RECIP, then the value ot simE'1s simprecip(a)]. It the ' 
simplified expression, turns out to be the same as the original',expression, which 
is carried along as the third argument ot slmp, then 'the original expression is 
returned, rather than clogging the memory with, duplicating list structures. If 
FSIMP d()es not'appear on the property list (It oP .. then sirop returns «op a ••• z». 
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Each of the simp functions, except simpatom and simpoly, look~ for 
for the occurrence of the atom UNDEFINED in its argument (the simpf'unct1ons 
have only one argument), s. ' If UNDEFINED is found, then the s1mp function 
returns 

cons[cons[UNDEFINEDjcons[opjs))jNIL]. Expressions not conta~n1ngUNDEFxNED 
which, never'theless, give rise to UNDEFINED expressions' are: 

(RECIP 0); 

.(QUOTIENT x 0); and' 

(EXPT 0 0) e,' 

(Note that, since simpli~ beginssimpli~ying'on the ibwest level of the 1n~ut 
. list, if simplify[x] = (9}, then simplify(RECIP x)] = «UNDEFINm REO'IP O»)c " 

The purpose of t~e extra pair of parentheses in the outputs of simplify and " 
the simp function~ will be discussed in the sect~onon descl."iptor lists.) " 

, . . . 

. The following descriptions 'of the operations of the simp tunations 
(excluding simpatom, which was· described above and will be.d1s~ussed again 
later, and, simpo1y, which will be described in the section on polynomials,: 
assume. that the argument, s, does not contain the atom UNDEFINED,,· 

Simpminus[s] returns the list whose only eleme~t is' given by: 

if. s~~~'C(n) and. numperp[n] then minus[n); 
'if .. s,\= «MINUS, a) then a; 
,if s == «DIFFERENCE a, b» then 

car[ simpdif'ference [-list[b j a)]) j 
if s= l'TPOLY x a.. • aorr then' 

(POLY x carfsimpminus[an ) 1 " 0 " ~[simRm1nus[a.O] l) j 
otherwise cons {MINUSj a) • 

Simpdifference[s], where s = (a b), has the value: 

simplus [cons [aj simpminus[b)'] 1; 
Simprecip[s) returns the list ~hose only element is: 

if s = (n) 'and numberp[n] then: 
if zerop[n] then (UNDEFINED RECIP 0); 
otherwtse recip[n1; . , 

'if s = «RECIP a) then a.j 

""if s = «ID<PT ab» then 
,(EXPT a car[simpminus[b]]); 

if' s =' «MINUSBJ) then ' : 
~[simpminus[simprecip[~s[ajNIL)]l] 

, (the minus sign is brcbught'to the outside ot the 
expression) j 

otherwise ~[RECIPjs]. 

Simpquotient[s], where s = (a b), calls polyquotien-t to perto~ the. ' 
division a 7 b. If the remainder thus produced is zero (or a zero polynomiala 
(POLY x 0 0 •.. 0», then s impquotient retul:'13 the list whose only element is 
the quotient. If the division produces 8. nC~-4el"O :-emainder, then 
simpquotient[s] = simptimes(cons(aj.simpreciptb j]'~ ~ 
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In the following ~iscussions of simpexpt,' simplus, and simptimes, 
we shall omit"mention of the effects of the "expand" and "factor" features on 
the operations of these functions. Expand and factor will be discussed in 
detail later in the paper.. . 

The value of simpexptf ~il is the list whose only element is' given by: 

if s = « EXPT a b j ef , , , z) then ". 
car[simpexpt[cons[a;simptimes[list[b;e]]]]],; 

if s = -ro a) b. .::zr then .,-:-:-
'ifzerop[a] then (UNDEFINED EXPT 0 O)j 

otherwise 0; 
Lf S =(1 a) thep. 1; . . 
if s = {.a·n} and'numberp[n] 

. ifzerop[n] then 1; 
i:f onepLn] the;n aj ' .. ' 
if iiiiiiiiiePf [n] then expt [ a;n] ; . 
if'minusp n1 then,'.. .,,' . , 

" ',;': "~[ simprecip( simpexpt[list[ a; minus [n]]]]]; 
, otherwise conslEXPTjs); .. ' , ', ..... :', ',' 
otherwise cons['EXPT; s]. ".. - . 

Simplus[s] initializes the program.variabies'n and tin by s$tting 
them toO and NIL;', ,respectively., n is used to store the sum of all' numeric 
term~ ln~he-:'argument of simplus, and tm, holds the "term listtt, which is a , 
list of list,ed pairs:' the car. of each pair is a'term from the argUment ot 
simplus, aIld thecadris ti1enumber of occurrences of that term in·the argument. 
For' example, the term-list Which-woUld be generated in response to the 
list (A (TIMES B 3),(PLUS A B C») is: . '. ," ,0 

( (C 1) (B 4), (A '·2) ). We shall consider in ,some detail the functions which 
generate the term list: collectorl and collect~ 

. . Collect makes use' of the predicate mequal[x;y], which is true if' 
equal[x,y] or if x and y are both sums(-~r bothproducts--.'more .. generally, both 
expressions whose ~ are .~' and which have the, flag COMMUTE on their pr.operty 
lists) and contain the same terms, though not ~ecessarily in the same order. ' 
Collect[e;mjs] searches 'the list s until it finds an element whose 'car is 
mequal to e. The ~ of that element is increased by m, and collecttermiz:>,ates •. 
If no such element o~ s ls found, then the ,,:,alue of collect is ~[list[e;m1.jtm]. 
Th~s, collect brings up to date the record of the number of occurrences ot the 
sub-expression ein the expression being simplified--that record being stored on 
the term list, tm. For example, if the expression ' 

. (PLUS A '(TIMES 2 B) A 3 C) is .tobe simplified (assume that the second level has' 
~lready been simplified), then simplus initializes n to 0 and ,tm to "NIL, a~c8118 

collectorl[(A (TIMES 2 B)'A 3 C)jl], which causes 

collect[A;ljNIL) to be executed. The result is a new value for tm: «A 1». " . 
Now collectorl calls itself: collectorl[«TlMES 2 B) A 3 0);1], whichaga1n calls 
collect, etc. ",until the original list of terms is exhausted" The growth of the 
term list may'be summarized as follows: 

collector collect results 
arguments arguments n· tm 

(A (TIMES 2B) A 3 c), 1 A, I, NIL 0 «A .1» 
( (TIMES 2 B) A 3 C), 1 (TIMES 2 B), 1, «A 1» 0 «B 2)(A.'l» 
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(A 30), 1 A, 1, ( (B '2) (A 1» 0 «B 2)(A 2» 

(3 C), 1 3, 1, «B 2) (A 2» 3 «B 2) (A 2» 

(C), 1 c, 1, «B- 2) (A 2» 3, «c 1)(B2)(A 2)} 
Nil~,l Return to simplus. 

, The value of collectorl[rjmm], where r is initially the list, s, of 
the terms of the sum being simplified, 1S: 

" . 
, (if': null[r] 'then ~IL; 
.. otherwise: ' . .'. 
<'.···,1f numberp[car[r]] then '. 
)"i'" set9Ln;P1US[ times [n;mrn] ;car[r)) 1 . . 

····,:W;.':::~'~·" '. recall .:that . the purpose of' n is to hold the value of the 
.. ::~:,-:".. . numeric portion of the expression; the ,·purpose of mm' will 

:.' be made clear below):' '.' .... . " .'... " . .,..,. . 
"''if atom[car[r]] ,then collect[car[r]; ';nIm.;tinl,; . 
J",'if eqlcaarlr] ;PLUS]' then, collector[cdar[r] jmm] 
. , "{delete nested PLUS operations: ~ 

' .. '.'..' (PLUS A (PLUSB C» == (PLU.S:A B .C) ),; 
,','if eq[caar[r] ;MINUS] then... ". 

':\:;i:~;r,,:,- cOllectorl(cdar[r] ;"minus [mm]] 
, .,.x: •. ~;;·:,,: .. " . ( the appe~ce of (MINUS e) ls recorded 'as -1 

..~:'<::-:f'/i'appearanC'e of e rather than as 1 occurrence of 
:\,:,;.,"~:'[i .>2,. (MINUS ~); th~s, (MI~S (MINUS e» ls'recorded as 
";,',;''. ., 1 'occurrence 'of' e; this is the reason~or th~' 

/, '.le 

argument lJlItl)lj' . ' 
if eq(caar[r'l ; TIMES] then 
If'n~rp[cadr[car(r]]] then . 

collectlcad'd'r[car[r]].; times [cadar[r] imm],; tm] 
(if' a numeric:tactorother than one is involved in a 
product, then simptimes piaces this.factor at· the 
front of, the list of factors;. thus,'by the time 

. simplus 'sees the product" if a' numeric factor. (not '1) 
appears, then it is ne'cessarily the first f'~ctor j . 

similar re~arks ma.y be made with respectto,simplus 
. and' non-zero numeric terms)j . . ' 

otherwise ·collect[car[r]jIDmjtm]j " 
oth~rwise collectL car t, r ] jtnmj tm) .) r 

collectorl[~[r]jmmjtm] 

After'it'causes'the term list to be generated, simplus must rewrite 
the term 'list as a conventional arithmetic expression. For thi,s purpose, , 
collect2 is called., The effect of collect2 is to generate an. output list, 10, 
whose k'th member is ~[s1mptimes[t~]]" where tmk is the kIth member of the 
term list (the argument of simptimes must be a list of factorsj each 'element 
of,tm is a list of' two elements: an expr.ession and the number of' occurrences 
of that expression). Collect2may be summarized by:,' . 

mapcon[ tmj~t(x] ;simptimes[car[x]]]] .. 
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The final actic.nn performed by simplus are to cons n onto 10 if n 
is non-zero.; to cons PLUS onto the ne'" 10 if 10 containstri'O're than one element-.., 
if the list contarns only one element, its car is taken. as the new lOj'and ~~1s 
last list is cons l ed onto NIL. . . 

The: r~ma.iningsimpfu~ct10nto .be discussed in t:Pis section, .' 
simptinies[s),is .similarto simplus: na and tm are initially set to 1 and NIL, 

. respectively; and collectorl is called to~ge~erate the term list. However; the 
tests:made by collectorl when this function is called by simpt1mes d1fter.f'rom 
the testsdesc.ribed· ab9ve~nthe discussion: of simplus.. Simplus and s1mptimes . 

. actually call collectorlyiacollector ,whose six arguments specii'y which te$ts 
. are to be made< .. , ,The ma:Ln~c~anges 'are the following replacements in the 
descriptions g1ve~alJove:·':"·~eplaceplus· bl' timesj PLUS by TIMES; MINUS by 

. RECIP ;'and Trn:mS,PY-EXJ?':r.··:::9n.e additional test is. made; . and' collectorl, when' 
called ,by simptimes;\.has "'the'foliowing appearance: 

.~ ') 

. ;".; ':}, , ';'~;~' .. ;'.',' ,; ,: .. ~'\ " .' ,. ,.,.' :'< ... :.' ,:.: ::.~ 
'.: .";','i ;" (.':' ': .. :.::,:,,'<,':,;:i'.'· '. '.::::,' '.;'\ 
/\·.··r::'~:··,~ .·.·I~.~·(··~·· 

(if null[:r-T't,~eh.'~~L;::\ . ".'\., 
·.otherwise: .... ·" .......•.. ·"~.'i .. " ' ••.•.•...• : •..... :H ....... ;. . .. 
··.ifnumberp[car[;rl1'.·then'set'g[n;times·[n;tnm;carer]] 
. '.,ifatoml.carTrTlthen..col1ect[carLr] ;mm;tm];' 
'l:t~,~q{caarIr] ; TIMES 1 then colIeC'tor(cdar[rJ jmm].; . 

. "A,~.t'.=s. [caa::(~} jRECIPlthe~ collectorll Cd~ [r ] "minus [mm] ]. 
·,'j:'·?4mm agaln keeps . track of.in:verses--thl.s . time inverses 

, . ·unde'r ·mult1plication.ratherthan 'inversesl.\nder addition"); 
'if eq[caar[r] ;EXPT) then ". . . . , 

cOllectTcadr[car[r ll;car(simptimes [list[mmj 
caddr[carlrlTl }ljtmr --.. 

(the reason f()I,"using stmptimes,rather than 
'. wi.Il be' explained be1qw); . ---' 

if" eq[caar[r );MlNUSl then '. ". . . ." 
prog2[setq[n;minus(n]] ,collectorl[cdar[r JjDllU) J :'; 

. (this test is not made v/hen collectOrl 1:s called by 
simplusj if a ,factor ispreced-ed.by a.minus sign, then. 
the minus sign is, in effect, transferred to the numeric 
portion of'theproduct;thus,a simplified product c'ontains 

". 'nof'negativeU factors,except,perhaps, a negative numeric' 
.. <'factor );",. > .. :.~ " . ,.; ..• ,' 

:btherwise,collect[car[r] .;mm;tml .. );· 

·collectorl[c·dr[r J;~jtni]; 
. . 

,'.' ::' .. ". ' 

.. The useo:f simptimes in the statement which 'is executed when .. 
ca.r[s] is fotind to be an eX110nentlal fonn allows the collection of non-numeric 
numbers of occurrences 01' sub-expressionsj e .. g. suppose that a = «EXPT a b) ••• )" 
Then we may collect boccurrences of a,even if b is not a number" .Thus 
simp11fy[ (TIMES(EXPT A 3) (EXPT A( (PLUS B 1»») = «EXPT A (PLus·o4 :8»). 
Collect must be modified,. but only slightly, in order to accommodate this lI10re 
general mode of collecting: when collect finds a record of an expression in the 
term list, instead of adding m to cadrlcar[s]) (s is.that portion ot the term 
list whose car contains therecord-or-the expression currently being collected), 
collect will cons m onto cad.r[~[s]]. ' 

.' 6. 
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Aftel' the term :List has been produceu, simptimes calls collect2.' 
The normal fUI!(.!'t:i.on 01' collect2 when called by simptimcs is analogous to its 
functi.on wbell called by :.:;implu~; only one "'ord is 'changed in the summary. 
"le have: tllupcon[tm;A(bd;simpexptlcar[x))]) (simpexpt replaces simptime~)1I 
Ho\·/ever, to make, possible collection of like factors with not hecess~rily 
numerlc exponents, ,,'e must modify collect2 'When it is called by simptiines: 

mapcon[ tm;A( [x] ; siml)expt[cons [caar[x] ; simplus[Cdl-[X] )] J)]. 
, --- , --

Finally" ;.;i1"'n is' zero,simptimes ~~turps (0);. otherwise, if n,1~ 
nO,t 'equal to one, then n is cons' ed onto 10, ,the' output of collect2; if 
this 'last ,list contains only--one element, then simptimes returns tha.t list; 
otherw,ise simptimes returns ~[~[TIMES;lo];NIL]. " , 

" 'filis' is tlje ~asiCSimplifY' program.. "It has the disadvantages that, 
,it pel1nits the user no ,cont,tol ovel:-ihe i'ormof the output of the, progra~ , ,i" 

(unless, of course, the usei' is 'willing' to understand LISP' and the simplify 
program well enough to make tt behave in a desired manner) and it does not 

'makefuse of the polynonrial format to simplify and speed up symbolic arithmetic 
eperatlons(parti9ularly division).. In order' ,to eliminate the~e shortcomings,' 
the ,program ' has' been expanded (by a factor, of about three in the nUlnber~, of' . 
cards comprising the deck).. The' new i'unctions pr the progra~ are described 
in 'the following pages;, 
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The following 'question is suggested by the operation of simptimes; 
if we can collect non-numeric numbers of occurrences of sub-expressions 1n 
products (simplify[ (TIMES:X; (EXPT)C B» 0 ::: «EXPT X (PLUS lB») ) ,then why' '.' . 

, don't we collect non-numeric numbers of occurrences of sub-expressions in 
sums? ,Then we would have, for example, 

. s implify [(PLUS '(TIMES X A)(TIMES B X»] = '«TIMES X (PLUS B' A'»). --=---.... , ' ",' ",' , ',' ' 
Briefreflection'revealsthatthis latter.:trick requires some' care because" of, " 
the commutativ1 ty anq. associat1vi ty of' multip'llcat1Qn,; when we see (EXPT X A) I 
there is doubt'thatwe should collect A occurrences of X;1?ut, when we see ' 

, (TIMES AB), do 'We haVEr 'A occurrences otB or' B occurrences of' A? ",' ' 
. . . '-

";':,' :";" 

""We hayebypas~ie,d this dittiC~ltybyr~quiring the User-of 
,,::to' specify< \tlha.t:is ·to bed()ne whencolle~ting'in products; ",before ""g,.Ao ......... ~ 

; 'sImplify, 'he' glvesevalquotethe arguments FACTO~ (r).' Factor(r lis 'f"'1, ... ,,~1" 

,,' ~ :" ,defl1s,t[lis t ( listT'FACTOR; cond t [atom[ r] ~ NIL] .; [T j'r ] ]] jeOLFLAG~ ) .:~ 
"Facto~,ls defined so th~t the user need not 'be conc~rnedwith the de'tails 
: usingdeflist and mantpulating property "lists.. ' 

" " .: .... r .~. ~ ,:' "< ~'." ,:. ,..' ':, "'. " 

", If the arg~me~~,', r, of factor 'is an atom, then ,the null ,list 
put onto' the,property~istof FACTOR aft~r the indicator COLFLAG~' ; In this case 

"simplify 'W~ll not; ,collect non.;.numeric numbers of'9ccurrences of,expressions"in 
,sums. -.. - ,,' " 

""-:;'<~,t~.,);~.:<~::<;~ ." :,'r" , 
···';·7t·~,~::.:.." . 

