
0 
SETL Newsletter 159 J.. Schwart2; 

November 6, 1975 

The 'base form' of an algorithm is that 'simplest' 

repl:esentaticm which it can be given if it is written in 

ell vaz,}"' deliberately excluding all 'non-creative' or 'routiner, 

c-,pti..mizatiuns:.i we mean to exclude optiluizat:~ons even if they 

lie beyond the range of present-day automatic optimization 

-cechnique, prc,vided only that . the manual application of these 

,)ptimizati<:ms is a truly routine matter not involving any 

:b1vention ,tt the mathematical level •. Of course, optimizations 

of t.his'essen-tially routine' class should ultimately become 

£menable to automatic treatm;,nt. Among the optimizations to 

Q which we allude are almost all matters related t.o data structure 

r.Jloice,procedure in.tegraticn, recursion removal,'forma::. 

differentiath."Jn' (which Earley calls 'iteraf::or inversion'), 

conversion of prOf':frams using various useful non-standard 

ct:m·r..J:.-C:)l ai:..ructures ( such a:;; backtr,j,cking) to programs fmvol ving 

r:;tandard ccmtrol ::1tructu::es only, use of 'memo functions' 

(cf.. NL 155), etc" 

One rough bu·;: plausible way <..">f describ i.ng these optimizat i:i:is 

:te to aay th.at th1:-'!y can he characteris-ed in a few words to a 

skilled program,:\e:rr wh.o can ther1 apply them wi.th little doubt 

,'!1.S ·to what is meant.. Of course, the variant of any p.~rtici.:.lc·r 

algcn:i.thm which ws call its base form will change as 01Jr 

und~rstanding of high level program structure and opbJr.ization 

becomes more prc,f:)und. Moreover, an a.lgorithm's base form will 

depend on the class-of operations which we are willing to 

1:-eg,'3.rd as ''primitive'~ 

}Ji al1;:ror:i.thm w1:it-cen in ba~ie form can and should :nake 

l t1£1:?. of proqrammed subprocedurea or macros where these clarify 



Th.a fc>llowing exa:nf,les of a.;tgori th..'ll3 written in base for.m 
will cla:rify what is ;~ecmt. · ~~.\'r 

(a)· Bubb1e Sort of a vector v: 
.. -------------· 

(while 1 < 3n < ~ v· ! v·(n) > v{n+l)} <v(n+l);v(~)>=<v(n), v(n+l}>i; 

Th.a more conventional form of bubble sort is obtained 
:lr~ this by ttu-rd.ng the existential into a search loop, a:rLd by 

Aot.in9 thrf'i: dl.lring search the range of indices w.i thin which. 

an i.11-ord,!red pair can exist will only decrease when a swap 

~Ls per:fo:rnmd, and then only by i. This is essentially a type 

of for.tnal differe:1tiat.ion (as applied to vectors rather than sets.) 

{b) ~!!2.!".! of a vector v: 

(t }I > Vn > 1) makehe,3.p{c, n} ; <v (n) , v ( 1) > = <v {n) , v( 1) >: end r/; c·· 

(while l < 3ia ::. n !v(m/2)<v(rn}) <v{m),v{m/2)> - <v(m/2), v(m}>;; 

!':eturn1 

<~nd !T, .• 'lkehe a}::; 

T.his is opt.i.:t:::.sed by notin9 that on all but the first (o,1t~?r) 

ttE,.ca.tlon, theu-J c;,:,n he at most one rn/2 such that v(:n/2) > v(n); 
1:<> opi::l.mi&i:! the :i:t~:::::i·:: iteration we keep track of the m for which 

'.r{nt/2) > v{:m) can L! 1)ld (this is a type of fo1.-n13l differenti,3.t1.o:1~) 

~ c~ntext-iree gra~rar G is given as a set of pairs p with 

two co,nponents .i:.h.s and ;_~~, whe:.i:;e ·J?.hs is a symbol and rhs a 

::t.rpI-e ::->£ sy:11.~)o-J.i:.~, -'11f;g;rmin cl.enotes th~: set ,Jf ;.:tJ.1 interm,0:d.i2.tr: 
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One way of transforming G to an equivalent· grammar is to take 

tKJme p~oduction -:: + 1 1 .e, 2 •• :.e.n of G such that tE .intsymbs, and 

to replace it by all the productions r- + m1 .•• n1.ic1 2 ••• R.n, where 

t 1 + .m1 ... -~ belongs to G. Another ~ansformation is as follows: -

j_f r E .i.ntsym.ibs and G contains productions r + r a and r + S, 

where a and B are s~gs of symbols, all the terminal strings 

g·enerat(:id by r are all generated from the class of strings 

which a.:·e either a B or a 8 foll.owed by a sequence of a' s. 

