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Description of ·a ·Register Allocation Alg~rithm K. Kennedy 
(.. .. . . . . 

.. This __ \'?.i_J}. sJ:es_cr_t9~--?~ _aJg_ori t_hu~ .~U.~-to -~~_:1;owi~z , ___ ~ _ ....... __ . .. . 
:·K~rp, Miller, and Winograd [l] for alloc~~ing index registers 

. . 

___ ....:._~-~~=:.,_,£pr ~straig.ht:·line :..code .. :-•· Si,nce. we are only interested in the ... .. . . . 

. _ indices referenced at each step, we use the term program 

--·to··mean a· sequence·of--ind·ices, one for-each step. At any --·-•··--·· 

step th~. index referen?e? ~1ay :be modified. Such a modifying 

... -~:.-. -----i,f,E}!e~-~D.<?e_ .J~. _ i~gic;_a_t~.~ };X -~-1:1. .. ~~-t-.~r isk f ollm•1ing the inde·x. . . . . . . . . . . . 

. . . . In SETL we will r~present the program as a sequence . . . .. - . . . . . ' ;. . 

•·· ·----·-·---,----_..,..,.of-ordered ·pairs: ·-·the first element of the ordered pair at 

L 

. . 
step i will be the index referenced; the second element 

· •. wil·l· be·· a ~lag whi-~h will be true if the index is. modified 
. . 

. at that· step and false otherwise. The following exampl_e 
-·---·-: ~ho~;t-~p~-~g~:a~{--~·;ld :it.scorr.es-ponding-·SETL sequence.··-

. 

. - . 

, program SETL sequence --
.xl <l,<x

1
,f>> 

x2 <2,<x 2 ,f>> 

x* 
3 

<3,<x 3 ,t>> 

x* 
2 

<4,<x 2 ,t>> 

X3 <_5,<x
3

,f>> 

xl. < 6 , <x 1 , !_> > 

x·2 <7,<x
2

,f>> 

Now···suppose w2 have a machine with N index registc!rS. 

A register aJJocc1.tion regs for the program is a sequence 

of register configurations, one for each step. A register 
,. 

configuration for step •i is a set of N ordered pairs 

which iepresent the contents of the r~gistcrs~at that step. 
---...... .. 

Each ord~rcid pair is of the form <index, flag> where flag 

is t if the index is modified (i.e. it must be stored if it 

is ... to be replaced in registers) . If the allocation is to 

be a J.ega~_ one, the index cal~.cc1 for at st~p i (for all i) 

must be in registers nt th~t step. In other words 
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(1 ~ · V·i ~-iiprogram) program (i) E: regs{ i} ; \J . 

· -·~ Ass9ciated with each allocation is a cost which 

c. is determined by the following formula: suppose we can 

define a function cost(configl,config2) which represents 

the. cost of going from one configuration to ·another. 

-·-----~-~----Then the cost· associated with an allocation re·gs is.: 
ipro~ra.m · · · ,· -

total cost= . l: cost(reg~{i-1},regs{i}) 
i = 12 

Note that regs is a set of ordered triples <step,index,flag> 

so the configuration ~t step i (regs{i}) is a set ·of o~dered 

pairs <index,flag>. The cost function may be defined as follows: 

1) the cost of .replacing a modified index in a 
- --:-·configuration is 2 (1 store, 1 load). 

. 2} · the cost of replacing an unmodified index in a 

. conr_i<3ura tion is 1 (1 load)· . 

3) the cost of replacing a modified index wi'th the 

same index unmodified is 1 (1 store). 

4} the cost of replacing an unmodified index with a 

\.. 
· .modified v~rsion of the same index is O. 

J 

Using these rules we may define the function cost 

in SETL as follows:· 

definef cost(conl,con2); c=O; 

{ \J x e: hd [conl]) if n x e: hd [con2] 

then c = c + if conl(x) then 2 else l; 

else c = c + if conl(x) and n con2(x) then 
. -- . 