• ~;: If'r is a. list, ,then the variables in the list will be factored.!f'rom. 
all sums in whichfactoring is'possible; if factoring of more than one listed 

',"varlable is pOSSible, . the variable which appears first ~nthe > factor list, 
'willbefactored first. ' For example:, ' ' ,,' 

"if r= (X Y. Z), then 'simplify[ (PLUS (TIMES A X) (TIMES B X»] 

~ .( ($lIMES X, (PLUS A B») j 

if r = NIL (or any, other atom, or a.ny list not:containlnaX),. then' ' 

thensimplifY[,(PLUS (TIMES A X)(TIMES B x»l 
::: «PLUS ,<TIME~A X) (TIMES B,X»); 

it r =(XY)~ then':>' 

~s~mp11f;[ (PLus)"(ms A X)(TIMES B 'x Y)(TD1ES c y»i 
'= «PLUS (TIMEs"X (PLUS' (TlMESY B)A»(TIMES Y' c»); 

and, if"r ~ (Y X), ,then 

, simplify [ (PLUS (TIMES A x) (TIMES Bx' Y) (TIMEE C Y»] , 

= ,«PLUS (TIMESY '(PLUS (TIMES X B) C»(TIMES XA»). ',. 
•. , ·1 

The, factoring is accomplished in t'Wo stagesjweshall first consider 
the ordering' of the factors in products (only products are affected by the 
ordering procedure). ,In the process of unwinding the term list generated by 

, " 
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collectorl and collect, collect2 calls collect3(xjcolist], where x is the 
arithmetic expression generated by collect2 in cor~espondence to the first 
element on the term list and colist i~ the factor list (as specified by the 
most recently executed "factor'(r) tt call). (Colist is a program variable avail~ble 
to collect2.) 

Collect3 finds the first element of colist which 'appears 1n x, the 
remainder of colist is dropped; . this new.~ist is returned as the value of 

'. collect3, and it rep:J,.aces the old value of collst. Collect3 is executed tor 
its effect as well as its.value: if x is found to have.an element in eommon 
with colist, then x 'is set asid'e~~stored as the value of the program variable 

. vsav •. The next time collect3 'is called· (x is now.the arithmetic expression . 
corresponding to the second element of the term list), if the first element of 

. co~ist' which appears lrix. turns out to be the last e.lement of colist . (wliich 1s 
.the:first element of the factor list which appeared' in the expression 
corresponding to the first'elenient of the termlist),then x is eonsted onto 
vsav,' the value of collect3 is coiist, . and control returns to co'l.I'e'Ct2, which 
eventually calls collect3 with the third arithmetic expression and so on • 

. 'However; if the first element of cOlist which appears in x is not the last 
element of colist, then vsav is ~'ed onto the output list of'collect2, . 
1o, x is stored in vsav, and .collect3 returns that portion of colist which 
:precedes .the .~lement after the fir.st element which appears in.x, oandctontro~ 
returns' to collect2. .' 

- .... -. ;;" 

···';;:':;~;:·::If X andpolist ·have no elements in common, then no change Is made in 
vsav, x.:ls consied onto .10, and collect3 returns colist • 

.--.... . It • • • 

Note that at any instant the value of colist ~ is that subl.ist of the 
factor llst whose last element is the first element of the factor list which 
appears in any of the expressions generated so far by collect2. Vsav contains 
a list of expressions generated so far ~y collect2 which contain the last 
element of colist. And, 10 is. a list of expressions which have been studied and 
which do not contain .any element of colist .. 

When the term list is exhausteg, collect2 appends vsav onto 10, 
producing a list with the property that all elements which contain the first 
member of the factor list which "appears (at any level) in the list are at the 
beginning o~ the liste . 

). 

An example of the operation of the ordering process may help to make 
the 'above description more .·meaningful. Suppose that we execute the two 
instructions: . . 

FACTOR«V W X Y A») 

SIMPLIFY«Tn~S.3 W (PLUS W Z)·X (PLUS 4 Y)x U z». 
The term list which will be generated1s: 

«z 1) (U 1) «PLUS 4 Y) '1) «PLUS W Z) 1) (X 2) (vi ,1». We shall watch the values 
of' the .varitib1esx, colist, vsav, and 10 a~J c()I.h·,ot2 unwinds the term list: 

9 
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z 
U 

(PLUS 4 y) 
, . 

(PLUS W Z)· 

:It 

(v w :x: y) 
(y w)' 

(u) 
,(Z U).· . . 

. «PLUS 4' ir zu) 
i;" 

(' " ... ~ .«EXPT x 2)" ;".;' 
·"(,'·'.'i.. ·~:erl··.·, ,':. : '(PLTTS 4- Y) Z u) . 'cf' . 

. (~~ X 2) 
',:. ";1: ~:>\ 

~.. " 

. ' " . .... . .",,(',,;1.. ····.IU '..' ,:,/<.'.;;',">' 

'.which ~ppe·ared.in·the·termlist wasW,and. all~lementsofthe:f'1nal·11st Whlch·' 
contain W appear a.tthe'.f'~ont .of thelistoutputby:collect2 •. Finally, .the 
numeric factor and ~he operation indicator are replaced, ·and the result listed: " 
simflify[(TIMES 3 W (PLUS W Z) X (PLUS 4- yr X u Z»), . . '. ' d.;;. ; 
= ,( TIMES 3 W (PLUS W Z')(EXPT X 2)(PLUS 4 y) Z U». ....>: .. , .. ': ... :r; .. :: 

."'5,, . TheP~~~Ond phl!S~cif thef~t~ring proce~~is~dCllllPlishedt/~~(~)',:." 
coilectorl,when'called by simplus," for the case . when eq [caar[r]j TIMES] == T .. ·. ':.: . 
The procedure1sst~aightforward: simplusprimeeffect1Vely causes the numeric' ":",.' 

. . factor of the product (simptimes always puts thenumer1c.f'actor at the front of ' 
the list of factors) to pe set 'aside temporarily; the list of non-numeric factors 
is examined by s:lmplus2"which dete~inesthe first. element, say e,of the factor' 
list which appears ip the fir~tnon-numeric .factorof.the productJ s1m;e1us3 ... ,' 
separa.tes the list of factors into a list whose elements all containe and ,a list. 
whose elements do not contain e' (sfniplus2and simplus3 ma~e·use of the tact. that 
the list· of factors has been ordered by collect3.;.:..thus,' only the f1r~t el~ment 

. need be studied in order to determine the first member of the factor' list . 
appearing in the list of factors; and a single pass through the list· of' factors 
is the maximum' amount of effort required 1io split 'the list); . these two lists ~r.e 
made intolegit1mate' .products by simptimes, and' the ·.numeric factor of'the orig1n~ .:. 
product ',is lncluded·'inthe . product not containing e; and the' prod~ct containing e 
1s' collected onto the term. list with the 'product not containing e ':used as the n .. ' 
'number of' occurrences ~ .. ;,)),;,:":;:,.' . . 

'\' i.". ',;: . " ··~'~Y;:>;.~ . . ' '. ./ r'.,(.iI,'\:;i'Y;'!'::'··:· : . '. \' 
. " .'·~'\'r}~~·~::>~ .. . ;' 

FACTOR(V WX Y z)} . '.' .' . 
SIMPLIFY(~PLUS,A(TIMES 3.' W (PLUS W z) X (PLUS 4Y)X U Z»)o" 

After simplification is' accomplished on the second:,tevel of the expression, 
simplus is called:. '. 

simplus[(A (TIMEsi3. W.(PLUS·W Z)(EXPT X 2) (PLUS '4Y)Z U»] • 



• 
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• 

:\ .:' 

; .J 

Collectorl will see A, 'set 'the ter~ iist to ({A 1», and on to the second . 
term. The first element of this term, TIMES, sends control of the program to' t 
the group of functions described above: simplusprime sets 3 . off to' the side;. 
simplus2 looks at. the first element, W, of the remaining list and determines that 

. the first element of the factor list which appears in W is W; simplus3 strips off 

. the elements containing W from the list of' factors,' forming two lists:' . 

(W (·....W Z»· and.( (EXi>T ·.X· 2) (PLUS'4 Y) Z 't1); 'simplusl makes products 'of the~e 
two lists (replacing the numeric. factor, 3', iritheS'econd list) 'and, finally,· .. '. 
calls: . . .... . .... . . 

collect[ (TIMES W (PLUS WZ) j (rIMES]" (mT.X . 2) (PLUS 4Y} z'u) ; (A '1»]." 
.. '.". " ,.' .... i . ," ". 

, ." . 
• '. ' .'" ...," • ,.. . '. : ". ,I., '. ~'. • ". ." • 

. . .' it will'be . noted 'that':thescheme" de:s~ribe'd above will not factor'::: ... ": . 
. ';'product's'j' .for example':'simplifyf(PLUS X (EXPTX.2» }=' «PLUS X (EXPT X '2»); ..... ~~ 

whetheI<:or not··X. is: (:mthe· .fa.ctor·list; simplifY :wl1~" not give· us the result· ." ", 
: «TIMEs X (PLUS ,1"X) ) )8: At.·f'irst,t~is: 'seems·.,a· rather serious linutation;' ~'. 

however, it. has : <?ne adva.ntage 'fin, addi tionto.the progra.tin)ling: difI'icul. ties 1 t " .' 
avoids'):. the'~fact6redout:put is in a·fonn :whichmaybe converted topolyno~1al . 
notation wi thc.ons:i.derable~ase:.· O~course,:(jncewe haverewri tteu" ..........' 
(PLUS X (EXPT X 2»in.the' f6rm(POLyX.IIO)., 'it,is 'not diffl(!ult to 'drop the. 
tailing·zero·.and mu.~ti:ply,the·resuitby·,X: ..... (TIMESX (POLY X 1. 1». ": .. This~,· ... ':., 
·then, may be changed . into· {TIMES X (PLUS X '1) • This scheme appear~ to be' a.'. very 
rou.ndabout·way,;_o~. factoring, but its implementation ls straightforward and makes· 
us:e'of much . .Of the: code which already existsjfactoring directly would 'be 
difficult to cod'e: and would require considerablymore~ memory for the program . 

. ' than. ·fa.ctor:tng by mea.ns cif polynomial manipul:-ation.·· . 
, -.. : " '. " .. ,.~,~', ··t:>. 

",., One further feature oI'this factoringmechanismdeserves mention: . 
. ' .'. ...... .' . .. . . . ..., I 

. conside;r'a casein which a sum contains several products' involving .. thefirst 
element'~:r tllefactor list; say: (PLUS (TIMES f!.. XY)«TIMES.B X Y)(TIMESO X)},; 
and. the ,facto~ list. is ,(XY).Then the term list which will be generated' for'. . 
simplu$ will be: «X ( C (TIMES Y B) (TIMESY A»» ... · Collect2 will usesimpJ.us . 
to form .a.,sumof the number of occurrences of X, and simplus will fact,?r Y from 
the ·s.urn:· .. ' 

. Si~plUS[(C {TTh1ES.~Y :S)(TIMES' Y A»] = {(PLUS C (TIMES Y(PL~S. B·A»». Thus,'" 
'. the factor .feature.accomplishes factoring whenever poss1ble--on·any level of 
the,exp~ession; e.nddeclsions as to which. variable' should be factored when more 
tha.n.:one:mig'ht·b~factored are made· by referring to the factor l1st-~tlie first 

·variable'on.the . factor list is factored first, the : second variable second,.and 
. soon •. (Note', i.n the' above example, that.!f the: factor list were(Y X), 'then: 

.sim~iifY(PLUS' (~IMES:A XY)'(TIMES BXY)(TIMES'CX»] . . 

',= C(PL.U8 '(~IMEs:yX (PLUS A B) (TIMES ~C))5 ) 
/, 

' .. 

, .; . 

·11 
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set of functiot,s which manipulate polynomial expressions hae been:, 
included in'simplify; ,this was 'done in order" to' take, advantage 'of the speed' 
a.nd ease,of,dealing with polynomials. 'In particular, division of polynomials' 
may be prograrmned in, a stra,ightforward 'manner.' " 

"The 'definition of simplus,," simptimes, ~d simpquotient have been 
modified from the forms described earlier bY,the inclusion of calls to the 
polynomial ~nctlQns' whenever appropriate.' .. : ' ", 

The ' actu8.1, polyUnwri'te , program ·ls written' in the form ot ,recl,lrs'ive and pse~do':" 
recursive,' ,functions,' rather ,than in ,the" form of a',program; the', program rewrites, . 
polynomials as non-polynomial expressions ,on every level.of the original: " " 

, expression.;' After, tlle coefficients of ap~lynomial have been"polyunwritten, '" 
the, polynomiaJ..itself must be 1;ransformed,'and this process ,takes pl.ace1n the 
manner described iilthe 'program;. beginning with the low-order coefficient ' ' ': ,," 
(car[reverse[cdd:r{s]]]) and 'working up to thehigh-order,coef'ficient(caddr[s]),' 
the programb~ilds'up a sum: by rai,sing ,the polynomial 'variable (cadr{sl )t() the' 
samepower'( u}, as 'the ,order of, ·the' coef'ficient (car[ w]) currently under':"'<' 

, consid'er~ti:on, 'then multiply:i,ng thisexpress'ion by the current.c'oefficient" and, 
, cons ',1D:g 'i:;hat p~Oduct to the' list (v) of terms. "If s is not apol.ynomialj then', 
, PoYYunwri te:'will "polyunwri te 11 any polynomials, ,which appear in s .' ' . , " , 

, .. ,'If r~'l~'a :list ofato~s, ,th~n polywr:i.t~[s;r] searches'r·'~til.1t':finds 
an element; x, which appears, in s;', then polywrite calls ltself':polywrite[s;x]. 
If, s 'and r', have no element in common, then polywri te returns s if' s is not a 
polynomi8J.,":and returns polywrite[sjcadr[s]] ifs,is a polynomial. 

-=------. " ~ . 
, . ~ , 

When x is atomiC, polywrite(sjx) writes the expression s as a 
polynomial in x. It s does not contain x, then polywr1te retUrns (POLY X s) • 
Ifsis ,apolynom1al in x and none of the coefficients of scontainsx, then 
polywrite[sjx] =,So" It neither of these .cases is satisfied, .then the .tacto:r ': ',: , ,. 
list is 'set aSide, and a'new,factor list produced which contains the slngleeiement x. ... . ..' , - " '.'. '. . . 
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Then polywrite calls sim~i:.:f'y[polYl.lnWrite[s]] .. '" The output of simplify will 
almost be a polynomial: no two terms, will involve the same power of x, except 
constant termsj and 1n every term,involving x, the factor containing x will be 
the first factor. Theti, polywrite must rearrange ,the terms, combine all the 
constant terms, and drop the factor~ containing x. ' 

Polywrite calls polywrite3 (v~a polywrite 1. and pdlywrite2) .. Term by 
term, polywrite3 scans the ~utput of simplify, determines the power of x 
,involved ~n that term, and gives back a list, (k a), of the power of ' x and the 
coefficient.. Polywrite2 calls set.array, which simplus·es a onto the k'th 
element of the coeffic;ient list,harray. When'the output o~ 'simplify has beep 

, scanned, polywri tel puts x and, POLY on the front of harray,' and r~turns' the 
polyriomial to polywri te. , ' ' ' , , ' 

, , ' 'The polynomiaiformat used 'by' the program has no provision' 'for 
negative,' powers' of X.,: Therefore, 'It, polywrite3.sees 'a. negative power of x, this 
tennis set aside until the'remainder of the simplify output is scanned. Then" 
polywritelmakesa polynomial'of'-:thecoefficient list, -harray,~'es th:1os' 
polynomial to the list of,:;termswhich were ,set~sideby polywrite3, and :then 
cons',es PLUS to'that list.. Thus, polywrite[ (PLUS A (TIMES 2 (EXPT X 2» : 
B (RE9~ x»; 'X] = ',(PLUS (POLrX- 20(PLUS A B»(BECIP X»., .,',,' ,,' 

:- ,Ifsetarray lsasked to modify the kfthele~ent' of ,harray, but harray' ~ 
last' element i~,;q.umbered,less, thank, then setarray w:f:.ll l.engthen the list to' , 
aC'cormnodate~:the' k' th .. elemento . Similarly,on the ,lower end, ,setarral will exten~, 
the :listin order to accommodate low-numbered elements. ,As it is .used now, " , 
setarray'is made to believe that there is a zerofthelement"and it is'never 
asked to store d.at~ in negative elements (polywrite3 sees to this). However, 
theserestrictiorts are by no means necessaryj setarray was written with the 
thought in, mind that',tt might prove -useful: to use a polynomial format such as: 

• ,.,'. ; 0-

(POLY X -3 A 0 B 0 01) =, (PLUS (TIMES A (EXPT X 2» B (EXPT X -~) 1 (here, the _ 
third element of the'polynomialspecifiesthe order of the low-order coefficient). 
Such a format has the advantage that, for example, (PLUS (EXPT X 1000)(EXPT X'998» 

, may bp. wr1 t.ten as a list of six elements, (POLY X 998, 1 0 1) J rather thaIi a list of ' 
.1003 elements, of which only four 'are non-zero: (POLY X 1 0 1 0 •• ' • 0). The 
polynomial convention which was adopted for simplify was simpler to implement and 
permits greater speed of manipulation~ 

",Polyplus, polytimes ,and 'polyquotierit ret.urn 0 if a. zero polynomial 
results from the addition, multiplication, or division, respectively; returns 
th~ constant term it'the result is a polynomial ot .. zero degree; and returns the 
polynomial,result otherwise. Each of these functions has two arguments--the 
expressions'to be', manipulated, and the output is an expression--nota 'list whose 
first element is an arithmetic express';ion, as in the case of the sirop functions.' 
The forms of'the'input and output for the polys imp functions seemed worthwhile 
simplifications when they were decided upon; however, they render impossible the 
use of descriptor list's in the polynomial package , (seethe section on descriptor 
lists). (This mistal,<e will not be repeated, in future versions of simplify). 