t~ence we c,?..n :replace the productions whose £.hs is r by the 

following product:lons, in which r' is a new intermediate syr'lbol ~ 

i· + B .r r . .,. $:r.', a.nd r' + a r.,., r' + a. As a fonual algor.ithm 

ln .base · f0,c1'.1 this is 

definef sul:-st (grrun,p) 1 /* replaces the production p: r ·+ t 1 .... in 

b~-t ' exp4nding ' R. 1 * i 
grant= gr::tln 1.~ p + {<!:_h! Pr g + rhs(2:)>,gE gram{{~~ p is rhs) (1) }}; 

r::1nd subst..~ 

/* and. nl.',w the algorithm proper .first nwnber the elements of intsyrr;bs, w 

/* in so: 1e arbitrary order * / 
place = ~) <Vx E intsymbs) place (x) =#place+ l;; 

(while 3o e gr.am I place((rhs p) (1)) <place (~hs p)) subst(gram,r,);; 

E grar,'! j·(~ p) (1) !:9. (~ p is x)) (while '3p 
ll·prime. = !l~.!f:.!.; 
g::am {x} ·-= gr-am {x} - ({v e gram {x}, v(l} eS!, x} is delet,ed) 

+ {v -+ <xprime> v E gram f x}, v(l} ~ x}; 

g:·am {xprime} = {v(2:) + <xprime>, v E deleted}+ {v(2:) ,vrE,1el~~-tec); 

:smd w't.•~le; 

•wh:'.lt 3P E gra1t: I {~(~ p) (1) ~ E termsymbs) rubst(qram,p);; 

rt:.is algori th!:r1 is optimized by conducting the search over 

1r1•am implied by the three preceeding while 1oops in an ordered 

.1Utnn )r ~ fo:: :.he f i.:cst. two ].oops u9ward according to p2.ace ( 2.hs p} -~ -· --
fo:r the la:3t loop, :lawn.ward according to place (J,h.3 p) . ~l'hese 

:i.mp x,ver.11en'~F: _arncu.,-~ essentially to three applications of for:1~-a 1 

,::'ifi'eren.tiili· ion,. 



{d) ~~~J2~Jt:~_2!}_2_~_!:,J~!29:E~1:!'a·ph i~(?_i~t_e~J::...~· 'l'he program 

graph is definf•d by a set nodes, an entry node e:i:it, and a 

node-to-mxle map aasor. 

definef inte::val (nodes ,x);. /* calculates 

int = <x>; 

. .. , (, 

the interval with head}{*/ 

(while 3 y e range (in.t) f · { z E (nodes-int) y E cesor{z}} e~.r!!.!) 
int ~ int + <y>: 

and while; 
return int; 

end interval r 

0 

definef · inte.rvali:;(no<les r ent) i /* ent is the program graph entry nud.s: ,-, / 

int11 = {interval (nodes,ent)}; 

(wh.lle 3wi ~ cesor [[+~ int E ints]range{int) is intnds]-intnds) 

interval (nodes, nd) in ii1ts1 ; 

return i.nt:s; 

end intervals; 

More efficie,nt versic,ns of this algorithm can be derived 

by fo?:mal diffe:r.entiat.ion and procedure integration. 

(e) F,:>rd-Johnson •1·>i.,ur.~ament Sort~ An informal explanation of 
---- - ----·---------- - --

this algor.ith::n can be fOU:'.ld in O.P.II, P· 66-67, with a SE'rL 

representation of .it, unfortunately not in base form. A base 

form 1:,f the algor:i·t;-1Jn is as follows: 

/* we are ·~iven :,'/ sat. ::,f itema ·to si3'rt according to a transitive */ 

/* 1:,inary .relat.i:m te.To exclude duplicates we suppose. that the"'/ 

/* n elei-rH:mts :.1f -~ t:ems are pairs with integer second components, 1· / 

/* .all of wh:1::r are distinct, and that 9..e is determined from the*/ 

/* f i1:-st ccmpor,erit. of a pair only. 