,end if; end Vx; return c; end cost; 

1 else O; 

.. -A p<;>ssible register allocation algorithm is to· ----....i 

generate aJi po~sible legal configurations at each step 

and th~n pick the allocation ·cone configuration from ea~h 

step) _\1ith minimal cost. Since there are a finite number 

of such alloca t.:i.on , the algorithm \·1ill terminate • 

• 



r 
! 

I 

I SETL Newsletter ~24 4/20/71 -3-

I . However I this is a bi't too combinatorial to be "pract_ic~: 

. so Horowitz et al. show how the -number of allocations to be 
------ _______ considere·d may be significantly reduced.·_ --··--______ ...... ___________ _ 

,,,....- - . 
·. ··· ' · . . The basic: .idea of the Horowitz algorithm is to 

.. . 
· ·--·· :-·- -·start with the initial confi.guratfon and generate for step l 

· ~-restri~ted ciass of configu~ations reachable from the 
. . 

- : . :~.--irii tial - con·f iglfra tfon by ... min-imal change branches~---· orice -one"·-·-·:-
·. has_ the configurations associated with step i one can ' 
. . . 

generate all configurations for step i+l which can be reached 

from these configurations by minimal change branch~s. 
~=--~----·----~This-proce·ss·-cari \:~ontfnue-·until -"1e rea·ch tne ·1a.st step. -. 

·rf we asiociate wit~ each configuration at step i a weight 

·1aefiried as the minimal cost of reaching this configuratibn 

____ a~ tryi~_ s~ep)_~nd a fu_n?!~~n ___ parent_(_c_on} __ \~hich maps~·----·-
• - #· - -- - - -

confi~hration at step i onto ·a config~ration at step i-1 s.t. · ' . . . (• 

weight(con) = weight(parent(con}} + cost(parent(con) ,con) , 

·-we.can find the best allo6ition ~y ffnding the c~nfigurati~n 

associate~ with the last step which has minimal weight, 
. . ~ . . 

·_·._and then following the chain of pointers back to the start.· 

r 

In other words 1 if conmin is the minimal configurati6n 

at.the last step then 

_reg~{#program} = conmin 

regs{#program - 1} =_parent(conmin) 

etc. 

In fact our data structures will be slightly more 

complex. ~ssociated with each step we will have a set of 

nodes (which are atoms). These nodes ite mapped onto corres­

pondin~ configurations by the fun.et.ion config. The function 

parent will map the node onto the node from: \•1hich it can be . . . 

reached by a minirnil change branch s.t. 

wcight(node) = weight(~arent(node)i+cost(config(parent(node)), 

config(node)) 
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. · weight is the function which defines the weight of a node • 

. These three functions are the main data structures 

involved 'in the algorithm. The branch from node n(stepi-1) 
_ __....-T_ • 

. to· node n' (step.~) is a minimal change branch lf one of 

.: -· ·· -the following conditions holds: 

· 1) __ -···· __ the_ con~i_gur.ation for n is __ j,dent_ica), i;Q the· _____ . 

2} 
configuration for n' 

the index called for at step i ·is not in the 

configuration for n and config(n'} differs from 

co~f.ig (nJ in exactly __ one element -:- the ______ , 

index referenced at step i replaces some index 

in config{n). 
3) the index called_for by step i is modified at that 

step and appears unmodified in config(n). Then 

. conf~g (n 1
) differs from config (n) only in that 

an unmodified ·ocQurrence of that index appc.ars 

in conf{g(n) where a modified occurrence appears inn'. 

The overall allocation process looks like this in SETL: 

define a~locate{program,regs,ic); nodes= {ic} 

weight(ic} = O; parent== nl; weight:::: nl 

newer; nl; newnodes = nodes; 

(1 ~ V step ~ frprogram) cleanse ne\•n"iodes; 

CV n E: newnodes) generate n; enc1Vn; 

r /*g~nerate w~ll put the nodes for step in the set new~r*/ 

newnoc1cs === newer; newe_r = nl; end \J step; 
findalloc newn~des; end allocate; 

·•-· -- -r--. 