If neither ynor z is a poiynomia1, then polyplus[Yjz] = 
~[sirnplus[~[y;z]]]i Otherwise, if z is a,polynomial, then y is rewritten as 

• 
a polynomial in terms of the variable of Zj if z is not a polynomial, then, Z 1s 
~ewritten in terms of ~[y]. Now polyplus has two polynomials in the same 
variable; ~he coefficient lists are~versed and given to polyplusl, which adds 
corresponding coef~icients, from lo\t't.order to high-order, until one list ls 

13 
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, exhaustedj'then vlhatever r(~'l1ains of the other list is (effectively) reversed ' 
nnd- appended to the sum coefficient listo The output of'polypluslis the list of 
coefficients (indeocending order) of· the sum polynomial, to which polyplus n~ed 
only append the list (POLY/x), vlhere x is the variable of the polynomials. 

If . neither aJ:'gument of polytimes(y;z} isa polynomial, then the . 
"product of y by z is expanded by polyexpandl: bothy and z .are expressed as . 

lists of terms of a sum (if yts not a sum--i.e.,eq{car(y)jPLUS) = NIL--then the 
,list of' terms contains one element: . yj simi-larly,for--z}"j then each 'element of 
each list of· terms' is multiplied (by simptimes) by,' eacheleme~t of the, other list" ' 

,>and th,e resulting pl'O,ducts are summed by simplus.~Th\lS,<; .,:,::::.. ' ',:: '. 
;:' '':''. '-'1- ",' .;. ;:.:'_,'(:.:«:":~ . .,A 

polyt1meS[(PLUS AB);(Dr~C~ .A .. Il)]'h\l>L~S i (~~'t\2)(MINUS,~~.~~2j) ) .' 
. . . .. ·~~e~atiek~~<~h/~~~~tci¥;;~i:it1m~s [;;~i\~ ..•. 11: poi~~ai:;1f . 
both and z are· polynomials,;;then, y is,r~w:ritten: ~n~~rmsof' cadr[zl; 'othel'Wls~1 
the nonc>polynomial argument1s'madeinto a.polynomial1n.thevariableof.the ; 

,other argument .. The coetf'fclent'lists,of the two polynomials are then ''multiplied'' 
tOget.her by a ·sue .. ce ... S~io.n. Of.' ·maPlistsand. " tls. h.ifti.ng. u. ofthe.J? art1al PrOduct., .. ', 
coefficient 'list~The coefficient listofz is multiplied Jusing a1mptimes),.term 
by :.termi:by.the low.~rcler'coef'ficientof y, andtheres'lUting list'lathe 'initial 
value otthe partial. product.' 'Zero is cons' ed onto. the par.tial'.productj , the 

, coefficient 'lis~;;:o:tzls mul.tiplied py .the, se',cond low':' order coefficient of .y, ~ 
the resulting: list ':':t~ .'added, term by term/to the partial product'llst.,torm,ng "a­
new partia1,.product ;'to'Whic~lscons f ea zero, and. the multiplication'is: '. '., ' •. 
repeated;' using. the tliird low-ordercoefficientofy; aIldsoon, until the " 

. produc~of, thecoefffcient· list o:f:z" 'by the high-order coefficient ·of y,has been' 
ip.eluded ·in the partial product. The variable of the polyn9mials and p'OLYare 

',then sl:lccessively cons' edonto the ,partial :product list, and poly times returns. 
the resulting polynomial. 

-: ... ," 
'",Polyquotient[y;z)' writes bot1;l ;its arguments 'as polynomials in the firs't' 

member of ·the factor list which appears in either y or z.,If' no member of the' 
, factor list appears 1n y or z, or if the factor list 'isnull,then: if z ls a: 
'polynomial, then y is' rewri.tten as a pOljmomialinthe variable: of ·z; . if 'y is a 
polynomial, then z is.rewritten in terms of· the variable of'y;"otherwise, . 
polyquotient'returnsa list of' the fonn (TIMES y car[simprecip[list[z]]]) ).~ 
(if carLy] = TIMES, then.polY9uotient returnsncon;ry;simpreci"I2Jlist[z]]] ). 

. .' .. ' .. . . '. . . .<.I ',.' .... . '- ............... '.:';,:" .. '~/' . ; ">">:-, 
. ' . '. ' ,The ,rewriting' of Y,and';.z (wnen .possible)· is' performed' under' the. ' .' 

'. direction of polyquotientl, wh~ch' g1 vesthe rewri ttenarguments to Polyquotient2.,' 
Polyquotient2 ini t.ializesthe: program var1ablecheck "~o.NILjif. yisa lower-· . 

3 degree polynomial than z, then check will be set to ~by polyquotient6, and,. ,. 
'. (TlMESy (RECIP z}) will.be returned by polyquotient~:;.;(fl is' also set to NIL by 

polyquotient2--this is neces'sary to prevent errors< from. occurring when various 
simp functions ,which use the program variable flJar~ called by the polyquotient,· . 
functions--:fl is descrihed in the sectionon.descriptorlistso) 

. Polyquotient2 gives thecoeff'icient lists of' yand z to poiyq~otient4," . 

• 
which initi~izes the program variables,.signal and Idco~ to T and NIL, , . 
respectively, and calls·polyquotient5 •. Signal will beset.toNIL.by polyquotient6 
when the division process lain its next-to-last iterat;l.Qn--tbe last 1teration Is 
perf'ormed differently from the' others; after the last iteration, the value Qfthe 
signal is set tO,the list of coefficients of'the quotient polynomial. 
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During eaeh i tere.tton, ldeof store's the quotient of the first 
coefficient of the reduced numerator currently considered by.the first coefficient 
of Z; ldeof will be multiplied by each of the other 'coeffieientsof the reduc~d 
numerator, and the resulting list will be subtracted, term by term, from the' 
reduced numerator. Consider the quotient: 

(3a2 + 6ab + abc + 2b.2c) / (a + 2b); or, in polynomial notation:' 

POly(a;3,6b~bc,2b2c)/pOly(a;l,2b)e We shall follow.the progress of the 'division: 

ldcof 

,'3/1 == 3 

.bc/l= bc 

denOlnina tor 
coefficients 

1,2b 

. numerator 
coel'fic ients 
. 2 ' 

3,6b+bc,2b c 

3,6b " 
2 0, ,bc,2b· c 

, ...... 2" 
,bc,2b ,c' 

0" ·0 

Thus, ldcof contains'the coefficient' of the ,Quotient list wh1chwas' generated by 
the most recent iteration; the quotient 'coefficient list 1s obtained by listing 

. all the va.lues,~alten on by' Idcof during the division: in' the example, this list 
. is (3 bc), andln the quoti~nt polynomial is poly(a;3,bc), or 3a + be. Atter the 
last iteration, the va.lue of Idcofis set to the remainder coefficient list; .. in 
the e?Cample' abo:v~, this list 1s (0 0) 11 " '." , ' . ' 

.The. reduction of the numerator is accompl1sh~d by polyquotient6, 'which 
carries out the' ,pro~ess of "lQng division", .as is indicat~din the example aboveo 

. The output of polyquotient4 .i8 a listed pair; the. first memb,er is tlie 
list ~f coefficients' of the quotient polyno~ial'; the second is the' list obtained 
from the' remainder polynomial coefficient list by dropping· all leading zeroes. 
In the example, the output o'! polyquotient4 would'be: (3 (TIMES bc»'NIL). This 
list ~s given to polyquotient3. . 

Polyquot1ent3 returns (TIMES y (rmCIP z») if check has been set to T. ' 
If the, remainder list is n~ll, thenpolyquotient3 'm~kes a polynomial of 'th~ 
quotient list and returns., When the division yields a non-zero remainder, 
polyquotient3 will return an expression of the form (PLUS' q (QUOTIENT r '.z» 

, ( simplifications are made where possible), where, q, r, and z are t~e quotient .. 
remainder, ,and diVisor, respectively, if a n<.;>n-null ,list is stored on the property 
list of .the atom SIMPLIFY afte'r the. indicator ,REMAINDER. If no such list or 
indicator exists, then polyquotient3 returns an expression of the form: 
(TIME~ y ~[simprecip[~[.z]]]). 

The function polyremainder is provided to er-able the user to'store the 
an expression on the property list of SIMPLIFY after the indicator REMAINDER. 
Polyremainder[NO) has the same effect as' polyreulainder[NIL)--polyquotient will 
return a quotient only if the remainder is zero . 

15 
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We nOli have thefa~'tlityto dealw'ith.either '~OlynO~ial or non-polynoln1al 
expressions. Tllere seems to be no convenient way of dealing with the two types of '. 
·expressions simultaneously; thus, if a polynomial and a non-polynomial'both 
appear.in a: sum, wemighteither'polyunwrite the polynomial or, polyWritethe 
non-polynomial, and then simplify. ~owever, another scheme has been adopted--one 
which minimizes the amount of polywrit.L!lg and.polYunwriting-:"~e·s;imply handle the 
two types of expressions separately as long as possible, and, in'the'final stages 

'of simplus and simptimes we shall give to polyplus and polytimes, respectively, the 
'job ot: making a simplified polynomial of th~ sum or product. 

"-' . ".'. ,- .~.' '" ' (. . . 

'. . '!be progr~ v~~iable psav,l~:'set:to 0 (1)' by simpius' (simptimes). 
,"Collect2, then, tests~[simplus[ca.r~:~mJ]l (or ~[sim.ptimes[car[tm]]J) to 

."'>~ t isa polynotnial",,":~~ so, .the expressio:n:1s added (mu1"ttpliedjb'y polyplus 
;",~,~:j,r:::'(polytimes)into psav~ <rather than ,being, cons'edonto the output list •. ' It this 

: \:':,:If\):,':,test. fa~ls, .thencollect2 ac~s>.+~'th~.)nanner"describedprevi6usly.(other : . . ... ,..: ',. 
"<';'.;,~::modif'ications to c()1~ect2will be.discussedlater, but we assume for n~w. that they d,' 

:1 :··.~':;~,,!::do'notex1st) c' :Wherithe term list 'f~"'e~ha.usted,'psa.v contt:l,insthe s~'(productl· ' 
I. ":J.,';, .. of all polynomial expressions which 'were represented in> the term list,., and the'· 

<;:,i'~<output list contain~' all, the, non-polynomialexpres.sions'deri,vedfrom the term .list. 

',> '~en~i;;q,i~~ (~imptimes )pre~kes > the £infilsilllpliti:de~;:~ss1oni£' 
""':checks' the value. of psav. If this value is still' o {l).:then the: numeric, portion 

and the PLUS (T~},\are ,put·into the outputlist;'oaccording to,-the . rules -previously 
describe~ •. However~·~f psav is not still 0 (1), then polypLUS (polytimes) 1s c~ed 
to add '(multiply) psav into the non-polynomial part of' the output expression, and 
'the numeriC part and PLUS (TIMES),' ar~ lis ted with the _ respl ting polynomial " " 

• expression' if, necessaryo '. . ' 

• 

>- ...." .' :, : .. ". . .' 

-:,Thus,'any sum or product involving apC?lynomiaiterm or factor will be 
,simplified to a polynomial. It ,is';' howeve~, a simple m~:t1;er to cause such sums. or 
p~oducts. to be simplified to expressions involving no polynomials-~we need only 
call simplify[polyunwrite[e] 1, rather than simplify{e].· ,~ .. 



• 

• 

Recipmode 

The f~ct that the reciprocal of an expression, e, may be represented 
as (RECIP e) or as (EXPT e -1) leads ~s to add another feature to the simplify 
program: recipmode. This function sets the constant RECIPMODE to T or NIL, . 
according as the single argument of recipmode is R or some other·S-expression, 
respectively. 

. . . When· the. value of RECIPMODE is .'1', then s impexpt changes all 
.' exponential expressi~ns wi th negative exponents (a. symbolic expression whose 
first element is MlNOR.iF1 'considered by simpexp~ to be nega~ive) i~to . 
rec1procals of expressions with non-nep;ative exponents~ For example, when the 
value of RECIPMODE is T, simpexpt[ (A' -3)] =. «ru:CIP (EXPT A 3»); and 
simpexpt[ (A (MINUS B»] . =( (RECIP (EXPT A B)) e" . . 

If rec'ipmodebcJ, x .~ R~ is' "executed,the~~~~sequent cails 'of simpexpt' 
.will cause any expression whose, first: element'is BECJl:l and. whichls .tp be raised . 
to a power to be relieved of the,prefix'RECIP and to be raised to the negative 
of' theorigina~ exponent: simpexpt[(A -3) 1 = «EXPT A -3»;' and simpexpt .. [( (RECIP A) . 
-3)] = «RECIP.A 3»" .'. . . 

17 
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Fxpand .;. 

• 

. It is sornctiUles~cor."~·fuien L to be ablet,6'expre~'~s .~produc't of sums as 
a BUlIl of products; e.g~ (a+b)(c-hld) = E!.C+ ad +bc+ bd. , Collcct2 has been' 

. modified ~o' accomplish suchexpan3ion, v1hen desired •. 

• 

• 

'The "expand list,1I 'vlhleh is stored on the property list of SIMPLIFY 
after the indicator EJG?.Al'ID, Is a list of atomic 'symbols. The occur:rence of at 
.J-east one of the elements of the' expand list in ·aproduct of , sums initiates the 
expansion process" . The. expand list· may b'e set by the user by means of the 
function,expand(x), 'Where,x. is :the desired expan.d.l1st., 

, . Since the e:4~ioiiofprOducts of Sums is appl1cW;le only when 
collec't2is calledbysim:etimes, 'We, con~ider.theun'Windingof theterni.list 

.. " generated by 'simptimes (actually, of course, 'the term list is generated ,by ...•.. 
. 'collector ,\-1hen called by simptinies) •. ·' Collect2 compares the: algebraic expression 
produced by the call simp:xpttcar[ tm]] 'With the expand "list. :,. lfno element of.1ihe 
expand . ii~t . occurs in ·the;·expression ,then the expression is. cons' ed onto the 
output list i~. the usual manrl.cl' ...... Howeve'r, . if the expressiond'OeS contain one or 
mo.reelemen"bs,ofthe,expandlistj then 'the expression is multiplied (by polytiines) 
by thecux:rent value'of' psavJandthe'resultingproduct.replacesthe old value of 
psav.· 'The mach1nery'Which 'handles polynomial factors also handles the task ot 
putting the expandedpr~ducts intothe'output list. . "i" ' 

. (,; .. ~.~: -': 

Ther~os:ultof,making this very simple a.ddition to collect2is 
demons'trated bY'the following example: . if ·we execute expandl (X) J, 'then. . 
simplify[(PLUS'X (TIMES (PLUS A B)(PLUS ex»)] =; «PLUS x (TIMESA.C)(TIMES A ~) 
(~lIMES BC) (TIMES B X» )=amd simplify[ (PLUS X (TIMES' (PLUS A B) (PLUS C DJ»] = ' 
= . «PLUS ,X (TIMES (PLUS A ~) (PLUS CD»» (in ·this' second case, the -single' ' . 
element ,'\X,'Of the' expand list do'es :not appear in the product" of sums)~, 

.; ~~\~:A>·;: . . . " . . '" ;" '. . 

. 'A. problem ,may sometimes arise ,in the'eveIlt that both ,the expand aOd . 
factor lists contain an element whicl;l may be fac~ored from'a sum of products; 'an 

. example best describes the difficulty: suppose that expand [ (Y) land factor [(Y) 1 
have been 'executed, and we ,want to compute simplify[(PLUS (TIMESY A)(TIMESY.B»). 
After simplification. on the t'Wo lowest· levels (Y, A, Y, B;(TIMES Y A), and 
('lImES Y B) ), simplus( «TIMES' Y A) (TIMES YB.)] is called' •. Simplus' generates the 
te:nn list·representing (PLUS B A) occurrenc~s ofY~ then collect2, 'in the process 
cfif generating the' output list, calls simptimes[(Y (PLUSB A») •. But, beca,useY 
'appe~rs.1n both 'the 'argument ofsimptimes and int?eexpand' list, simptimes calls 
polytimes[Yj(PLUS BA)], 'Which ,expands its argumen:tsintoa list of products, 
which is made ,into ,a sum by simplus.::'·Thus, polytimes[Y;(PLUS BA)]' '. 
= simplus[«TIMES Y B)(TIMESY;A»];the evaluation pf this expressionrequir~s· 
evaluation of simplus[ «TIMES:"Y~"A)(TIMES YB»], which requires the value of " . 
s1mplus[( (TIMES Y B)(T~S. YA) )],etc.· .' '. . '. .':. :,' . 