iefinef ford~ ticeras)· 

if i itc•.ms ::.S. .! then J:'.'t?turn <items>;~ 

·f.~•.L•·""•Cop·..i' :::, 1.·.. t . .1c. ; '.,, ... 1.,.., · ; 12) _ ~ ••• .l . .'. ,_ tr .t... •.,..,-;, ,, ., ,1 I ~~ 0 then i terns else i terns with 

1t f 

' 

-1:o have an even nW1iber of elements '~ / 

0 



C) 

map • !!!_; 
(while itacopy ri..~ 11.f,) 

x from it.emcopyJ y from itemcopy1 - -if ·ta (y,c) then map(x) • y else map(y) ~ x;; 

tm.d while; 
h&l.fsort:ed • fordj CM [:map]) /* recursively sort half the elements*/ 

allaorted • <map(halfsorted(l)),halfsorted(l)>; 
halfsorted = halfsorted(2:); 

:pow2 ra 2; 

(while halfsorted· ~ m.1lt) /* until all elements digested*/ 
p.,w2 ~ 2 * pow2; /* double length for insertion*/ 

allsorted = allsorted + halfsorted{l: (pow2 - t allsort.ed) 

(n·taken ~ Vn ~ l) 

~ # halfsorted is. ntaken): 

mergein(allsorted, pow2 - 1, map(halfsortedln))); 

end Vn; 
halfsorted = h«}.fsorted(ntaken + 1:); 
/* r:·emove elements that have been passed to al. Z.sorted * I 

end while: 
. ~eturn if {I .item//2) 5. 0 then allsorted else 

/* drop added element*/[+: elt(n) E allsorted elt(2) ne newcomp) 

<aJ. t>: 

end fordj; 
defJne mar9ein (v:ect,lem, elt}; 
/* this routine takes a eorted vector ve.-:,t and merges the element e l t ,r,.. 

ft!. into its proper posit.ion among the first Zim elements of Viet. :r, / 

/* a,f_ter optimization, this. would be c:: 'binary search' based 

must = 1 .::, 3k ~ J.im I if R..e (elt,v(l)) then k 3 1 else if 

t.e (v ( lim) r el t) the k ea lim else -1e{elt, v(k)) and le (v(k - 1), elt); 

·,-,;act = v-ect(l~. k -· 1) + 
if ·.te (eJ.t,. vect(k)) then <elt, vect(k) :> else <vect(k), eli::> 

+ ve,ct (k + 1:} ; 

:-:-et\;;.rn;; 

l ,~nd margeiu r 
.\s ::an be !Jeen, this is a construction of nontri vial rnathema tica1 



:r ~ A· Ccrnr1e:r:,1.: ,r.m Correctnt=::ss P:r.oof s. --.-~ .... --=-----..---.-----... -·..,----
When an al~1<n:-ithm BF in. base form is redeveloped in some 

-; -if; 
mor• highly opti:mized form, additional code details will a.ppea.r_. 

S:lnce trui optbizations a.pplied to BF will generally be of . 
er;,me relati"'rely stereotyped fcrmt the details which appear 

after optim.i.zati.:on will· th~-nselves tend to be~ stereotyped~ 

For this reason~ it will generally be the case that, whereas 

·t.:he iFloyd a.asex·t.ior.s' needed to prove the correctness of BF 

C,';\Il only be d.~rived by a n~latively deep analysis of algorithm 

Gemantics,, tile &dditi.onal assertions need,:!d to prove the 

corrac.!tn.:1.si:1 of ·":hE:• opt:i..miZf?d form of BP can be set up in a 

siAn'.oot~'peci w,.5y, 9ivfm that the optimizations applied to BF 

a.re knc,wn .. Wt: m&.y also hope to p:cove general lemmas characteri.sir:.g 

the:? :inanrn:·r :Ln which. the optimising tra.nsforr.iations applied 

t.o BI' trana::o:rm '!:ha assertions associated with BF 1 s original 

-F f'th' fth ··· 1 ·t· 't -O~'m, Bi?caus,e o~ .. e .unportance o ese por;s101. .... 1 .1.es, 1. 

i.5•~!emn re11so01able to assert. thc•.t proofs of alqori thm correctr:ess 

should b::gi::1 with th.e base fonn of an algorithm rather than 

with any more highly detailed al~orithm form. 

~~xaminat:i.on of a few of the algori Huns considen~d aboVE! 

will confirm this view. 