' . 

. . , -----
The routine generate generates noc1es for step n, 

' ..... , .. 
from nodes for step -1. As we shall see, it generates 

' •. 

a restricted class of those nodes which cari be reriched from 

n by minimal change branches. The improvements will b~ 

·described later. The routine !indalloc picks the best· 

allocation by finding the min:i.ri1al \•1ci.ght node associcl.tcc1 

• 
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·with the last ·step _and working back via parent. 

· ·_. In SETL this goes as foll~_!~: 
, .. 

. define fiQdalloc newnodes; allocate exte~nal 

regs, .weight, patent, conf ig, program; 
- .. - .. . - . .•. -- ... 

', 

minnod~-~ tlfminhd: n e newnodes]<weight(n} ,n>;_ 
i, ~- --- ---

k == tprogra1:1! (~hile k ge 1_ doing J:=k-1_; 1ninri.ode_==par_~n_t (minnode) ; ) 

z__ regs{k}~c~nfi~(~innode); end while; 

e11:1 Sin_dalloc; 

·The function minhd is defined ·J.r~-=-~ :. : .. ~ --- . 
.-------,---~de-. -£~in~f- xr~ y; -·· -::- --- ----- -------·. ---- --- - -··-

\"f -_·:·~-·re.turn if hd y _lt ~ x then y else x; 

__ ~ .end minhd; 
- ; . -

The· function maxhd to be used later ·is defined similarly. ·- ,· · 

Th~ routine cleanse is a routine whit~ eliminates 

gen·erated nodes according to the rule: 

r 

·rt n and n' are two.nodes associated ·with step i 
subh that weight(n) + cost(config(n},config(n')) 

< ~eight(n'} we may eliminate n'. 

-This rule may be coded in SE'l'L as follows: 

define cleanse nodeset; allocate. external weight, cost, 

parent, config; 

(Vji t· nbdeset} if (:3 y £ (nodeset less x) 

c:c,~:.:.:weight(y) + cost{config(y)·;config(x)) le weight(x)) 

th·e1i -parcrit(x}_-~ s-2; weight(xr•-== Q; config(x} == n; 
nodes et ~,, nodes et. less x; encr-if i ·-end \Ix; end cleanse; 

. 
---The: subi;-outine generate will require a certain amount 

. ·., - - - --·--· 

of cdi.scU:ss ion~ Suppose n is a node associated with step i-1. 

Th~ :shnpl;es·t possible routine \·JOuld generate all nodes for step i 

whit~ cpuJ~ be reached fro~ n by.a minimal·change branch. 

Thus, if x (or x 1:} is referenced at .step i then 

. •. 
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1. 

2. 

If x is in config(n) a single node n• is 

generated such that config(n'} is identical 
to.·config(n} except that the· flag for ~- ········ 

mi~ht be true inn' but false in·ri~ 

If x is n6t in cohfig(nl then N n~w nodes 

_ (n 1 , .•• ,nN) are generated where ni is formed 
from n by replacing the i-th component of· 

config(n} by x. 

This is not quite good enough, however, because we would 

l __ like to reduce the number of nodes generated by case 2. 

We will do this by using lookahea~ . 
.. 

First, ie must define two lookahead functions: 

1. nex~{i,x) will return the number of steps to 
- . ,_ 

the next use (modifying or non-modifying) of x. . . 
In SETL:. 

definef next(i,x}; allocate external program; 

return if (i <3[k] :5.. iiprogram I hd program(k) ecj x} 

then k-i else ffprogram+l-i, 
r 

2. 

In SETL: 

end next; 

next(i,x) will return the number of steps to the 

next modifying use of x after step i. 

definef nexts(i,x}; allocate external progr~m; 

. retµrn if (i < 3[k) < fr program I program (kl eq<x, t> l 
' - .- -

then k-i; else #program+l-i; end nexts; 

Using these two fnnctions we may limit the number 
.... ". 