""","',:' 

/i' ,Tp.1s'non-termi~ati~g"f~~ursion problem has been avoidedb¥·. simply turning 
off the expand feature before collect2 calls s1mptimes' (when c6llect2 1s called by 
simplus): ' the' expand list is saved, the null list put in its place on the property 
list of SIMPLIFY, and, after simptimes is exe'cuted, the ·expand l:[st is replaced., 

The expand list also affects the output of simpexpt; 1t a product 
containing an element of the expand list is raised to.s power, then simpexpt will 
return the product of powers of factors: expand[(X)]arid simplify[(EXPT 
(TIMES A X) 3)] yield «TIMES (EXPT A 3) (EXPT X 3»). ,Furthermore, if the exponent 

,I 



". 

• 

• 

• 

:Ls a fixed-point number greater' than' zer.o,. say n" and the expression: 1;0. be 
raised to the n'th power' is a sum,. then simptimes will be called n-L t~es. by 
simpexpt in order to generate a sum of products:: expand [ ex)]. and: 
simplify[(EXPT (TIMES (PLUS A X) B) g)] yield;. . 
«TIMES (PLUS (EXPT A 2) (TIMES 2 A X) (EXPT X 2» (EXPT B 2)J.)', •. 

Bons.ideration of expand leads us to. another feature of col!lect2~: 
the handling of sums of reciprocals whi.ch involve members 'of the ·expand. list •. 

· If recipmode(R] has been e.~ecuted, then when collect2 is called by simplus·,. 
· the program variable. rsavJinitialized by simplus) is used· to. store the produc:n. 
of' all expressions s~en by collect2 which involve at leas.tone- memb~r of th~ 
eJ<;pimd .. list and which' are· preceded by RECIP.. For' example. if' the· expand· list 
is CB C),. theni s:rmplus~ (A f~CIP Bl D (.RECIP C) (RECIP B» j will generate the . 
term/list:: (( (BECIP C) l).(.D 1).( (RECIP Blr 2) (A 1». We shal:L follow the 

. development of. r~'av: and .. tm (the term list); as the .output list 1s generated: 

. rsav 

.. : ..... , 

tm 

«{RECIP C)l)(D l)(®1eIPB): 2)(A 1)-) 

{(D l)«RECIP B) 2)(Al» 

10 

NIL 

«(RECIP .B)· 2)(A 1» 
.«:~?,: ..... .:".,: ',' • 

(1) . 

«T1¥ES: ~ C)l} 

«TIMES 2. C)(TrnES B D c) B) 
~r' . 

«A l)} 

NIL «TIMES' A B C).(TIMES. 2 c) (TIMES B D C) E): 

Each-time a reciprocal ~xpression is found inothe term list eaeh 
· element of the output.listis multiplied by the' exp:r;ession (after deleting 
RECIP froni the expression by taking its .cadr', the product of·rsav.by. the 
number of occurrences of the reciprocal expression is cons'ed onto the output 
list, and the expression which appeared reciprocated is-c.ons'ed onto rsav •. 
Furthermore, every term. to be included 1n the output list, put which does. not 
result from a reCiprocal expression in: the term. list; ls multiplied .by the . 
current value of rsav, 'and.,this p~oduct +s ~'d onto 10.' '!'hue, when the· tem 
list'is eXhausted, the product of. the' terms of 10' is the numerator of "the final 
result, and the product of·the terms of rsav is the denominator of the final· 
answer. In the process of putting the finishing touches .on the simplified 
expression, simplusr.eplaces. rsav by ~[simptimes[rsav]]; putS" .the numeric 
term and PLUS onto the output list.generated by collect2, ifnecessaryj .then 
gives these. two lists to polyquotient, wh9se output is returned by simplusc . 
'~e have, then: 

./ simp1us[(A (RECIP B) D (BEeIP C) (REOIP B») = «TIMES (PLUS (TIMES ~ B C) 

(TIMES 2'C)(TIMES BD c) B),(RECIP (TIMES B 0» ». 
Another function of co11ect2, one which was not demonstrated by the 

example, is to multiply psav by the reCiprocated expression (after, of co~rse, 
del~ting ~CIP) when the elements of 10 are multiplied by th~ reciproqated . . 
expression. . 
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, ' When .collect2 is ·::'alled by simptimes" and i.t RECIPMODE =- R, then' 
rsav is also us~d, to store a list of all rec"iproca~ed,~xpressions found on the 
term liste In this case, however, the elements of 10 are not modified when:. 
reciprocal expression appears.~ The fi~~' phase of simptimes generates the ," 
quotient of the product of the. terms of 10 and the ~roduct of the terms ot ' 
rsav: 'simptimesL (A (RECIP B) D (RECIP C) (RECIP B» J = «TJ;MES A D (RECIP " 
(TIMES C (EXPT B 2»»)., The handling ·ot: reciprocal express~ons whe~ simptimes 
calls collect2 1s 1ndependentof 'the expand list •. :. ' " 

, It RECIPMOD~ j=R,theri simpexpt. will'· change reciprocals, into 
'exponential express,ions. Collect2 will not put such expressions on rsav, .and, the 
final result will not have the fo~ of an expression mUltiplied by the reciprocal 
of another ,expres;s1()~e ' ' ' 
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Descriptor Lists 

Our discussion 'o~ what the simplify program does is now complete 
(the operator package, which will be considered, later, is not considered tc? 
be part of the simplify program, but +s an auxiliary program). However, a 
study of the listing of the program reveals that some things are' done in strange 
ways--namely, .simplify (and the simpfunctions) returns a list whose only eleme~t 
is the simplified expression; these lists are generated by the function 
trigsimp, rather than by a straightforward cons or list; 'and the function 
descmap, (in simp) operates on the 'output Qf~ simpfunntions. ' ' 

" These featUres of the program have been incorporated in order to make 
possible the addition of an identity-recognizing routine' (in this connection; 
the trigonometr~c identities imm~diately come to mind--hence, the name trigs1mp)~ 

. . 

It is 'intend'ed that,after s'implification' 9f a 'sub-expression, trigsimp 
".will be given an opportunity to study the output expres~ion by' comparing its 
properties with a list of ,properties stored on the property list of the main 
connective of the simplified expression. Paired with each set of ,properties on 
this list will be a mes,s'age, ," or descriptor, which indicates conditions to be . 
looked for on higher levels ,of simplification of the original expression. If the 
expression seen by trigsimp has any of the properties on the appropriate list of 

. property~descriptor pairs, then· the expression is list'ed with .the corresponding 
descriptor, ~p:q.:this list is ~eturned.' 

,,', ... , 

, ,'~For 'eJC~ple, suppose 'We wish to substitute 1 for . 
(PLUS (EXPT ('SIN x), 2)(EXPT (COS x) 2» whenever possible, where x is an 
arbitrary expression? Then the following information (in some convenient· 
representation) will be 'stored' on' the property list of EXP~: 

,If the expression is of . the form (EXPT (SIN :x) 2) (dr , 
, (EXPT (COS x) 2) ), then look for PLUS as the main connective' 

on the .next-higher level" and for another term of the form 
(EXPT (COS x) 2) (or {EXPT (SIN x) 2) ) in the. sum; . then, if' 
these conditionB are also lIlet, subtract one occurrence of 
(EXPT (SIN x) 2) and of (EXPT (COs. x) 2), from that sum and 
add 1. 

(There may, of course, be other property-descriptor pairs in this list) •. The 
portion of this statement following the first "then 11 is the descriptor; for 
brevity, let this descriptor be denoted by D. Now consider the simplification 
of (PLUS {EXPT (COS A) 2)(EXPT (SIN A) 2). Simpexpt is called twice; in both . 
cases, the output expressions from'simpexpt satisfy properties which appear on 
the list of property-descriptor pairs stored on the property list of EXPT. Thus, 
the outputs of simpexpt are ( (EXPT (COS A) 2) d) and «EXPT (SIN A) 2) n) 0 On 

/ the next-higher level of simplification, simplify calls simp, which saves the 
descriptors (this.is why the second argument of simp mus~ a list of 1ists of 
expressions, contrary to the simplified desc~iption given previously) ·from each 
of the elements of its second argument;. simp lists the car's of the elements of' 
its second argument, sends this list to the appropriate simpfunction, saves ·the , 
new descriptors generated by the simpfunction, and then calls descmap , ' 
("descriptor map" function), which sees if any of' the conditions of the .original 
descriptors are satisfied by the expression output by the simpfunction--if so, 
then the instructions given in the descriptor are o~eyed. 
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, "> In . our example, fimp saves the descr1ptors D and Dj " then cails 
simplus, ,"lhich rettlrns (PLUS (EXPT (COS A) 2) (EXPT (SINA)',2»); no -new , 
descriptors are generated ,by simplus, and descmap is called. ~ 'Descmap finds 
that both (SIN A) and (COS A} raised to the second powers appear in the sum. 

,·Therefore, descmap obeys the instruction&. indicated in the descriptor list: 
subtract (E;XPT (SIN A) 2)and(EXPT (COS A) 2) and add l.The ·result is 1, 

'which is consred' ontoth~, "ne"l descriptorl:-istU which was saved by 'simE. before 
descmap wiSCalled--in this case, ~he list is NIL--and the ,output of simp is (1). 

,;, The instruc:t:J.onst.ollowed by descmap may require that· no' 
, substi tutlonsbe made j- but that a new descriptorbe cons I ed onto the' "new 
desc'riptor list~ "Thus,:itis possible to recogniZ'eTdentities involving 

, arbitrarily, complex expressions ~ " ' ' c', ' 

~ '" ~ . ,,~:,~:,~:\\~~,.~:- ":\:' /" . 

, ", ' ',' .~',. ThepC)lynom:tal'>:.fliilc,ti()n~1Jere written und~rthe belief that the ' ' 
descriptorlist':feature,wbuldnotbe,necessarywhen dealiriJ:twith polynomials, 
and that ,writing and under.standing the code would bes~mpler ,without including 
·the ,descr'iptorlists in 'the' outputs of the polynomial fUnctions. ' Belatedly, it 
was r~cognizedthat thiswElsaserious omission--that theusefulriess'of' the' 

'identity-recognizing scheme is ,seriously impaired 'by not being' able to' recognize 
, special. forms wbenthey appear in polynomial expressions'. The ,changes which are 
;requi,red 'in" the polynomial package are, in essence, simple and'straightforward~ 
,However, ·sinGe.many changesare .. r~quired,. this taskl1asbeen postponed in .favor 
of de~u~g~Irg'the,reniain~~l',Of the simplify syst~m and 'preparing this'report. 

';,>:,,'.\i'c,,/:A:: set'" ~1::'progra~"';:~Xi~t~ (complete, with, buil t-:ln:':bu~s) " whi~h. ',' 
translates 1denti tl.esirtto' descriptor~instruction pairs;" stores these pairs on 

'.the property lists',of" the appropriate atoms, recognizes, identities, and makes 
the indicated substitution~.' ' 

",' The first Of'th~s~f~ction:s,.equiv(s),iS given a list of listed' 
tri~l~ts, ('( x xf er ) .~,.J.. Th~, first' 'element, xf'~ of a' triplet -specifies. 

,'which of the atoms appear~ng ~n the second element, e, is to be regarded as, 
t1f~ee"--i.e. representing an arbitrary expression. Bec,ause of the d.ifficulty 

,.of recogn~zingidenti ties increases much faster than the number ,of' free " 
variables inthegenera.lform,werestrlc~t' ourselves to such, SUbstitutions as 
'~f(~)isto' bereplaced,by'g(x)," but "f(X, y,.., •• ,z)ist() berf:!placed by , .' " 
g(x,y ;.' •• ,z) II is outside. the scope of our· programe Thus,' each triplet'involves , 
OIl:l.y one free'variable. The'third element,.r, of the 'triplet is an e~ression 
which is to replace e 'whenever e occ:urs. More prec isely, e and r' are forms'; 'if;' 
for ,any S-expression,x,e,(x)occurs in an 'expression beingsimp11fied,then 

': e(xt is to be replaced ,by ~(x). " ,\ '~" ',. 
''->1 ';:~'.. ;'.:,. ", " - ••. : ; 

, EquiV":p~ocesse's'its following manner;' 
, , 

Step 1:, The lowest level of' the expression e'is found, 
and th~descriptor-instruction,pair 'Which,will 
subsequently be gener~ted will be st'ored on the 
proper:ty list of the main connective of 'the', first , 
sub-expression of.e which occurs' on the lo~est level. 
This main connective need not be one ,of the 

'arithmetic operation atoms. 
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Step 2: All variables (including the free variable" xf' if 
it occurs) which appeal' in the· lo-west.-level . 
sub-expression round in step 1 are listed, and this list 
becomes the first element of the descriptor-instruction 
pair. The free variable is specially-marked so that it 
will be recognized ~s free when the descriptor list is 
used later by trigsimp •. This list ofvaria~'les is 
listed. 

Step 3: I~.~working its way out of the recursion'which took 
it to the lowest-level sub~expression, equiv proceeds as 
follows on each level exc~pt the last: 

. a) . The main connective of the next-higher level 
sub-expresslon, xf ' and the cdr of the neXt .. 
higher level s11b-expression are listed. . . 

'b) This list becomes the last.element. of the lo:west 
. levelsublist of ,the partialdescriptor- . 
instruction list sent up from thep,revious 'level 
of recursion of equiv--ifthat partia1.descriptor­
instruction list contained more than just the list 
of variables generated in step 1& Otherw~se the 
variable list is listed with the list generated. in 
part a of this step • 

. <,Step 4: The final step in. the generation Of the descripto;r­
""'.' . instruction pair is to form the list (BPLAC r) and 1:-0 

..' place this 1ist in the partial descriptor-instruction 
list according to part b· of step 3. 

Consider the examples: 

1) We wish to replace(EXPT I 2) hy -1. I is a particular atom, not a free 
variable. In this case, the first element of the triplet may be any atom, 
say xeEqui v[ «X ,(EXPT I 2) -1»] generates the descriptor-instruction . 

. lis~, whicJ::l we denote ,by di: 

. Step 1: 

Step 2: 
Step 3: 

. . Step 4: 

The lo-west~levelsub-expression is the expression itself: 
(EXPT.I 2). 
di .= « I 2». 
Since the lowest-level sub-expression is also the highest­
level sub-expression, step 3 is omitted . 
dt' ::: « I 2) (RPLAC -1». This list goes onto the property. 
lis t· of EXPT .• 

/2) We wish .to replace (RECIP (TAN x») by (QUOTIENT (COS x)(SIN x». This time 
x 1s free. Equiv[«X (RECIP (TAN X»(QUOTIENT (COS X){SINX»»l generates 
di as follows: 

Step 1: 
Step 2: 
Step 3: 
Step 4: 

The lowest-levelsub':;expression is. (TAN X). 
. di = «xf )'. . 

d1 = «xf)(RECIP xf {(TAN x
f
»». 

d1 = ({Xr)(RECIP x f «TAN xf»(RPLAC {QUOTIENT (COS x ) 
(SIN xf)') »), and this list 

goes onto the property list of TAN. 
25 
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• The functi~n trigsimp and its' satellites perform .the comparison of,. 
expressions with the descriptors ·and 1nal(.e substitutions \-lhen' called for:. All 
the .\-lork is done by trigsim:~),' and dcr~cr:1np is no longer needed; however the 
equiv-tr~gsimp package represents only 'one possible use of'the descrlptor list 
feature--the· fact that these functions exis'tin punched card formis

7 
not to be 

construed as a final commitment to this particular sche1l1e--therefore~ descmap 
,has not been deleted,' from. the simplify ~ystem. ' 

When asimpfunctionwan:ts to prepare',an output expression whose car ' . 
is the name of the ari.thmetic Ol)0:r:·~tion corresponding fo that simpfunctionTwhen, 

i' simplus wants to return «PLUS x y 00" .'20»,. whensimpminus'wants to return .. 
. ' :"::., ~ (MINUS x», etc .. ) ,then trigsimp[op;e) computes ,the value of thesimpfunction. 

~'~ :)<.,Op is the 'name of the ari thrneticopera~ion corresponding to the simpfunct10n, and, 

• 

• 

e 15 a list of· arguments of that op.eration.Asthe· simplify system. now stands, , 
tr1gsimp[op;e] =list[cons[cipje] to':.;.The identity-recognizing trigsimp', nowever, 

:. proceeds in tne :t'ollowingmanner:': c: 

Step'i: 'The descriptor lists froni<the previous 
'simplification' are stored, as fs. . 