(a} ~D:!?:~~_:1 s_~·t. It is apparent that if the bubble sort 

te::rrr.i~1&t0s then the vector v will satisfy v(n) .::. v(n+l) for 

,<G n. The f;.,ct thai: :::he components of v are not being chang~d 

cFn be e:A:pr,::::ss0·,J by a-ta ting that the algo.ri thrn leaves every 

This ~act follows from the 



0 

... 

l 

The optimized algorithm is then the familai~ 

n • l; 

(while n !..1: I v) 

if v(n) < v(n+l) then 

·else 

<v(n), v(n+l)> 

n•ifn51 

n • n + l; 
end if; 

end while; 

• <v(n+l), v(n)>; 

then 2 else ~-1; 

(b) Reap ~ort_. It is evident from the :'.:rm of the make.heap 

subroutine that on return from makeheap the at:sertion 

l < v~ < n lv(m/2)> v(m) must hold. From this it follows 

Irlillthe:ma.;:ically tha-; l -~ Vm. < n I ,,(1) ~ v(m). Moreover, 

makeheap (v,n) leaves invariant all components of v with 

indices larger than n. Hence the following assertions can 
be added to the main loop of heapsort: 

(t ,, ! Vn > l) 

assert n < 'r/k < tv,~l < Vj < n ! v(j) < v(k) 
~d-··· 11 < 't/k-; fv I v(k) <-v(k+l); -

mc:tkeheap (v,n}; <v(n}, v(l) > = <\r(l} 1 .v(n) >; 

6~nd V, 
'l'he. :.:3se-;~tion hc.11.s ir.dtially because it is vacuous; at the 

end •Jf tJ1e loor;:, we have l :5. 't/m ~ n. I v(n) > v(m) and 

n ~. '-jm < tv I v(n) ~. v(m}, confirming the assertion on the 

lcop path.. It tclllcws that on exit from the loop we have 

1 < 't/k < #v I v(k):. v(k+l) and 1 < \/k _::. #v i v(l} ~ v{k); so 

that on loop exit vis sorted. The fact that during sorting 

the components c,f v e.re not_ changed can be shown as in the 

kmbb le sc,rt case:. 
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-{c) •fo:nrt of a ·arammar , Let L ( grmn) be _______ "'"'.,.,. ........ ___ ----.. -ar:.-.--·-
the language_ gen,erated by gzaam. Then L(gram) = L(subst(gram,p)) 

is one of th.e 1::wo fundsimental mathematical facts on which the 

correctm1ss. of algorithm ( c)rests. This assertion concerning the 

two infinit.+:!! sets L{gram)a.nd L(subst(gram,p)) is not really 

decomposable int.o more elementary facts at the algorithm-· 

theoretic: lt.'rvel 1, sinc:e the body of the subs t procedure is 

&imply cme sin~rle se,tmt,.heoret.ical assignment. The equality 

of these twc"J s:et.c,i is rather to be regarded as a directly 
c,.. 

n~,the~.tica.L f£1ct.. 1.1he fact that transformation of gr,am by 

xpr:bnt~ ::r ~l_!, 

gl':-mn. {p(l)} :-~ gram {p(l)} - {v E g:cam{p(l)}lv(l)_~g_ p(l)}} 

... · {v + <xprime>, v E gram{p(l) }, v(l) ~ p(l) }; 

. grmn {,,prime} ~- {v(2~) + <xprime>, v E gram{p(lj} I 
-v(l) ~ p(l) J, 

a,! in the StJCond 1~hi le loop of algorithm (c), is in much the 

same sen.se primitive and set-theoretic. Given these facts, c·· 
tl:1e fact that aJgori t.hm (c) does not change L (gram) 5.s clear .. 

It is a1;,;o c1ea:r.- that the transformations of g1'am effected by 

a.lgorit:hrn (c) nt:c>ver enlarge the set s = {.(rhs p) (1) p E gram} .. 

'l'fr:us, . if we S{;';t t.f.n.,u:ymbs = s - intsymbs at the begin:1i.ng of 

t.b.e a,ls-c<r.itlulL :Lt is cl!.~a.r from the form of the final u)Jt?°. 3e 

1<,op c.,f aJ.goriUan (c) i:.hat { (fhs p) (1), p E gram} c terros~:rmbs 

;:.:·.t U:e f,nd of the a.l9or i th;i1. 