6f nodes ~hat we must generate at each step. Suppose, 

once·again, that s~ep i ~~ our program calls for x and 

that node n (ass~ciat~d with step i-1) does not have x or x* 

in its configriration. The followintj observations are due 
to Horowitz et al. 

·• 

- ) 
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1. · If there are several unmodified variables in 
--_c. - --- --·--- --con fig{ n} we need never gen er a_te more than one node 

in which x replaces an unmodified variable. The 

unmodified variable to be r~placed can always be 

chosen to be the variable y c· hd Icon fig (n) J.-s. t. 

next(i,yl is a maximum. There may be more than one 

unmodified variable, say y and z, s.t. 

next{i,y) == next(i,z) =!program+ 1 1 

1 
... in this case w~ can still arbitrarily pick the one 

------·--· 7 ··--- --· --.-_----- to··-i;e· r-epi"~c-eci - (ei thei: · y-or· -z-~,ii"f-cio>" ~---.... -- -

2. _ · Suppose M _== :,;iext (i, y)· where y is the unmodified 
- --- .... ---- ... :~variable which···is- ·used farthest away--(picked .above)'~ 

________________ W.e_need never __ g~_nerate a node _in which x repla.ces __ _ 

a modif~ed variable z if next(i,z) ~ M. 

{Acttially this is an improvement over the condition 

nexts(i,z}_~M stat,ed by HorovJit~ et al.l 
. . 

. 3. Suppose K == next (i, z) where z is the modified , 

yariable in config(n) which is first used farthest away. 

We need not generate a node in. which x replaces w 
if w is modified and nexts(i,w) < K. If 

K =program+ 1 then we need only generate a 

-single node in which x replaces z. 

The algorithm given below wcirks with the constants 

Mand K by finding two ordered pairs: 

maxy = <M,y> ; maxs == <K,z> 

It will then gener~te a node in which x replaces y; if 

K = lprogra~ it~ill gen~rite a node in which x replaces z; 

if lprogram+l > K > M it wtll generate nodes in which 
-

x replaces any modified variable ·win config(nl such that 
· nexts(i,w) > K. 

• 

In SETL the algorithm is a long one and goes as follows: 

. . 
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. . 
define 2enerate n;· /*n is a node generated at the last 

step from.which nodes are to be generated for the 

current step*/ 

allocate external ne.wnodes, newer, program, step, parent, 

weight, config; con= config(nl; 

/* see if program(step} is in registers*/ 

if .3 [x) c con I hd x .eq hd program (step} then do genode (x) ; 

if g__x then config(nl) = config(nl) ~ prog(step) with x; 

end if; 
1• weight (nl} =weight (n) ; .return; end if ;} ; 

block genode(x}; nl~newat; nl in ·newer; parent(nl)=n 

ccinfig(nl). = cortf{i(n) less x with program(step}; end 
-· - --

/* else look for unmodified and modified indices ~hose 

next uses are farthest.away*/ 

rnaxu =· [maxhd: x c con 

rnaxs = [maxhd: x c cop 

. 
~ tl x)<next(step,~ x) ,x> 

.~l x)<next(step,hd x) ,x> 

genode; 

/* generate node replacing most distant unmodified index*/ 

if· maxu ~ n then do gen ode ( tl maxu) ; 

weight(nl) = weight(~)+l; if ~axs eq n then return;; 

if _!::d maxu gc hd maxs then return;; 

else/* define maxu if undefined*/ 
. rnaxu · = <O ,n~> ;_ end if maxu; 

/* now generate nodes replacing modified indices i-:/ 
. if. hd maxs eq (i/.program-r-1) then do genode (tl maxs); return;; 

/"':else*/ (Vx e: con I tl X and next(step,hd x} gt ~~maxu • 

· and nexts(step,hd x) ge hd maxs] -,. - --
do gen ode (x) ; · weight (nl} ==\,·eight (n), + 2; end V x 

end gene~a te; 

,) 

'.!'his allocation scheme should generate a m1:nima.l number 

of nodes and operate very fast. A6tual tests'havc shown that 

the algoritPjn is very p~actical _and useful. 