Step ,2:. Fs. i-s, s,earched for an entrywhose~ is op. 
an entry is found; then the'sublist of,fs which t:ollows 

.thatentX:Y,.·replaces :t5, . and,controlgQesto step:' 3. 
. . .,;;}Otp..~rw~se,·""fsis set to NIL and control' goes.to Step 4. .' 

s:.tep',3:',,-,The selected entry from fs 'is one of '"the instruction 
. . ·,lists:S,enerated.by equiv,but with the'sec'ond:,elem.ent" 

,xf, ~eplacedb'y an express,ion: (0p.ae as, i~) tI, xf is,. 
replaced,byaewhenever xI' occurs ,in as,.aIld~hisnew 
Ileitis compared, by compare, which will be described 
below, ,.":1ith 'e'o,If the comparison yields aopositive, 
result, then the program goes to step 5. Otherwise, 
cOIltrol'returns to step 2.', ' . , 

Step 4: The d'escriptor-instruction' pai~s list from the 
property list of' op is .... searched for an' entry whose car 
(the car of each.' descriptor-instruct1on p&ir'is the~ 
variable list, constructed in step' 2 of' equiv) ,comp~es', 
positively withe.,;'If such ~a descriptor~instruction pair 
is found, then is is-set ,to the c'adrof tha.t pair (the 
instruction list of the pa:i r.- ), a~is set to the value ot 
compare, and the, program g(~,~S to step 5.. Otherwise; 
trigsimp returns, list[cons(vpje]] .,"" . ..' .', 

~tep,5: If'1sisof'~he form (RPLAC'r), thentr1gsimp,. ',' 
substitutes a~'f'orxfwnenever xf occurs in r,siUlPl.,if'1es : 
the result', arui returns the output of . simplify_ ", ,-,:' '. 
OtherWise, is has the form (op' xf as' is') •. In this .. '. '. ' 
. case, trig~impreturns ~[~[op; e) ;.!.!~.:~Jop·jae;a,s I ;~s·] ] Cl 

In discussing compare[op ;sl';82], we eonsider two cases (varis e. 'program 
variable): ..' " . ",' . ' ". 

1) The flag C6MMUTE appear.s on the property list of op •.. 
In this ~ase; we have: 

Step 1: Set var to NIL~ 
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Step 2: If null [s.2] , ·then ret~n null(sl]; 
Other\o1ise,~if null[sl], then:- , 

If nulllvar], then return NIL; 
Otherwise, return . ' 

car(simp]op;maplist[s2;A[[X];list[car[x]]]1; 
, - - ,,- lUL)]. 

Step 3: If ~[slJ .= xf ' then set varto T and ,sl to ~[sl]j 
, then go to s tep'2. 

Step 4: If an expression appears in s2,which is arithmetically· 
. . equivalent to car[ 51), then delete that expression from s2 j 

set s2 equal to-the new list thus obtained; , set sl to 
cdr[stJ, . and go to step 2~ If' no suchexpresslon appears 
in s2" the,n return NIL. 

. '. . . . 
The flag C01'-1MUTE' does not appear' on the p:roperty ~ist, of' Ope 

Then: 

'Step 1: Set var to NIL. 
Step 2: 'If null[sl),then: , 

If IiUIl(s2] , then return T;' 
, O~herwrse, return NIL • 

.. ' If null [ s2] then return NIL. 
Step 3: If car[sl] = xf' then: 

, ' If var = NIL, then set var -to ~[~2) and 
'to .to step 4. 

Otherwise: 
If car[~2] and var are ,arithmetically equivalent, 

-'-.,- then go to step 4~ " 
" Otherwise, re~urn NIL. ' ' . 

. ' If car[sl] ix, ther{'go to step 5. ' , 
'Step 4: Set sI to car[ s1']; set s2 to cdr[s2]. 
Step~: If ~[s~)' and' car[s2] are arithmet~cal1y equivalent, 

then set sI to cdr[sl], set 82 to cdr[s2], and go to 
step 2e Otherwise, return NIL. ' 

'sl and s2 are "arithmetically equivalent" if and only if 
simp[DIFFERENCE; list[list[ slJ; list[s2]) ;NIL]:= (0). ' 

Thus; if op represents a commutative operation, then compare checks for 
set equality (that is ,the order of the .elements is of no importance) between sl . 
and s2;' and, if Xi appears in si, then compare returns the expressio~ that must 
be substituted for xf in'orde~ t() obtain set equality, if such an expression exists .. 
Furthermore, if' op represents a non ... comrnutative operation, then compare checks for 
equalityofn-tuplesj and, if 'xf appears in'sl, then compare returns the . 

. eJ5pression (if i~ exists) which must replace xf in order to obtain n-tuI,le equality_ 

e· 

The descriptions of trigsimp and compare ,seem to leave quite ample 
opportunity for confusion. Therefore, we offer the aemonstratibnt ot their 
operations': 

, We are deal~ng with a function, f, and wish to recognize that f(x,x+A) = x. 
We inform the simplify system of this ident:Hy by calling equiv[ «X (F X(PLUS X A» 
X»], which places on the property l,ist of PLUS the descriptor-instruction pair list: 
«({x~ ,A)(F x~ (PLUS x f A»(RPLAC Xf»». We shall watch the progress of,trigsimp 
as tfte expression (PLUS (F B (PLUS'X A»(F(PLUS B C)(PLUS A B C») is sil!lp11fied. . . 
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On the third level of simplificati~n, while dealing with (F B ~PLUS.X A», 
s1.rnplus ca.lls trigzimp[PLUS; (X A).J:' . -...;:::.:;.....-- . 

Step 1: fs is set to NIL, since the next-lovler level of 
simplification produced no descriptbr list. 

Step 2:, fs = NIL, so go to step l~... ~. " . . 
Step 3;' The car of the only element of. thedescri,ptor­

instruction pairs list on the property list of PLUS 
is found by compare 'to be equal' (in the set sense) to 
(x A) if'x, is replaced by X; thus, 'is i~ set to .' 

. . (F xf {if {PLUS xf A» (RPLAC Xf »and ae is set to X. 
: Step 5: l.S is not or. the form (RPLAC r), so trigsimp 

returns «PLUS XA) F' X (Xf (PLUS Xf .A) )(RPLACxf », 
). :.' ,.\:/.~.;, and; thisis .. '~~e .yalue, of sl.mplus. .' " .', 

. / <, ,'. .. ')':, <' • • • ,,',,;,; .~. i~ , '''\.:' ': 

,. . . ,;;'}'.,';" ,,'. ,', . ~. .1\ : 1':'> '. ~ 

',' . ..:. ~' •••... "r,'. On the next l~vel of simplification, simp saves the descriptor list that 
;::·;.·trigS1mp:has. just'generated; the section of, simp whi'chhandles expressions to 

;" .. which none of the simpfunctionsis app'lic,~ble' c:al1s :trigsimp[F; (B (PLUS XA» l: 

• 

"'~.Step J.:fs is~et to «F)((X:r)PLUS xf'A) )(RPLAC Xf') n. 
'.,Step2:"~,\The ca./·Of t.heelement of fs 'isF,sosetfs to 

cdr[fsl -,~"in 'this case, NIL';' ..,-

Ste:p'}3~\.\::"R~:piad~'·~<'bY Xiri'(x . (PLUS x A» ,'yielding "" 
- . (X' (PL-USXA»). • Cbmpare[Pj (X (PLU~ X A»; (B (PLUS X A»] 

, = NIL; so return to step 2. 
'.' .' '.'\ .. ' , ' . " 

Step 2: fs is NIL~-.A\f""9,go~ to step 4. 

'Step 4:,'l'herels ~o~·descriptor~i·nstructlon pairs list on th~' 
, property lis~' o'f F, so trigs imp ret'urns «FOB (PLUS X A») ~ 

'Which is the value of simp • 
. ':.:'.':' .,' , 

Simplify goes· on nOvl to the second term in the sum: ,{F' (PLUS B c) 
(PLUS AB C». On the second-lowest,level. of simplification, siinplus calls 
trigsimp(PLUS; (A B C)]: '. ' " , , ',", 

Step 1: Nodescriptorlists were generated on the atomic level 
of, simplification, so set fS.to NILo 

.'Step2:,':rS'~ NIL,' sO g~"to step 4. 

S~ep4/: The car"of the ~nly~leme~t of the, descriptor-i.nstruction 
, pairs list :f'o:r: PLUS is. (xi' A) ,s'o is is setto(F ~ (xf (PLUS x

f 
A» 

(RPLAC xf}) ,and compare [PLUSj (x A); (AB C») 1s' called. ' " 
Compare proceeds as follows (PLUS has COMMUTE on its property 
list) : 

Stepl: ' Set var to NIL. 

Step 2: Neither sI or s2is NIt, s<? go on to ,the next ~tep" 

Step 3: ~(sl):; xri set var to T; set sI to CA); 
to to step 2. 

Step 2: Go on to the next step., 

Step 3: 'Car(sl) f xf " so go on to the next step;., 
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Step, )1-: Set s2 to (B C); set 81 to NIL; go to step' 2. ' 

Step 2: 51 ls NIL; return ~[simp[PLUS; «B) (C» ;NIL)] 
= (PLUS BC). " " 

Trigsimp sets ,ae to (PLUS BC). 

Step 5: is does not have the form (RPLAe r), so trigsimp 
returns «PLUS A B C) F "(PLUS B' C) (x.f (PLUS' xi' A» 
(RPLAC xf ) ), ,and this: is the value of 5implus. , 

On the next,"level of simplification, simp' saves the descriptor list 
just 'generated by trigsimp. SinG~ Fis not r'epresented by a si~pfunct1on,simp 
handles ,the expression (li' (PLUS B C)( PLUS A B C» 'and ca.lls trigsimp[F;«PLUS B C) 
(PLUS A BC) ) ] :", , , ' ".' '" : 

, ' 

Step 1: fsis set to «F (PLUS B C) (xf (PLUS 'Xi' A» (RPLAC Xf'> » t) , 

Step 2: The 'car ,of the element of 'fs is F, .so set ts' to cdr(fs]-- ' 
, in this case,' NIL. ' -

, ,,' Step J: Replace x:r. by (PLUS B c) :l.n (x
f 

(PLUS x
f 

A»" producing 
, ,'. «PLUSB C) (PLUS B C A) ) (the substl function, which 1s ' 

. ,used bytrigsimp to make this replacement"simplii'iea the, 
, .~;",results--thus, the 'redundant PLUS is omitted from.·" " , 
~7,""(PLUS (PLUS B C) A). ) Compare[F; [[PLUS B C)(PLUS BC A»; 

- , '(p~US B C) (PLUS A B C» ] is called, ang 'returns T,so go 
, to step'~. ' 

Step 5: 1s=(RPLAC xr ), sO,sub~1tute (PLUS B C) for x f in Xt' 
',; yielding (PLUS B c) 0 This is simplified, and the result, 

«PLUS Bel), is returned' by trigsimp, andothis is'the 
valu~ of ~." ' ' , 

Finally, 'on the top level of simplification, simplus calls 
tl'igsimp[PLUSj «F B (PLUS X 'A»B C)] .·There are' no descriptors left over from 
lower-levels of simplification, and the second argument of trigsimp ca.nnot be 
made to match the ~..,ofthe descriptor-in~truction pair for ;FLUS"so trigs1!p, 
and, therefore, simplus and simplify, returns «PLUS (F B, (PLUS X. A») B C) ) .• 
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Operators 
~' .. "' '" . 

Simplify ho.s prov:u:n.on for applying three special operators 
differentiation and t'\-10 suh:::t.1 tution operators~-toi ts argument.· The response 
of' simplify to an.express1o:1 ,;:t1ch requires. the use of one of' these operators . 
is quite different from S:b:i .. ;.fy's normal operation; for example, if 
simplify[ (PLUS el e

2
)] isctl.Ileu, then el and e

2 
are simplified and then s1mplus' 

is called; hOvlever, if s impllf:.r [ (DIFF .X e)] is executed, the function . . 
.' diffl[ (X e)] in ,immediately called, 'before simplif~cationof X and e'" .'. This. is '. 
the reason for ourdist~nction betvleen operat:f:.9ns and operators • 

. ' . Wesh~llf{rstco~sider:th~. differentiation operat·or.: suppose that 
simplify[ (DIFF Xe}] is executed. :Simplify 'findsthatthe indicator OPERATOR'; 

.,. appears on:the property' list. ofDIFF,; arid that DIFFlfollo.w~ .the~ indicator ... so 
' .. simplify calls diffl[(X e)] ,,'Diffl simply calls' diff(X;car(simp11fy[e] 1]" 

DifflX;.e] pe:rforms.a: fJtralghtforvlarddlffeI"entiatIOn'i" -. . 
~ " ":"-":-)':.;~-':. ,',:";',":<-"" """:!':!" ,,"-<.'.:, 

~:k<"";", \ ." -, 

,., 

If e is a:product,then; diff,dif'ferentiates"each:f'actor .w~th .' 
respec~.to X and,returns.the appropria"te . sum of products~ 

: ... ' ." .. >~. "."'. .,: ". :'... .'. ,', ·"i·' <-" "" ""., ," '-, ':~.-

If carT e J ;l.s· an atom other than PLUS or'TIMES, then diff~etches 
fJ"frQrtl the property list of car[e} ~ list which describ'esthe 

formtl1at the d1fferent~ated expression must have . (this> list is . 
stored after the i,ndicator .GRADIENT) • This. listcontairi.s. B.. list. 

. of variables intl].e ge·neraJ .. fOrm (of whiche is a special case ) 
. and each of .·the:terms which must be sunnned in oOrder to obtain . 
thediffere~tiated expression (one· term for each' variable) • For 
example, the list stored on the property list of QUOTIENT after 
the indicator GR~IENT is: 

( (U V)( QUOTIENT V (EJq?TV 2»( QUOTIENT U (EXPT V 2») 
or,···.· .,'. 
«U V) (RECIP V)(QUOTIENT U .. (~ v 2»). (If the , . 

. indicator GRADIENT does not' 'appear' on the property lis.t of ' 
carrell then diff cal:is error.). If the number of arguments 
Ofcar[e] (that is,the length of cdr[el) disagrees 'with the 
numberofarg~ents; 1nthe' general form,thenerror is . 
called~· Otherwis~, difI'substi tutas theexpressions1ri. .; 
cdr[el' for the corresponding."ariables.inthe general form" 
'dIfferentiates' each expr'ession pfcdr(e] ~ with re,spect l . 

to X,' multiplies 'eachexpressioni'ilthe cdr of,the general. 
form, by the expression' resulting from differentiating. the 
corresponding element of cdr[e] 1 and l'eturns the simplified 
sum of these products. Thus, diff does exactly what people 
do when differentiating. -

If,car[e] 'is not'a~ atom, thenlt is evaluated and its value appl~ed 
--ro cdr[el. Thus, it 1s possible to use compound .. 

difrerent1a~ operators~ . 
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The substitution operators, are calledwhe~ simplify sees SUBST or 
SUBLIS as the main connective of the input expression. The only difference 
between the effects of these operators and the effects of the LISP functions 
with'the same names is that'the operators call simplify at appropriate times-­
so that the outputs of. the s~bstitution operators are in simplified ,form. 

.. In effect, s impU,[ (SUEST x Ye)] (the Y must be ll.toinic) is 
equivalent to simplify[subst xjY;e]]j i'-e. all occurrences of Y in e are 
replaced by x and the result ;s simplified.,~ The actual operation. ot, ',t~ 
substitmtion operators,'is not quite so straighttorward,.however, as an attempt 
is made to minimize th'e amount ,of' simplifying that must be .. done by simplify:Lns ' 
some expressions at.interme~iate. stages of the stibetitution process. ' 

. .. . ... SimplifY[ (SUBLIS ( (!l :X:i)( Y2 x2) • •• (Yn x » e)l is . equivalent ~ . 
simplify[ (SUBST Xl Yl(SUBST x2 Yi~: · '·0 ., (SUBST xn ~ e) •. 0 • ,»)]. ,.' , 

" , 

. ' ' The set ot~. oper~tors is by. no m~ansrestricted:to those we ha.ve 
discussed., To illustrat,e the ease with ,which new operat()rs maybe added to the 
system, we propose a print operator which will cause, the ~xpreas10n resulting' 
from simplification.,of the expression immediately following the. atom PRINT'in 
'th~ input .to simplify to be printed out; but which h~s no other effect o~ the 
operation of the system. ' 

, " 

We"de'fi~e:, printop['sl = print[simplify[~[s]].~~ The linkage to the 
simplify system is accomplished by merely executi"ng deflist[ «PRINT PRINTOI »;, 
OPERATORl.\"'Wi,th theB~ additions :to the system~ we have that 
simplify[ (PLUS 'A (EXPT. (PRINT (EXPTA 2) 3» 2»] not only causes the' 

's.implified expression, «~LUS A '( EXPT A. 12) ) ):, to' be generated, but also causes 
, the 1ntermed~ate result(Ex:I?T A 6) to' be printe~ as soon a~, it is ~enera~ed. 

A user of ,the.sy~temwho is well-acquairited with'hisproblemm1ght 
wish to turn on and off' : ,the rec:lpmode" factor, expand, polyrema.inde~, and. store: 
featur,es' by means of, op~rator ,calls inserted judiciously ,into his input 
expression. ", ' 
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1n retrospect (\-/ith BatHe thoughts for the 

\-le have seen many examples of simplify's capabilities.. We ha:ve, 
. ho\-:ever, restrlcted our attention to the right things that the system does. 

lIe consider no"} some of the wrong ( or, ~t least queBtionable) things that can . 
occur. 