{d'.) n~_:i~npysition C!f..l1- prog£_am graph into intervals. It is 

o:Leat: £1:om '?-...he :.-:orrn of t.."1.e while loop in the i.n terva ls function 

that on :.:-.i;t11r:n <:rcm1 inte?VtllB · that the set 

a =· [+: .1.nt E:Lnts.l ~:a,n9e{int)satisfies cesor[s'] c s. Mor8over, 

t, ~ ning<:! (ii.>,t.:~.:::,rr.d (yiodt""$ rent)) • The ?.Jhi Ze loop in the .routine 

i.nte..r-va l. c1,.:,a.1cly .D.>£-:VE;r dimi:i:-lis.hes the set range ( int) ; and since tLL. 

sat is iaitially {x~ 1 it follows ·Ll:at x E interval (nodes,x} 

c"3.wa~:·s h,::i.c:i:-:,. Ti·1Ll!:. ve i::an ,:or:clnde that ent E s. S.i..nce ;t 

is ahT.ay:: c.ssu:neci of pro9rmn ~rrapb.s tLat the transi ti-;r(? c:Lo:,; 11 c:·c~ 

c-f erct i:;1,:k•r .-:;e:,c.r• _;ncj_u.des a1.1 r:odes,. we may deduce ::hat. 



. '?he -a.sserti.trm 

V x(n) E intfn !,S( ~- 2!. (x e cesor{z}·implies 

1· < 3m < n I z = int(m} J; 

-~ can-be inserted :Umnediately following the uhile ·statement of the 
i~·te-i-vaZ procedure. Indeed, it holds on the first iteration 

of the 1t.1hil• loop sL--ice int is of length (1) 1 and in virtue 

of the white condition it is clearly preserved during subsequent 

iteration. The~fore any tuple returned by the interval function 

will only admit forward. branches (.except to its first component) 

and can only be entered through its first component. We can 

show in the same way that each int returned by intervals sat.isfii:s 

(*} assert VxCnJ e int I .n 5 1 .2!. (l < 3m < n I x E cesor {int(m)}} 

C) It follows mathe."llatically that if int1 = interval(nodes, x1) 
and ln.t2 • interval(nodes, x 2), then range(jnt1 )and range(int:2 ) 

are disjoint unless x1 E range (int2 )or x 2 E mnge (int1). We 

IM.1 therefore att.ach the assertions 

( i;t) Vint..1 € ints, int2 E ints I .int1 ~ int:2 ~E 

,. r.ange ( int
1

) * range ( int2}) ~- .!l~-
{ S} 'tfx E [+: int E intsJ range(ir1t} Ix ~.S. ent £!:_ 

;jy E l+:: int Eints] range{int) Ix E cescr {y}} 

t:r'.- the whi l-£1 lat:;p of the· in ter11a. Z routine. These assert:Lons 

h{J]d by initialisation when the loop is first ente~ed. The 
1;;~-:ccmd af~sertion is preserved by (*) since the first component 

c>f each i,d; adde:-d to inta belongs to cesor[ [ +: x E intsJ range (x) J .. 
It: ii; clear that for each. in t added to ints we have 

\J;f.. E ints I int(l'.I ~:!:. E range (x) ; moreover, by ( *) and ( S) , 

y •:: (range(int) * {+: x E ints] range(x)) implies y ~ ent. 

If: ,~s is customary we assume that ent has no predece~sor in trte 

p~,ogram g;:aph,. i!t follows that Ute assertion ( !3) iE, tru .. ~ for ci.ll 

i t:<~:u,t:lor,n c):f the wh·{, le loop of tr .. e inte.rvaZ.s routinE=. 



( e) . !£!.2::5!:::!1~·?}1 -S.!?__!'.'_!: .. ~ Bec,3.use of the assumption that 

the f?lements of item,3 are integers it follows that 

·<bd. :titemn., ·{max:: item e items] item.(2) + l> does not belong -· -
tQ {.1:e11'6 1 . 80 that it,mcopy must have an. even number of elements+ 

Thus, after f:he ,:?Xecution of the first -while-loop of the 

fo;f",# a1gorithm, we w.111· have 

(.a) · (domain {map} + :range (map) ) · ~ i temcopy, 

and also 

( t3, ~t!§E. domain (t\1ap) ! .ie (map {x) r x) • 

Mo.recnr,i:r., map is easily seen to be 1 - 1. 