Although the program is able to collect common symbolic factorstrom 
a sum of products, it cannot collect comfno.n 'numeric factors. In 'particular" 
forms such as (PLUS (MINUS el ) (MINUS e ) ) appear disturbingly often in the 
output of simplif'y.asfactors ·in products. This. particular example might be 

, simplified by causingeollect2, when called.by ~.implus, to' minimize the number 
.' <hf "negati ve." terms. in the outp:ut sUm. :t>y negating each term and sending' a . . ' 
message. to' simplusindicatingthat the s~. shoUld. be ·negated. The general case,· 

'(PLUS (TIMES n ell (TIMES ne2) ..,.,) ,might~e handled' by·. simply keeping track 
of the nunieric factors' occurring in theterms·ofthe·sum. If all terms have the 

.- same numeric factor,then 'take it ;outsidethe.(sum.~.:AvariationOf.t~isapproa.ch: 
, would allow minimizin~thenumber of . terms in the output· expression' which. contain '. 

numeric factors; thus; simplify[ (PLUS {TIMES4A)(TIMES4B)"c)l='~«TIMEs 4 . 
(PLUS A :e (TIMES o. 25 C»».. .' ::i; ''<:';'' ' , .... 

,.,' ." -, -;" . 

. ,'If the factor list is non-null" thed'polyquotientw:Ln always 
in relt/riting its arguments as 'polynomials. The res~lts are sometimes,.; 
unsatisfying.:F0r example, :if, the factor list contains,X, tben' . . <,>,,::, 

;'., simplify[ (Pl;JUS'A ''"(RECIPx»l= «TDJES (POLY'X ~)(BECIP(POLY Xl 0») ), rather 
than «TIMES' (PLUS ~X) (RECIP X»), :'which might be con~idereda s·lmplerformt>· 

,This difficw.ty may be avoided by havirig simplus call simpquotlent, /i~stead ot· . 
• ·polyquotient, whenquo;l;ients must be Simplifi~~.bY simplus ( seesimplusreturnal) • 

. , "The pOlyquotientfunction (and its' sa.telli tes) 'wa~caref\.lily· written . 
without the use ofreverse •. ·,Aresult of 'this' economy is ,that trailing z~roe.s 
common to· both numerator and denominator. are not" 'in general; cancel1ed.- Thus, ... · 
l?olyquotient[(~OLYX.1 0); (POLY·X 10 0)1 == (TIME.S(P. OLY X 1. 0) (RECIP (PO.LY X 1 0 0).»; 
not {RECIP (POLY X 1 0», as might be expected. A straightforward '(but b'rute force) 

. modification would correct this st tuation; . however , , considerablerework1ng 'o~ 
polyquot1ent is necessary in'order to achieve the desired re~ult with minimum decrease 
in speed. 

These examples emphasize the fact that.'the current· program is not to be 
considered a finished product .. It is' the first 'draft--the next version will 
probably be written in LISP 2.': . :"." . ~ , } . 

There is' 'some do'ubt,;'aboutthe effici~ncYCf using . special" routines to·' 
: handle polynomials ~ . It appears likely that all arithmetic (except ,perhaps, 
. division) w:;ll be do~ebythemain simplify program in the ne,xt version of,'the' 
-system •. At any rate, the polynomial programs should be less independent of the ' 
main slmpi1fy package Ifmaxlmum economy is tOb.e attained. 

. . , 

T"ne problem of recognizing identities 'leads to the tho~ht of using a 
table~lookup (or syntax compiler) scheme for si~plification. Then identities 
"/ould no longer be special cases. However, the difficulties. presen~ed by the 
associative and commutative. operations case .this scheme· in a somewhat unfavorable 

•. light. . 

30 ' 

-~~~~~~,~, .. -. .. "'"!!!!',." .. !!!!, ... ",,!!'!II!i,,!!i!!!! .... ,,_!!!!'!! ... _!!!!' ........ !!!!I!!_.!!!!!!! .... ,, ... !!!!!!!.,,.!!!!!!! .... _ .• _.!II!!!., ________ .... ___ ... , .. ", .:) 



• 

• 

• 

Hash coding for simplified expressions may b.e a feature of the next 
generation of simplify. There is no doubt that a large proportion of the time 
spe'nt simplifying is devoted to repeating simplifications already done~ 

Perhaps we at.Stanford are too involved with this particular 
. simplify scheme to be able to view it w~thout bias. Therefore, criticisms of 
this paper or of the program and suggestio~s for the new simplifY.program ~111 
be gratefully received. . 
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APPENDIX A 

~E~·\ARK 
SET 

5It-1PLIFY SYSTEr/~ OF 11 OECE.,1B~R 1963 
SIMPLIFY I ~lMPLIFY THROUGH SIMPQUOTIENT 

SPEAK NIL 
LAP. «( 
(ALIST SUBR 0) 

.(CLA $ALIST) 
(TRA 1 4) 

) NIL ), 

COMf'J.ON ( (COLF REC I PM(lDE) ,.. , 
SPECIAL(CFL ALCOLI! T'rM N' RSAV' PSAV 

KN L; LO' U E R r~:Dl' IND2 NUFL) ) 

o 

MM VSAV oP INVO~ ,C~L OPF 

SPEclAL,.f (Ll ) ) 
S PEC,J AL ( ( X ) ) 

"'{,"':;'!' 
", .... ':.;. 

, " 

(L~MBDA (X)(COMPILE (DEFINE Xl) )« 

(SIMP,LIFY (LAMBDA (X ) (CC'JD ' 
« A l)M X) (S I ;'4f' A TOM X» 
(AND (ATOM .( CAR ),.) l( FLAGP (CAR X) (QUOTE OPERATOR»») 

(APPLY (GET (CAR X) (QUOTE OPERATOR» (L.IST (COR' X) ·fAllST,) )., 
,(T (SIMP (CAR X)' '(MAPLIST (COR X) (FUitCTiON 

(LAMBDA (J) '(SIMPL,IFY (CARJ») 
) ) (LIST X») 

) » , 
" 

(SIMP(LAMBOA (OP LA OX)' (PROG (FL AL R) 
(SETO'FL NIL) 
(SETO AL, Nr'L) 
(S I MP) LA) 

'(SETO R (APPLY «(1NO ' 
«ATOMO~) (CAR (PROP QP (QUOTE FSIMP) 

, CFUNCT10N(LAMBDA NIL (LIST 
(FUNCTION (LAM~OA (X)(TRIGSIMP OP ~») 

) ) ) 

) ') ) '. 

'-1 (FUNCTION (LAMBDA (X) (CONS (CONS OP X) NIL).)) 
) ,(LIST AL) (ALIST») 
(SETQ R (DESCMAP R NIL NIL») 
(RETURN' (CONO 

((EQUAL (CAR R) (CAR OX» (CONS (CAR OX) (COR, R»' 

,( T R) 
) ) 

) ) ) 

Al 

&&MU ==UMiJMhliJU.lU .4J ,U Q.!4 tU; JUte: " .~S •• I 
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• 

INDl IND2)(PROG (NUFL RI 

(5 I MPCAL:L. (LAMBr A( NAME L) (PROG «FL" 
(SETQFL NIL',;,' .... . . 
(RETURN (APPLY NAME (CONS , ) ) .. 



• 

• 

• 

(SJMPLU5, (LAMBDA (L)(PROG eN TM'COLIST VSAV U PSAV RSAV' 
(rOND «INN (QUOTE UNDEFINED) L)(RETURN I 

(CONS (CONS (QUOTE UND~FINED)(CONS (QUOTE PLUS) L)J NIL) 
) ) ) . 
(SETa RSAV NI(..) 
(SET} PSAV 0) 
(SETa VSAV NIL) 
(SETa, N 0) 

(SETO'TM NIL) 
(COLI ECTOR L' (,QUOTE PLUS) (QUOTE MINUS) (QUOTE TIMES) (QUOTE PLUS) 

(FUNCTION (LAMBDA (X OP DUM INVOP:OL ~PF COLF'MM) 
C( LAMBDA (Z) 

(SIMPLUSl (CONS (CAR Z) 
(SIMPLUS3 (SIMPlUS2 (CADR Z) 

(GET (QUOTE FACTOR) (QUOTE COLFLAGt) 
1 ( LIS T NIL «C OR Z)) 

») , 
) ( 5 I MP L US P R t M E( CD R X») ) 

) ) 

) -
(RETURN (SIMPLU~RETURNA (DESCMAP TM ~IL T)·)) 

» ) , 

(S I MPLJSRETURNA (LA~/'BDA, ( X) (PROG () 
. ( 5 ET ~ COL I ~ T NIL)' 
(SETQ TM «(OlLECT2 XNIL (a~OTE TIMES) 0» 
( CON 0 (C NOT C.l ER 0 P N» ( SET Q T M ( CON ~ 'N ' T M) , J ) 
(SETO TM (SIMPlUSRETURN» 
(CONO (RSAV (SETQ RSAV (CAR (SIMPCAlL (QUOTE SIMPTIMES) 
(RETURNCCOND 

«EQUAL PSAV 0) (SlMPLUSRETURNAl (CAR·TM) RSAV» 
(T ~SIMPLUSRETU~NAl (POLYPLUS «(ONO 

(RSAV (POLYTIMESPSAV RSAV»(T PSAV)· 
} (CAR TM» RSAV',) . 

) ) 
) ) ) , , 
(SIM~LUSRETURNAl (l~MBDA (X Y)(PROG (U) 

, . ( eOND «NULL Y) (RETURN ( CONS x' (COR Tfvt)») 
(SETa U (GET (QUOTE stMPLIFY) (QUOTE REMAINDER») 
(POLYREMAINDER NIL) I 

(SETa RSAV' (PC LYQUOTIENT X y)t· 
(POl YREMA I NDEf, U) 
(R E TURN ( CONS RSAV (COR, Tr." ) ) 

) ) ) 
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• 

(SI~PLUSWETURN ~LAMBDA ()(COND 
«NULL,Ttvt) ((ONSO NIL» 
((NULL (CDR TM)l (CONS ( CAR Tron NIL»" 
(RSAV rSIMPCALLCQUOTE SIMPLUS) fM»" 
(T (T RIG S n~ p C Q L. or E ? LU 5 ) " T M )") 

('s Ir;,PlU<;PR I ME'('LAM8~'A (Yf(COND " 
. (C NU~,1BERP(CARYll C CONS,. LT'! ",,£$ 
,(! (CONS ~,~4Y )J>~":,,"."_~,,:, . ';;., 

) )L, ':r,: ", ' ,"::'" .:: i';"'<_;,~,'~"{:'::" , ,',,' 
C SI MP.LUS 1 (LAMBDA "CV)( COND~:"·i." :c:/ , '" 

, cc' NULL ,f CADR 'Y)CCOL'LEcr" . " 
(CA~ (SIMPTIMESl (~ADDR Y»)(CAR YJ , ) , ",,'. ,'", , ' 

I ',,' ': ",',: ':",' 

',tT'," (COLL'Eel (:;s'i\,ft.P'lUs4cCAbR Y»,. , 
(S I MP LlJS,4 (CONS «(ARY) (CADDRV ),) 

(SIMPLUS3' (LAMBDA 
((NULL X) Y) 
C (NULL (CADR ,y») Y» 
(CINN'X (CAADR'Y»'(LAMBDA(X Y)(LIST 

(CAADR, Y) (SIMPLUS3 X (LIST NIL 

A4 
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(SIMPMINUS (LA~BDA (L)(COND 
«(INN (QUOTE UNDEFINED) L) 

(CONS (CONS (aUjTE UNDEFINED) (CONS (QUOTE.MINUS) L» NIL) 
) 

( t NUt4BERP (CAR, L» (CONS U41 NUS ( CAR L»N I L , , 
((Ea (CAAR L) -(QIJOTE MINUS» (CONS (CADAR L) N,IL» 

'(EO (CAAR L)(QUOTE POLY» , 

» 

(CONS (CONS (QUOTE POLY) (CONS (CADAR L) 
(MAPLIS! CCDDAR L)(FUNCTION (LAMBDA (X)· 

(CAR (SIMPMINUS (CONS (CAR X) NIL»] 
) » ) , , . ~ 

') NIL), 

'(T CTRIGSIMP (QUOTE MINUS) L') 
) ) ) 

(S I MPD I FFERENCE «LAf\.BDA (L) (.COND 
(INN (QUOTE UNDEFINED) L) 

(CONS'~CONS 'CQUOTEUNDEFINEO)(CONS (QUOTE DIFFERENCE) L" NILJ 
) 

{T (SIMP (QUQTE PlU~)CLIST (CONS (CAR L) NIL) 
(SIMPMI~US (COR L» 

) NIL» 
» ) ) 
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•• 

• 

..J 

(SI~PTIMES (LAt:soA CL) (PROG (NTN COlIST VSAV U PSAV RSAVJ· 
(COND «INN CQUOTEUNDEFINED) L)(RETURN 

(C)NS (CONS, eQuaTE UNDEFINED) (CON5 (QUOTE TIMES) lJ)NIL) 
) ) ) 

(SETO RSAV NIL) 
"SETQ PSAV ll~ 
(SETO COlIST tGEr>(QUOTE 
( SET:l V S A V NIL) . 

'(SETQ. "J 1 l·"..,.,,:.:;:" j 

; (SETQ TM·N I L) ""':;;:';,::'.,::.'" 
CCOLLECTORL' (QUOTE.>lIMES ) (QUOTE REC ) (QUOTE 

", (FUNCTION'ClAMBDA ex OP DllMINVOP COL 

) 

) ) 

LCEQCCAADR X)'QUOTE· REeIP» ( , 
(LAMBDA (P)(COLLECT (CADADR 'X) 

. «(ONO .. ,,'. 
J (NUMBERP .. P) (MI NOS 

"tT, (CAR '( SI MPT I MES 

'>Ji -/ Gt-r~, . . 
'f CADDR. X) , 

) ) , 

Cle COLLECT '( CADR· Xl (COND 
«ONEP~MMl(tADDR X» 
(·r (CAR (SIMPCALL '(QUOTE 

. 'T~1) ) " 

, ) '. 

(SETQ TM (SIMPTIMESRETURN (COLLECT2' 
fDESCMAP TM T TlNIL (QUOTE. EXPT) 1 

,-., 'Z' 

. » , , .' .' , " , ...... '. ,.....' 
(COND (RSAV, (SETQRSAV ·(CAR'(SIMPCALL eQUOTE SIMPTIMES) RSAV·' I") 
(SETQ TM{COND',: '. :.:::", • 

~;~:'«EQUAL. PSAV l)c'SIMPLUSRETU.RNAl (CAR Tr~) 
(T. (SIMPlUSRtTURN~i (POLYTIMES PSAV(CAR , )' .... . 