TaJd.nq 

(·t) ('v 5 fortlj (items}) Jd!!p,.,!:1,~.s range(v) ~ items !£1~ _ 
l .:5. vj < # V I .v.e (v(n)' v(n+l)) 

an cu1 inductive m-:sertion, 1.t follows that after the first. 

re.cl.i;:r.·t1ive call to fo1.'dj we have 

:i:ange (half sorted} !S domain (map) and 
C' 

l _-<;_ vj < t half sorted I P..e {half sorted (n) ,half sorted (n+J.)) ~ 

Au S.:!!'nt;!l.~timu1 fo~ · the tJhi le loop which follows we use 

{E;) :',t..emcopy :2s. (rar:,:1e {all sorted) + range (half sorted) + 

rnap(range(halfsorted)}); 

aliio 

(. 1p'.t (1 .:~. Vn < w allsorl:ed} £e (allsorted(n), allsorted(n+l)), 

and tht:>: assert:i.orr..s 

(n, v~ range (;;ll£c:rtsd) I R.-1:: {x, halfsorted (1)) 

an{i 

r,tzd<e,n ~:t f h,:.lf ~;ort:ec .i.nu.:,liE->s \/~E range (allsort:ed_1 I ---------

tt.f.t~l thi::·. 3tatemert;: we 
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(") auuertion (f3) and the second claus·e of assertion (o) within 

t.h..i.tt loop. 1t,1.iser tier. {i3) is invariant, and the second clause 

of ( 6) tl'ill continue to hold since ha Z.feo?"ted is only bei~1g 

tlim..ti.ished.. It is cle:a.r that (n') follows from (n), and (n) 

from { n ... , on the n·axt iteration. 

Within the Vn-iteration imbedded in thd:s while loop we 
oontintle to make use of assertions ( t) , ( n) and ( f3) , but re­
place (e) by 

and 

itemcopy !,g_ (range (allsorted) + range (halfsorted(ntaken + 1:)) 
+ map {range{halfsorted(n:))) 

+. ra~ge{allsorted(# allsorted-ntaken-:- n:)); 

{ ,\) (t {x (k) E all sorted I ~ te (map (half sorted (n)) , x)}} .:. pow2-1. 

Note that one stat~.ment after the point at which we exit from 
the v'n-iterat:i.onr asseirt.:i.on (K) reduces to (E). On entry to the 

ite:uttion (ic:) follows: from (E), since allsorted = allsorted + 

C) halfso:rted (1: nta.ken) w:lll just have been executed. Only the 

· c/ 

last. statement: of the mergein routine changes its veat argument, 
and from the f:orm ?f this statement it is evident that on exit 

xange (''.feet) has becom~ the union of the entry value of range (vect) , 

plu11·{elt}r i.e., -:zllsoPted has become allsorted + {map(halfsorted(L))}. 

'1..'huts (;,) holds during every cycle of the v'n-iteration. For 

the sarae reas<:in, ( n ... ) holds during every cycle. It is clear frore 

the st,3.tement imme:diat,3ly precaeding t~e r/n-iterator that on 

r:mtx·y to the V:1-iteratior1 i allsortEM is pow2, and that 

range (2,llsorted) i:1cluch~s half sorted {rt.taken) • Thus assertion ( >-., 

holes on entry to L~e \f-iteration. Each time \o-'e iterate a.t 

ir,os't one element iE acldect to ra~1ge (allsorted) ., but for ar:.y give.n 

va.1 t.e of r, at l~as ~ nt:akEm-n+l elerner.ts of ranqe. (all sorted) , 

·na.n:ely ra:1ge (half sorted fn: ntaken-n+l)) , belonq to the component 

of the set appearing in assertion (l) •. Hence :~) holds 

thl~(iughou.t the Vi1-:U:erati.on. 



:a·y (qi} the Vfot iargument. to mergein is in sorted ordc,r 
1dlfm m-ex-gei.r:. is ·ci 1led. By Jl.) , or,. each subsequent i terat:ion 

<Svery component x c,f al1-Borted such that !1.£!:_ R-e (map (r::alfsort':,~~~~ .. n) ;: !:q 

has an in.dex less than pow2. Hence the k fou~d by the existentfa':i·. 

in t.he·firat B-tatHM::nt of me:rgein will satisfy .ie(elt, v{A + l)} 

each time r1e~ge1>n :Lili cal:•.ed {with v = allsorted and elt -· 

1t1ap(halfsortec!{n)) l and thus since only the second statement of 

. me1,0r;·sin ruodifien it.a ii.rut argument v = allsorted, it is apparant 

that this ar.giunant remains sorted after return from me -rgein.. 