. (RETURN" TM) 
) , ) 

: ,-., 

. (s r MPTIMESRETURN'( LAMBDA (TM') (COND 

, J ) ) 

( ( .! E R 0 P N) ( ( 0 N S 0 NIL»' 
. (NULL TM)(CONS ~ NIL)' 

( «M I NUSP N) ( CONO 
«EQUAL N ~l)CSIMPMINUS CSIMPTIME51 TM" , 
(T (SIMPMINUS (TRIGSIMP (QUOTE Tlfv1ES)C.CONS·CMIf\JS N) TM)')' 
) ) 

(CONEP N'CSI~'PTIMESl TM') 
CT (SIMPTIMESl (CONS N TM,), 

.. • '.:,1 

I 

1.1' !, 

1:1 

;1 

~ 
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• 

(SIMPTIMESl (LAMBDA (X)(COND 
«(NULL (CDR Xl) (CeNS (~AR X), NIL) 
CT (TRIGSIMP (CUOTE TIMES) ~» 

) , ) 
(SIMPRECIP (LA~BDA (L)(COND 

«POLYZERt 'CAR L» . 
(,CONS (lIST (QUOTE UNDEFINED) (CUOTE REeIP) 0) NIL) 

) 

((INN (QUOTE 'UNDEFINED) l) 
(CONS, (CONS q~UCTE UNDEFINED) (CONS (QUOTE RECIPl LJ)· NIl, 

(SIMPQUOTIENT (LAMBjA (L)(COND 
(CEQVAL (CADR L) 0) 

(CONS (CONS (QUOTE UNDEFINED) (CONS (QUOTE QUOTIENT) L') NIL) 
) 

C T (P ROG (U V) 

) ) , ) ) 

((ONO «NOT (OR 
(GET '(QUOTE FACTOR) (QUOTE COlFLAG» 
(cO (CAAR L)(QUOTE POLY» 
(~Q (CAADR L)(QUOTE POLY» 

»(RETURN (SIMP (QUOTE TIMES)CLIST (CONS (CARl) NIL) 
(SIMPRECIP '«(DR L») -

) NIL»» .. 
(SETQ U (GET (QUOTE SIMPLIFY) (QUOTE REMAINDER»' 

(POLYRE~AINDER NIL) 
(SETQ V (POLYtUOTI~NT (CAR L)(CADR L») 
(POLYREMAINDER U) 
(RETURNCCONS V NIL) 

» 
STOP» ) 
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• 

SET , SIMPLIFY 11 -- SIMP~XPT THROUGH TRIGSIMP' <'AND SET-UP) 
(LAMBDA (X)(COMPILE (DEFINE ~»)( 

, ) ,',< 

((EQUAL (CAR L) O)C:ONS (COND 
((EQUAL (CADR L) 0) 

(tIST (QUOTE UNDEFINED) (QUOTE 
) 

(T 0) 
) NIL) I:': 
«EQUAL (CAR; L) 1) <CONS 1 
{(NUMBERP '(CADRL»(COND 

( ZEROP (CADR.L» (CONS·1N I Lj), 
(ONEP(CADR L»C'CONS'(CAr-( L)~NIL» 

, ( «NUMBERP (CAR' L j:)e CONS'CC:XPT (CAR' L ) «CAOR 
. « AND «M I NUSP (~ADR l'): REC I PMODE,' 

tSIMP (QUOT~ RE~IPJ(LIST CSIMPEXPT (LiST' 
(CARL)(MINUS (CADR L» 

)'» NIL) 
) 

« «AND « FI X P' (C A D R L) ) (G REA T E R P 
(OR (EO( CAAR' L l (QUOTE POLY)' (EO (Cl\AR l» (QUOTE PLUS»)) , 
(EXPANSION~1CARL)(GET (QUOTE SIMPLIFY) (QUOTE EXPAND", 

) (CONS (POLYTI,.MES (CAR l) (C~R (SIMPEXPT (LIST (CAR LJ 
( SUB 1 (CADR L»,; 

»» NIL» 



I 
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\ 
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• 

• 

• 

«AND (FIXF' (CAt ~ L) (EQ (CAAR L) (QUOTE MINUS)') (C'OND 
«ZEROP (REMAINDER (CADR L) 2» 

( S I MP E X P T (C 0 N S (C A D A R· L) ( CD R l)') 
, ' 

) 
(T (SIMP (QUOTE MINUS) (LIST '~(SI,MPEXPT (CONS 

(CADAR LJ(CDR L) 
») NIL» 

),) 
(T (TRIGSIMP (QUOTE EXPT)' l"") 

, ) ) 
(T (TRIGSIMP (QUOTE EXPT) l» , )') , 

(COLLECTOR (LAMBDA (L OPINVOP COL OPF COL~'(COLLECTORl L 1)1) 

(COLLECTORl (LAMBDA (L MM)'COND 
( ( NUL L L) NIL) , 
(T C'ROG2 (COLLECTORIA L)(COLLECTORl (COR L) MM)'» 

) ) ) 

(~O~L~CTORIA ~LAMBDA(L)(COND 
,«(NUMBERP (CAR L» 

(SETQ N lEVAL (LIST 9PF(TIMES N MMJ(CAR L» NIL» 
) , 

«ATOM (CAR L»(COLLECT (CAR L) MM TM» 
«EQ (CAAR L) OP)(COLL~CTORl (CDAR l) MM)' 
«Ea (CAAR L) !NVOP)(COLLECTORl (CDAR L)(MINU5 MM)" 

«Ea (CAAR L) COL) 
, (,COLF(CAR L) OP (QUOTE DUM) INVOP COL OPF COlF'MM) 
) 
( (EO (CJ.AR Ll (QUOTE M I NUS) ) (PROG2 

,(SETO N (MINUS N» 
(COLLECTORl (CDAR L) MM) , , 

(T (COLLECT (CAR ,L' MMTM» 
, , » 

(COLLECT (LAMBDA lE KN L)(:OND 
( (AN) (EQUAL 1(,. 1)( EQ (CAR E) OP» (COLLECTORl (COR E» MM») 
(T (COLLECT 1 L» 

') ) ) 

smtE £S .:. 1 ,2:1.,; Ha; aU:,Jb i.,l 
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., 
14.MQ;M$,.;AP"*,,,,", 

(COLlECTl(lAMbDA CLJ(COND 
( ( NUL L L) ( SET Q T fv1 (C 0 N 5 (L 1ST E K N , T M) ) ') 

" «( MEQUAL E (CAAFL J ) ( RPLACD. (CAR L, (FPLUS KN (COAR l»' J 
'(AND (~~UMBERP,KN) ~FIXP K(\)(EQ,~OP eQUOTE "TIMES)) 

(NEG~QUALE(CAAR L») ){PROG2 
«(ONO • 

, i 

C(ZEROP (REr~1A I NDER KN 2)) 
, ( T ',. ( SET Q' N (M IN USN ) ) ) 

',1\10 

'. ' 
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.' 

( C () L L E ( T? (l A ~1. [\ r A (L I lOO PI) . (( 0 N D 
(NULL LI)(APPEND VSA~.LO') 
(T C :OLLE(T2 «(DR LI) ( 

(LAMBDA (X) «(ONO 
«EQUAL X 1) lO) " 
(EQ (CAR ~)(QUOTE DONTCOLLECT2Tt~lS»(CDR XI' 
(AND(EQ (CAR Xl (QUOTE POLY·" (EO OP (QUOTE TIMES) »)(PROG2 

(SETO P~AV (POLYPlUSPSAv ((ONO 
(RSAV (POlYTIMES RSAV X1) eT X) , ') , 

LO-, ) 
(EQ (CAR X)(QUOTE. POL~») (PROG2 

," (SETa PSAV'C POLYT I MES PSAV X») LO 
.'., ), ,'," , 

(AND (EQ (CAR X) (QUOTE PLUS»(~Q bp (QUOTE EXPT» 
(EXPANSION X ~GET (a~OTE SIMPLIFY)(9UOTE EX~ANtit" 

. le PRQG2, "". ' . 
(.SETQ PSAV (POl VT I ~I.ES PSAV X) ) 

·--Co ' 
" . ,.', : 

) ) 

(AND (EQ"CCAR X)(QUOTE MINUS»(EQ (CAADR X)CQUOTE PLUS) 
(EO op' (QUOTE EX~T» 
CEXPANST.( N X (GET (QUOTE SIMPl.IFY) (QUOTE EXPAND)" 

)(PROG2 . 

) ). 

(SETa ?SAV. (CAR (SIMPMINUS (POLYTiMES PSAV X",,' 
LO 

«(AND (EQ (CAR X)(QUOTE RECIP»(EQ OP (QUOTE EXPT)') 
(PROG2· 

) 

(SETQ RSAV C CONS (.CADR x,:) RSA V) J 
LO 

(T (PROG2 
(SETQ COLIST (COLLE~T3 X COLIST» 
u 

) l . 

(COLLECT2PRIME' (SIMPCALL (QUOTE SIMPLUS) Cr:OAR LI,) 
, op, I » 

) ) ) 

All 

_a_iU_ am $ a ,.h ; 'IJR#4MMI#UU Uif 
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e, 

e 

) ) ) 

( COL LEe T2 PR I ME 1 «, L A M B DA, " ( Y Y ). , CON D 
«AND RSAV (Ea OP (QUOTE nIMES»)) 

, (CAR' (SIMPCALLCQUOrE SIMPT IMES) ( CONS, 

,J) ) , 

. , , 
( T 

,.( COLLECT3 ex:Y) CCONb 
CCNULL·Y)(PROG2 (SETO U(CONS 

, ( ( INN 'CAR' Y' X) ( P ROG ( ) 
tCONO(CCDR Y)(PROG2 

(SETQ U (ArPEND VSAV LO» 
'SETQ VSAV NI L) 

,» ) , ." 
(SETQ VSAV (CONS X VSAV') 

( RETURN CL I.S T feAR Y»,., . , ) 
CT (CONS (CAR Y)(:9LLECT3 x' (COR Y,), , , , 
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(t·1~QUAL (LA~.R()A (LA LB) (eONO 
((ATOM LA) (EQUAL LA LB» 
(EQUAL (CAR LA) (CAR LB,) ((ONO 

«(AND (ATOM (CAR LA» (FLAGP (CAR LA) "QUOTE COMMUTE'" 
CMEQUAL2 (eDR LA) (COR LB),S 

, (T o( M E Q U ALl ;:. C. COR LA) ( COR L B ) ) ) 
, ) ) 

CT f) 
) , ) 
CMEQUALl (LAMBDA (LA LB) (eOND 

rCATOM LA) CEQ~AL LA LB» 
(T (~ND (MEQUAL '(CAR LA) (CAR LB» 'MEQU~Ll (COR LJ) (COR LB,." 

) ) ) 

(M~aUAL2 (LAMBDA (LA LB) ((ONO 
«(ATOM LA) (EQUAL LA LB» 
C(~EQUAL3 (CAR lA)LB), (MEQlIAL2 (COR LA' (MEQUAL4 (CAR LA) l:-Bl.l. 
(T F) 

, » , 

(MFOUA(3 CLAMBtiA (E S) (eOND 
C (ATOM 5) F) 
( ( M E (~!,; ;\ L E ( CAR ' 5) ) 'T) 
(T U\1EUUAL'3 E:( COR 5) l) 

» , ) ,', 

(MEQUAL4 (LAMBDA rE S) (eOND 
((NULL S) NIL) 
( (r-.1EQUAL E (C AR S,) (CDR S» 
(T C CONS (CAR S) (MEQUAL4 E (COR 5»)' 

) ,) 
(ISEQUAL (LAMBDA (Xl X2)(OR 

n·1EQUAL Xl X2, 
(POLYZERO (CAR (SIMPCALL (QUOTE SIMPDIFFERENeE'CLlST Xl X2)',) , ,. ) - . 

(INEQUAL (LAMBDA (Xl X2)(COND 
«EO OP (~UOTE PLUS»'NEGEQUAL' Xl Xl)' 
(EQ OP (QUOTE TIMES»(RECEQUAL Xl X2) 
(T F, 

) ) , 
(R~CEQUAL (LAMB{ A (Xl X2,(EaUAL 1 «(LAMBDA CX)(COND 

«Ea (tAR ~)(~uotE POLY»(CDDR X),(T x, 
)') (CAR (SIMP(ALL, (QUOTE SI~PTIMES) (LIST Xl X2)', ),) ) 
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( NF (iF.au, L CLli, '''SDt.. (T 1 j 2 l 
(POLYZERO (CAR {SI~PCALL (QUOTE SIMPLUS'(LIST'Tl 12»' 

) ) 

, , , 

'(DFLETE,l (LA~BD~ (E S) (CONC' 
• ,( (NULL S) NIL) 

«(EQUAL f. (.CAR SJ)(CC~ Sl) 
(J:TCONS(CARt,LcD,ELET E 1 E 

) ),) ,,< < "<,:;', ",;!:::,:i'{\;J,,' " 
').: 1 ;!. <l:::-: ~·:<.>'·:·.,·:/:,·l·\;.:::~~.· .. />\> 

, (F p'l.tJS ,( lAf\-1P CA"" C N 1::P,12,; ( co Nb 
CC AND: ( NU~.8Ef:<P:~:I' (,N'U~':BER 
CT, C CONS .NIN2 », ' ' 

l ) ), , 

c INN' {LAMBDA "('X::[) (OR 
(EQUAL X L) ': 
{AND (NOT (ATOM L ,(, 

,l' , ) ) 

( C R (I N N X (CA R· L» ( INN 

(POLYZERO (LAMBDA (Y)(CO~D 

C(O~ (NULL Y)(AND (NUMBERP ~)(ZEROP V») 
C: (ATOM Y) F), ,',' , ' 
(eEQ' (CAR Y)(QUOT": POLY» (POLYZERO (CDDR 
cr,( AND (POLYZ EROJ CA R Y l ) (POL Y ZERO ( COR 

.:h 
, ) ,. '),' 

, " .~ "., 
, "":'"'\ ', .... , 

(FAC.rOR, (t~AM8'DA (y )'( DEFL 1ST 
(QUOTE FACTOR),' 
(CON). , .. 

'('CA rOt--1;Y), NIL) 
, (T Y) , 

) , . 
})CQUOTf. COlF-LAG»» 

• ", I, ' 

(EXPAf'lD (LAMADA ,(X) (SIMPFLAc; X (QUOTE 

CPOLYREMAINDER '(LAi'Af.DA (X)'(SIMPFLAG X 

(POLY (LAMBDA (X)(SIMPFLAG X (QUOTE POLYNOMIAL)'" 

·A14 

,11 .... ;', .i, .. ,.", "'''''''M",,;PAiMM'*' , .,b .. r,hil..' 

. i 



"'f 

• 

• 

• 

( S I rv, P F LA G . ( LA tv1 B £) A (X Y) (D EFL 1ST (L 1ST (L 1ST 
(QUOTE SIMPLIFY) 
(COND 4 

" «Ea x (QUOT~ YES:)(QUOTE ALL» 
( (EQ X (QUOT~ Nl)·) NI L» 
(T Xl 

) 

) lY) l ) 
, " (RECIPMODE (LAMBDA (X)(CSETQ RECIPMODE (E~ X tQUOT~ RI»)) 

{TRIGSIMP (LAMBDA (OP L'(CONS (CONS OP L) NIL))) 

) ) 

RECLAIM NIL 

, F A (, TOR ( NIL) 
, DEFLISr---( ( 

(PLUSSIMPLUS'- , 
(MINUS SIMPMINUS) 
(DIFFERr:NCE SIMPDIFFERENCE) 
(TIMES SIMPTIMES) 
(~ECIP SIMP~ECIP) 
(QUOTIENT SI~PQUOTIENT) 
(EXPT 'SIMPEXPT) 
'(POLY SIMPOLY) 
)FSIMP) 
FLAG «PLUS TIMrs )COMMUTE 
.<EC I PMODE (R) 
SPEAK NIL 
UNSPEC I AL ( (FL At... COL 1ST T~1 N RSAV PSA'" M~1 VSAV OP INVOP COL OPF 

KN L LO U E ~ INDl IND2 NUFL» 
UNSPECIAL(CLI» 
UNSPECIAL( (X)>> 
UNCOMMON(CCOLF RECIPMODE» 
STOP» » ) ») » » ) ,') " » ), ,) " ,) ',) ')) ), ,) » )>> 
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SET POLYNOMIAL PACKAGE 
SPEC I Al C «CHE(:K t' E X R S 51 GNAL LOCOF HARRAY COUNT V ZZZ YY'fJ J .' 
SPECIAl«(ZJ) . . " 
SPECIAL( (Y)' 

(LAMBDA (X'CCOMP~lE fDEFINE XI".C 

, (S I MPOI. Y 'LAMBDAfL') f C'OND '" ' 
'(POLYZERO, eCOR L",CONS a.NIl' J .,' ",",;'-: 

«.T (CONS:C POLV~'R I rE ,(CONS (QUOTE POLY) '~QNS . 'CAR L. JCUNZERO C CORL) i J' J,," 
(GET eQUOTE FACTOR'(QUOTE.COLFLA~",:' " 

, NIL)' , , , , 
« POl YPLUS,. «LAMBDA l ty 
'e «POL YZERO.X) 0),'. . 

« (AND lECf "rCAR X, (QUOTE,POL Y' le NULL' (CDDOR X" ') C CA.OOIt 
eT x,,-~ , ' 

, , .(-COND~·:·~::·'·' ' -~ '~~" ;. ."... .' 
««NOT C EO (CAR Z ,,(QUOTE POLY)" C CONO' 

:«(EQ (CA~ YtCQUOTE POLY,)'POLYPLU$ Z y" 
( T (CAR «S I MPCAL L/C QUOTES I MPLUS' CLI-ST , , ,.: . ""'. . 

«:T (CONS C QUOT E POL Yl 'CONS' tCADR Z J ' 
, (PROG (FL' :~. ' 

(SETQ FLNIL' 
(RETURN (POLYPlUSl, ,,' 

«REVERSE (eOOR (POLYWRITE Y CCAOR Z't" 
(REVERSE ceOOR ZI' 
NIL, 

: i) 

CPOLYPLUSl (LAMBDA CV 
(.NULL Y» C CONO 

« 'NUL L Z, X J, 
eT CPOLYPLUSl (COR Z, NIL CCO~S (CAR'Z) x •• ,' 

,» . . 
,f(NULL ZlCPOLYPLUSICCOR Y' ,NIL ceo~s (CAR YJ X", 

(T (POLyPLUSl (COR y,CCC~ Z, 
(C)NS (CAR f~ IMPLUS eLIST (CAR Y)'(CAR Z) , J') .X' 

) , . , ) , 
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(POLVTIMES (LAMBDA tV Z)((LAMBDA (X)CCOND 
(.(POLYZERO X) 01 
C f AND (EQ (CAR X) (QUOTE POL V, , (NULL. (CDDOR X", C CADOR' X) J 
(T X) 

')(PROG (FL) • 
(SETQ FL NIL' 
(RETURN (COND " 
«NOT (Ea (CAR l'C~UOTE POLV")fCOND 

.f.(EQ fet.R VI (OtJOTE POLY)' CPOLVTIMES Z Y), 
(OR (EQ (CAR' Y)(QUOTE PLUS)'CEQ (CAR,Z,(QUOTE PLUS)" '. 
(CAR (SIMPLUS 'POLVEXPANDl 'CPOLYEXPAND.y)tPOLYEXPAND Z)") , , 

'(T (CAR rSIMPTIMES (LIST Y Z')l 
.) ) . . 
(T' ( (LAMBDA ('.'Y .ZZ, «PROG «U yy.y' zzz, 

(SETQ, YYY VY) 
'S,!TQ ZZZ (~rVERSE (COR ZZ),) 
C SET-QU" MJ"PL I S, 'iYY (FUNCTION (LAMBDA ex,) 

.(CAR (SIMPTIMES (LIST (CAR X)(CAR ZZl»,) 
» ) ,) . , 
(Rf.TURN (CONS (QUOTE POLY) (CONS (CAR ZZ)(PROG2 

(MAP (~DRZZZ'(FUNCTION (LAMBDA '(X) 

(SETa U fPOLYTIMESl VYY (CONS 0 U)" 
) ) , . ' 

U , , ) , 
, , (CDDR C paL VWR I TE V fCADR z.,» (COR Z", " , , , , , 

(POLVTIMESl (LAMBDA CY Z'(COND 
, (NULL V, Z) 
(T (CONS (CAR (SIMPLUS (CONS (CAR Z, 

(SIMPTIMES (LIST (CAR X,CCAR VI" 
)')C'OLYTIMESl (COR Vl(CDR Z"" 

» ) , . 

(POLVEXPAND (LAMBDA (Y)(COND 
(rEQ (CAR V) (QUOTE PtUS»(CDR V» 
eT (CONS ,v NIL») 

) ) ) 

rpOLYEXPANDl (LAMBO~ CY Z)(COND 
r (NULL V, NIL' 
(T (CONe 

(MAPLIST Z fFUNrTION (LAMBDA (X, 
(CAR (SIMPTIM(S (LIST (CAR y,(eAR X,),, 

) , ) 
(POLYEXPANOl (COR Y' Z, 

, , , A17 , ) , 
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z ).( C, LA~BDA ex" COND 
• f.: 

. (POLYQUOTIENT (LAMBDA CY 
((POLYZERO X) 0) 
«AND (Ea feAR ~)(QUOTE POLvi'(NULL.(COODR X')'(CADOR X), 
fT X, , , 
~POlYQUOTIENTl Y Z (GEt (QUOTE FACTOR)(~UOTE COLFLAGJIJ, , ) ) ,'":', 

... . 

(POlYQJOTIENTl rlA~BDA fV Z X'(CONcr 
(CPOLYZERO Z) fLIST (QUOTE ·uNDEFINED, (QUOTE POLYQUOT'IENT. Y,Z', 
,'x CCLAMBDA.CSl(POLVQUOTIENT2 (POLVWRITE.Y S)(POLYWR.1TE Z. $"" 

,( (LAMBDAJR) «COND· !." ' ' , 

,( R R, 
C (,EQ (CAR Z,( QUOTE 
«Ea (CAR V) «OUOTE 

'(T NIL)" 
'», (SIMPLlIS2 fliSTY 'Z) 'X)>> '.~ 

» ) 
cc EQ «(,ARZ' «QUOTF POl Y' , , 

(POLYaUOTIENT21POLYWRITE y rCAO~~)'(POLYWRITE Z 'CCADR Z") 
-~ ,. '. '. . t - .. 

) , ',> """ " " ' ' '" 

. (<< EQ fCARY' (QUOTE POLY 1 , 
(POLYQUOTlENT2 l.POLY~RITE Y (CAOR y),(POLYWRITE Z'JCADR ,,'i, , 

(T (POLYQUOTIENTf{,ETURN Y (SIMPCALL (QUOTE SIMPRECIP),C,CONS Z NIL) )," 
) ) , 
(POLYQUOTIENT2 (LAMBDA (R S)CCOND, 
«L~3SP (LENGr.' YJ(LENGTHZ)) 

(POLYQUOTIfNTRE'U~N Y (SIMPCALL (QUOTE SIMPRECIP'CLJST Z'" , ., 

(Ea (CAR R)(QUOTE POLY)(PROG lCHECK FL) 
(SETO CHECK NIL' 
(SETQ FL NIL) 
C RETURN «POL YQlIOT I E'NT3 (CADRR) (POL VQUOT I EN.T4 ') . '.' ",' .~, ' , 

(T (POLVaUOTIEN1RETURN Y 
(SIMPCALL' (QUOTE SIMPRE~IP)«CONS 

) , 
) ) ) 

(POlYQUOTIENTRETURN (lAMBDA CY S),COND 
(EQUAL V 1) (CAR 5)' 
« ( E Q U A LSe QUO T E Cl»)» Y) 
((OR (EQUAl, Y O)"EQUAL S (QUOTE (0) J,» (l' 
(EO (CAR Y)CQUOTE TIMES))'NCONC Y $)1 
«« EQ (CAR YI (QUOTE MINUS)) " . , 

CLIST eQUOTE MINUS. CPOlVQlIOTIENTRETURa' (CAOR VIS'» , 
(T (LISf (QUOTE TIMES) Y (CAR S») 

, ) J 
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(POLYQUOTIENT3 (LAMBDA ex ~)(COND , 
(CHE:K (LIST (fUOTE TIMES) R i (LIST' eQUOTE ,RECIP) S)" , 
((POLYZERO (tADR {)(CONS (QUOTE POLY' (CONS 'X (CAR Q"", 
((GET (QUOTE SIMPLIFY)(QUOTE REMAINDER" 

(LIST (QUOTE~PLUS' . 
(COND 

«CDAR ~'tCONS (QUOTE POLY) (CONS X (CAR a,,'), 
(T «CAAR Q" , 

((LAMBDA (Z)(CONO" 
( (EQUAL (QUOTE e 1 » , C CADR Q,) Z'J 
CT (LIST (QuOTE ,TIMES,(COND , 

« (CDADR Q, (CONS « QuOTE POlY)e CONS x (CADR Q),),' 
(T (CAADR Q» , 

, ) ,z» , , 
')(LIST (QUOTE RECIP"S), 
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(POLYQUOTIENT6 (LAMEDA (LN lD'(COND 
«NULL LD)CPROG2 

, (COND 
~(CDR LN) NIL) ,-
fT (SETQ S)GNIL ~ILJ) , 

«POL YW~ I TEo( LAMBDA 
et NULL X) (COND 

« «f:Q ,teAR L, (QUOTE POL Y J » 'PQL Y~R I TE 
. (l _Ll" ' ), , 

( (ATOML)( COND ," 
«Ea L Xi·(l..IST. (QUOT~ POLY' X 1 0),', 
(T lLIST(QUOTE PO~YJ X L'J 

;)'). . 
'«NOTCATOM X))«(OND 

«(INN (CAR X) ~'(POLYWR'ITE L (CAR XI') 
(r(PO~YWRITE L(COR XI'" 

" .' , 

(COR (Ea (CAR L)iCUOTE RECIP»(Ea 'C~R LJ(QUOTE MINUS)J) 
(CAR (SIMP (CAR L" " . 

(LIST (LlST(POLY~/RITf: '(CADR L'XJ) J NIt. 
» » 

) , " " 

,(AND'(EQ (CAR L,iQuojE POL¥»(EQUAL 
(NOT ( INN X (COOR L»)'" '" 

)L) 
( re P ROG ,( U v w» 

(SETQ U (GET (QuOTE FACTORJeQUOTE COLFLAG',) 
(FACTOR (LIST X)' r.' " 

(SETQ 'w (GET (QLOTE SIMPLIFY) (QUOTE EXPAND») 
(EXPAND (CCOrE ALL') 

,(SETQ V (POLYWRITEl (CARCSIMPLIFY (POLYUNwRITE L') XI) 
CEXPAND'WJ 
(FACTOR UJ 
(RETURN V.J 

,). 
) ) ) 
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, ) , ) , 
(POLYWR.ITE2 (LAMBDA CX'(CC~D 

( (:~ULL X, Hl\fRAY' . 
(T' (SETARRI',Y (OlrFERENCE COUNT (CAR X'JC·CA.R.X'·'.CD~X'·).I , ) , . . 
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(POLYWRITE3 (l~M8DA (Z)(COND 
, ( Ea (C A R Z) (Q UO T E M I NUS'· , ( 

(LAMBDA (P)(COND 
. -

«P (CONS (CAR p,. . 
(CAR (SIMP (QUOTE MINU·S) (LIST (LIST (CDR PI '-J .N1L·)' 

J» . - ~ 

(T (SETQ U (CONS 
(CAR (SIMP (QUOTEMINUS)ILIST 
«COR -~J) -_ 

J » , 

) J, ' 
(POL yWRI TE3' 

,). - ---. --

- (AND (EQ(CAR Z~(QUOTE TIMES)l(N~MBERP 

J , , 

tPOLYWRITE3 (CONS(QUOTE,TIMES)'CO~S 
(CADDRZ)(CONS (CAOR Z),tODDR Z), 

i lJ . 

« (EQUAL':'''Z V)( CONS 1 1', 
« «AND' (EQ «CARZ){QUOTE EXPT » (EQUAL 

. C,NUMBER p;, «CADDR ; Z , ) (F I XP ( C ADDR 
')((OND - · 

-C(MINU~P- (CADDR Z»(PROG2 
(SETOU(CON~ Z U»NIl , ) 

(T, (CONS (CADtR Z, 1" 
) ) 
«(AND (EO (CAR Z,(OUOTE TIMES»(EQUAl (CAOR Z, VI) 

,(CONS 1 (CAR «SIMPCALL (QUOTE SIMPT IMESJ (COOR Z"')' 
t 
«AND (la (CARZ)(QUOTE .TIMES» _ 

., 'Eae CAADR '~) (QUOTE EXPT)} (EQUAL «CADAOR Z, v, - ,', 
, (NUMBERP , (C~DDR (CADR'Z)', (F IXP 'CADOR (CAOR Z" J 

, ) (COND," -- - ( , -
«MINUSP (CADDR (CADR z,),(pr~OG2 

(SETQ U (CONS Z'U') NIL 
), " - .' ' 

eT (CONS (CADDR',(CAC~ Z)' 
(CAR (S r t'PCALL- (QUarE SI MPT I Ml!S J {CDD~ , ) 

J ) 
«(INN v Z'(PROG2 (SETQ U (CONS Z U)) 
(T (CONS 0 z·») 
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(SETARRAY (LAMBDA (NM M .E)(COND 
«MINUSP NM)(PROG2 

CSETQ COUNT M) 
.(CONS E CSETARRAYl (OIFFERENCE .. -l NM») , ) 

(T (SETARRAY2 ~M.MARRAY"· , ") 

(SETARRAYl (LAMfDA CN)tCONO 
«ZEROP N) HAr.RAY) 
(.T (CONS 0 CSETARRAY1' tSUBl N,'J.» , ) ) 

(SETARRAY2 (LAMBDA (N H)(CONC 
«ZEROP' N) . 

(CONS (CAR (SJMPCALL ~QUOTE SIMPLUS,(LIST E (CAR :n))l),COR' HI' 
. ) . , 

CT (CONS tCAR t!"CSETARRAY~ 
( (CDR"'H,', COR H») 
CT -(CONS 0 NIL) , ) )) , ) , 

(POLYUNWRITE (LAMBD\·(L)CCOND 
'(CATOML)L) 

(SUB 1 N' C CON') . 
" 

«Ea (CAR L'(QUOYE POLY» 
(CAR (SIMPCALL (QUOTE SIMPLUS, 

(POLYUNWRITEl CPOLYUNWRITE (COOR l»)CCADR L" '. . ~ 

. ) ) , . : ". . 
(T( CONS. (POL YUNWR I rE «CAR l.)J« POL YUNWR I lE (COR l)))) , ) ,. . . ',:, ' 

«POL YUNWR I lE 1 .c LAMBDA '( Y X) (POLYU~WR ~ TE'2 ., REVERSE Y)' 0' ) » 

(POL YUNWR I TE 2 (LAMBDA' (V . N) ('COND 
(NULL Y) NIL) 
CT' (CONS (CAR (Sl"',P ('t.JOTE TIMES') (LIST 

(SIMP (QUOTE EXPT) (LIST -(LIST X) (LIST N») NIL' 
(CONS (CAR ',V, NIL) 

) NIL)' C paL YUNWR I TE2 (COR Y' C AOOl N») ',' ), 
: .. 

» ) 

(UNZERO (LAMBDA tLJ(COND 

'. 

(CAND (NOT CATQ~ L)(EQUAL 0' (CAR L»"VNZERO (COR L») 
(T L' , ) , 
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(EXPANSION (LAMBDA (L. X,(OR 
, « EQ ,X- 'QUO TEAL L , , '. '. 

(AND X (OR (INN (CAR Xl L'CEXPANSION·L ~COR .*,)). , , ) ) 
, , . . 
UNSPECIAL«CHECK UE X R S SIGNAL LDCOF 
UNSPECIAl( (Z,) " 
UNSPEC I AL C (Y ) J 

5 T'O P,) ') , , ) 
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e, 

e 

e, 

-;u 

SET OPERATOR PACKAGE D~fFERENTIATE A~D SUBSTITUTE 
SPECI~l«(E'V J L» 

. . 
(LAMBDA (X) (COMP llE C DEF I NE X»,) c c 

( 0 I FF «LAMBDA (V E) 'CONO 
, ((Ea E VI (SIMPATOM 1" 

c' ( A TOM E) (S I MP A T ,)M 0" . 
((EQ (CAR E) (QUOTE PLUS») (SJMP 'QUOTE~LUSI 

'CMAPLIST (COR El (FUNCTION, (LAMBDA 'J) CDIFF V I(,4Q JJ») I' 
(LIST E; , ) 

r (EQ (CAR E) (QUOTE TIMES)' 'SIMP eQUOTE' Pl~JS." 
«M.\PL I S.T ·C COR E, C FUNCTJON C LAMBDA (J, 

, (stMP (QUOTE TIMES' (MAPLIST (COR El CFUNCTION (LAMBDA (Kt ','OND 
t(EQ K J, COIFF V (eAk K)" . 
ct (SIMP~IFY (CAR XI" 

, "):"N I L ) , ", --" 

'.' (LIST E, 
" ) 

,((ATOM (CA~ E" t , 

, , " 
, , 

(LAMBDA CGRA[,l (SIMP (QUOTE PlU'SI lOlFF2 0 • 

(PAIR (CARGRAO"CMAPLIST (COR EJ 'FUNCTION. 
(LAMBDA (J) (S I MPL I FY C CAR J I , , , " ) 

(COR l) 
(COR GRAO, 

) (LIST E»)) 
(CAR (PROP (CARE) (QUOTE,GRAQIENT) ,FUNCTION 
.. (LAMBDA NIL (ERROR (LIST (QUOTE CNO'GRADIENT» E,), '., , ) 

( r ,TA pp l Y (C A R L) ( LIS T C COR L" ( A LIS T f) » 

. \ 

(,DI'FFl (LAMBDA (L' (OIFF '(CAR L' (CAR (SIMPLIFY .'~~O.RL'))'»» 
. 

CDtFF2 (LAMBDA (VL ELGL) (CQND 
( (NL'LL GL J (COND 

((NULL EL) NIL) 
CT (ERROR (LIST (QUOTE $$.WRONG' NUMBE~. OF ARGS FOR.» El) J ') , . 

(T (CONS (SIMP "tQUOTE TIMES' eLIST 
(MATHSUB,VL (CAR GL)' 
COIFF v. rCAR· EL,) 

) NIL )COIFF2 VL rCOR EL' (COR Gl,)" , , ) 
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(MA THSUB (LJ.MBDA CL E, (MATHS2 (MAPL I ST L" FUNCTION 
«LAMBDA (J) (CONS. (CAAR J) (S.l M,PL I,FY C CADAR J',,) 

» EJ» 

(CAft LJ ':CAOlf L' " J')>> 

(MATHS2 (LAMBDA~(LE) (CONO .~ 
«ATOM EJ CMATHS3 L)' . . ... ,J} 

(T (iIMP(CARCMATHS2 L (CAR E) J" 'Cl1APL'IST CC'OR' 
(FUNCTION CLAMB[A (JJ ,(MATHS2 L. CCAR'JJ))' 

» (LIST E~" 
) ) , 
(,MA THS 3 «LAMBDA (t.',', ".COND ., 

C (NULl..·.L·'.(SIMrATOM<'EJ' " 
f (EQ (CAAR L' E, (COAR l', 
(Te MATHS3( COR L, , f 

, ')' .. '. ",' 

(MATHS4:')(LAMaOA «L' ,C SI MPl I FY 
C CAR.,. ( MA THSUB (L I:; T , , , 

J , , 
. uNsPECIAL(CE V'J, 
. DEFLIST'. «( 

., (SUBLI:.MATHS!' 
(OIFF DIFFl) 
( SUBS T ~1A THS4 J 
)OPERATOR) 

.OEFLIST«( 
(MINUS'(eX) -1» 
(OIFFERENC~ ,ex Y) 
(RECIP (eX) (MINUS 
(QUOT I ENT" (u . v, 
, , I, 
e EXPT(U VI 

" eT I MES V:. (eXPT U(O'I fFE'REN~E 
(T IMES (eXPT U. VI (LOG U, J' , , 

(LOG (( X) . ( REC I P X,» 
( SIN «, X)" O( cos .X") 
(COS (X) (MINUS (SIN X»») 
) GRADIENT) 

5 TOP) ,) » ) 
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