T,te can now co~1cluc1.? that (4>) re.mains true for all iterations 

,;:if t.he 'vn-1c,op_. 

Withi:1. the ri1J:1: le-loop WL containing the "4n -loop, assert.ion 

(E)ce.n be seen f:!:o:a (a), (6), and the way in which allsorted anc 

· 'ka.'Lfso:rtad a:r;·e initialised just before the loop to hold on 

initial loop entry; . sine«! (K) reduces to (E) on exit from the 

V'n-·loop (Ej holds dr.:·.ri.n.g every iteration of WL. Assertion {<P) 

b.olds by in:itj_ali[-ation cm entry to WL. Using (n') and the 

E1eccmd clause of :: iS) , it follows that (<P) holds immedi2.te1-y 

a.ftclr a: Z leor-t,~d it mc,dified by the second statement of WL. 

~ince we have St:eJ. that. ·:he '\:Jn-loop preserves ( tP) , it f ollcvs 

fhat ($) hc•lds thrc,:.ghou';. TI-.TL. It is also clear that (13) and the 

$tscond cla.lJFH-1 of ,: .') i hold th:-:-ough:Jnt WL, since map is n:)t 

modi.fied a-.,d ha.7..ft.'.J ::ted :Ls only decreased. 

We mat the1:eJ<':,re conc1.t:'5.e that (cp) holds on exit from WL; 

1~\0b! also ·::.ha.v.; on ,s ;(it from vL half sorted 5 n1:11 t, so that (,e) 

J:'ed.·J.ces to i b=::inco1 'j{ eq. range (allsorted) • Because cf (cl>) :it is 

td,;;:m: that v ,., [+~ eJt{n> E allsort.ed I elt(2) ~ newccimp] sat.i:-,f.::.1:~:·:, 

< iv) te (v(n), v(n.+1)), 

it.elllCcpy ~Sl, : ::' Cl¥ items //2} 
t r.i; 1;hl'. 't; 

E~C:" O tl1en itt·?ms else lten,s 1 .. {11c~\,.r:~c-::,.)·; .. , .... ~-. 

ra.nge (Hlisoi:-1 .e-::) -· :::-ange (v) + ::..f (.ft i ti~ms //2} §:_St .J th-,~n !2:: . 
. ) 1. :",:>. [ new,::ou~: 1 
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we have already nct:ed that newcomp !!,Cl!: E items. Thus :i.n all 

:caet1a r.~ge(v}· 5 :ttemcopy1 .so that inductive assertion_ (l5) 

is verified. 

To develop a verified correctnaaa proof for an a~gor i tl'un 

J.n.base form we w.i.11 ordinarily have to 

· (a) Attach &ssertions to the formal text T of the 

1-.lqorit.bm, and ver·ify a number of relationships which tie 

t.heise assertions to the statements . of T and which have the tor.en 

,, i.f 1:.j can be asserted at point P j of a program PR, then A can 

k,e fl.Sserted at po:i.nt P' .. The verification of propositions of 

thl.t, s01."t will ge11erally be rather routine, as the rela·tionships 

being verified are all recursive. All that will_ ordinar:l.ly be 

involved ia symbolic manipulation of a co~ventional sort,which 

must however be gt;iided by a semantic knowledge of the programming 

language which is employed. 
(b) Step (a) '11ill yield a family of set-t..lieoretic preposition~ i~r 

c,ne such propositlon b:<,;ing att.ached to each (significant) point 

.in PR.. These propositions A will have the fonn 'if· A (which 1:,~, 

step (a) is. a consequence of assertions attached to other points 

cf l?R) holds, ther~ B (a Floyd production directly attached to 

thit:; point of PR) is im.piied ~ • The propositions A c;re of 

:1ta;r,darn set-theo}:·etic form, i .. e. e are mathematica]. objects 

:no longer havi.ng e.ny explicit tie to the details of PR' s 

at.atemsnte:. To ve,rify PR one must then prove all of the 

~-ropoai .. tions A. 'I'he proc>f which here ·becomes n,3cessary should 

ita-(2lf be checked by an automatic proof-checker {if indeed it 

-lc1 r::ot constructec. by an automatic theorem prov,~r), since 

nert:c.ly manual proc f elaboration ( in something like the style 

.l .. llust·c-ated in section 2 above) leaves open the possibility 

·t:ha·t a c1.--ucia1 .(if pe:r:-1aps margi.nQ.l) case is being glossed 



Of tht~ nt.eps just outlined, it is the laat one, con.sti:uct..lon () 

:1,:f ,:r. 1mrie2 of proi:d:s :in a form ::wceptable to an automatic 

. i~3:'0(",;f c~ecker, tha·t is apt to be t.he most onerous. •rwo reasons 

buttzei,s this •mpet:tat .. l.on. I.n the first place, proof-checker 

b1u::hnol.ogy is still on:;y weakly developed; proof checkers 

. c:tm tu;.o. onl.y very small steps tbemsel ven, .rrn.d must therefore 

l.l{¾ ~r11iclad in_ great detail .. Moreovex, step (a) above will gene.rally 

t.J~,.u:nform the assertions P originally a.ttacb~:id to a program 

1a S\tCh a way as to obscure any intuit.i.ve .nr.J.vor which these 

l!I.HUJtU·t.i(..>ns might originally ha":,e posse::,sed. 

For this reasor:-.., it. will be quite impc,:rtant in developing 

pr.oo.fs of pr,ogram ccrrectneas to E:mmre that. thei Floyd assertions 

:,1:~ th which auch a. Troof begin.:~ an:! in fact correct. However 1 

,:tii oriqinally get up thi~se asse:r:t:ions, which will often be 

ro~ghlj equivalen.t in bulk to the programs to which they 

atta1-::h, are 

.Pl'Ograms are . 
ju5t ag likely to attract numerous small er:cor.~, as 

Of course, thin objection falJs away for any 

St':t of assertions to which we are ultimately able to gi·ve a 

ntucha:r'..ically verif~~ed proof. However, in most cases we wiL.i. 

:.i:tot: w.:rnt even to t:ry generating a formal proof until the set 

of iti:~ssrtions to bi! pro'.red has been subjected to a preliminary 

;:;bed~ for pJ.~sibiJ.i ty. Thus we expect informal techniques 

• .: .ko th.Hae )?I'C!l3ent}.y used .in debugging to be useful in the 

·-J<,1r:.~, Btagc,~5 nf de·;r2l0pment of fully detailed program correct.ness. 

Om:t t:,"::?mp1.:i.ng ,,,ay of checklnrf a. set. of Floyd assert.ions 

•·,iv~-pnr.t.i;;,·v:l tc- ,:;:,oi~stit.ute t.~e b~ginning of a corr.ectness proof 

.1.. ;!,;1upiy b.:i verify thc:.L th<:' assczt~o:rrn do in fact re-.n:a.in trTe 

1.1 i1ru .cu.n. th~ iJ.rogJ-\s-:n f'Il._ to ,·~!: ~.er t1iir:?y are attached. Dyna.rrn.c 

uncommon 

:i s,E) i.n which the , :frne:rtL:in bei1K1 checked contair:s CHe or ln(;~·t~ 



/ 
I "l'0·~0ma1:;t.1 th1r.t ooe't of d:y.na1n:1.c chock.i~g in such cases, Earley~s 

~ .itenrs.i:.c;n:: invi::1:~ioY1 '~ :m.~,!rthod (si?.t the,:,retic et:~cength reclucti01·11' 

vlut:tt"l. m:;ght al:10 bi, c.&lled 'iterator red.u·ctJ.:m') can be uaed ~ 

b prP.c~in!J coMidera-tions au9gest that the following 

?,J:Of.act. might be U!.iJef·LL7.: Build up o. partial proof system 

1rJ.thinvhich :step{&) of a formal correctness proof·system. is 
;a,otu,~ll:t impla.ment.i!d.r and which also incorporate,s fac:i.l:i.ties 
11110,,1~ p:rog:raams l:o which Floyd asserti,:ma have been :tttached 

tr.-, b'3 run and thei assertions to be checked at ru.ra-time.. Where 

;fcr,aaible, l.-nt t:be. l:lJn"""time checldng mechanism in.corporate .. 
:!irtiu1i:tatlo'.M ·of t::i1~ E,irle.y t.ype., 'lhen use this system to 

;'iJmo·tate l:i f.ai:rl.y l:~1ct:enaive librc::.ry of base-form SETL algorithms 

-:;,dtb. dttb'!-199·£:d i~'loyd ac~rn~rticm.s., An effort of this kj_nd would 

thrm1 a. gooil dtilJl.l oi 1;•.ght on the fr,:,1.,nal proof-checking task 

•~1hich i.t left at! a res:l.tlue ~ • 


