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THESE CHANGES ARE TO bE JNCORPOkATEU INTO THE NEW VERSION OF 
St.TL~ 

1.1. DISCUSS!UN Of CURRENT SITUATION 

CONSIDER 1·HE FOLLOWING THREE ~ETS IN THE CUHHt.NT. FORMULATION OF 
SETL! 

fl = (/ <1,2> , <2,J,4> /) 
F2 = (/ <1,2>, <t,<J,~>> /) 
f3 = Fl + f"2 

WHEN' usto IN THE CUNTtXT OF A MAP HtFEHENCE WITH TWO VARIABLES, 
THl:.SE SETS ARE. f l~EA l t.D I Dl:NT l CALL Y 

Fl<2,3) = F2(2,3> = f3(2,3) = 4 

HOWt.VER, IN OTHER CONTEXTS, TH[Sl StTS ARE. UIFFl:RENT, t.VEN THE 
NUMHER OF EL~MENTS IN F3 IS OIFft.Rl:NT FriUM Fl . ANU F2. IN AN 
I TEPA TI 01'1 THROUGH ANY OF THt. SE SET~, THt: UK HHNAL ELEMENTS ARE 
RETRIEVl:U IN THE FOH~ IN WHICH THEY APPEAk IN THE ABOVE 
ASSIGNMt.NTS. 

F3 IS A PARTICULARLY PECULIAH CA5E lN THAT GIVEN THE ASSIGNMENTS: 

f4 = FJ LESS <2,3,4> 
F~ = F3 LESS <2,<3,4>> 

F4 AND FS STILL GIVE f4<2,3) = F~<2,3) = 4. NOTE THAT THE 
SITUATION ALSO OCCUR~ If UNLY ONE AHGUMENT I~ U~EU FUR THE MAP 
(FI (2> = F2(2) = <3,4>). 

WE TrlUS HAVE A SITUATlON I~ WHICH AN ELEMENT OF A ~AP MAY RE 
H~PK~SENTlD IN TWO 5tl-'A~ATE ~AYS ~HICrl AR~ CUNSlDEHEO IDENTICAL 
I N A M t\ I-' CON l [ X T , HU T NOT I t-J OT H t k C.. 0 '.H l X T ~ • T HE S 1 T U tll J(H,J 

81::.LUW .. ~; 11nr;E co::1>Lt~X ,vJTh LUf·1bl.K lUl-'Lt.:::i. fl,· tXAtWLE, 11-;[ 
FOLLU\t.llllll ELlMEi'lTS Akl i,LL lLJt.i'lrlCAL 1'~ A b-VAKlAbLE MAP 
RLFEHENC[: 
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< l , 2 ~ 3 , '~ , 5 , b , 7 > 
<l,~.<J,4,5,6,7>> 
<l,2,<J•<4,<~,<6,7>>>>> 

NO T L Ho 1·, ~ \/ F P ~ TH A T T H t:: F I R S T Tlw Aid: I CJ EiH l CAL F OH A 3-V AR I A 13 LI::. 
MAP l~tl u:qJCE, bUT H1E ThltW lS Dlf- Fl::.Ht.NT • 

TH I S Cu f~ F lJ S I ON I S b OUN D TO R t.f- L f_ C T I T SI:: L F I N A SOME w HA T 
INr\jl::.FICffr,T f--'tPfH:St~~TATION FOR Sr.TS WITH ltH·. CAPABILITY OF 
SUPPOHT Un, ALL on:h/\1 lUI\JS CO!<~<t:.CTLY. H-1IS IS lffCAUSt. AN t.FFICIE:r-JT 
RtPHESF.1'iT1\TIOt~ fOR MAI-' USE t,1IJ~l Tku\T THE VARIOUS POSSltHLITIE.S 
AS IDt:.rn lC/\L, l.iUT ldTHOUT LOSING lt-1t:. uISTIIKTllH·IS. THIS B£COME.S 
EVEN HAhut.p IN THE LUNTEAl OF THE i-\bOVE C::XAMPLi: WHERE ALL THREE 
AHi:: l DEr-.i I J. CAL l hi ONt. CONTE.X T AND Ol 11L Y T WU At<t. IN ANOTHt.H CONTEXT. 

1.2. M~THOOS OF STORAGE UF MAPS 

THl::.RE SEEM TO 8E THHEE POSSI8ILIT1£S FOH 5TORING SUCH COMPLEX 
s TRUCTUn::s: 

1) STOkE THE SET IN Two FOkMS, ONE 5UilABLE FOH MAP REFERENCES, 
ANOTHER SUlTAHLE FOR OTHER UPEkAT10NS. IN GENERAL, N 
REPHl~ENTAlIONS MAY bE RlUU!Hf:..0 FUH MOST EFFICIENT 
REPRESENTATION WhlRE N-TUPLES AhE lNVOLV~O. 

THIS SOLUllON GIVLS EFflCllNT ACCtSS IN ALL NODES, ~UT IT IS 
FAIRLY CLEAH THAT IT IS ~Ul ACCtPTAbll dECA~SE THE EXPENSE OF 
MAIN- TAI~lNG THt MULTIPLE REPRE~fNTA110NS IS TOO HlbHe 

2) STOHl THE SET wlTH ALL 1 SlMlLAk 1 ELEMENTS COMBINED, EACH 
ELEMLNT L0NTAINI~G ENOUGH !NfORMATION TO RECONSTHUCT THE 
ORIGINAL SEl ELLMENTS. 

AS WE HAVE SEEN, ~-TUPLES HAVE MANY POSSIBLE SIMILAR FORMS. 
GIVEN THEN TUPLt: 

< A l , 11 2 • • • • • • • • • • AN> 

THlHt CAN 8E ANOTHtH < FOLLOwING ANY COMMA AND A 
IS YlLLDEU, THUS THE N0MbEk OF PUSSlLilLITI~S 
W H I CH CO H f-'. E Sf-' 0 NU S TO ( N- l ) Ir JU l I-' UW UH CHO I C f:.. S 
AFTER THE tN-1) COMMAS. 

SIMILAR FORM 
IS 2**(N-l) 
OF PUTTING< 

A GIVLN SlT CAN CUNTAIN OH NOT CONTAIN ANY OF THE 2**CN-l) 
FOl~M:-.,, THUS E/1CH 1\j-TUPU·. MUST C.:OrHAlN 2**<N-l) BITS TO 
lNOIC~TF ThE f:.LtM~~TS PKESENT IN THE SET. THIS IS AN 
EX p L u s I VE Nu 1•1 H Ef~ AND t< u L l s r t-1 I s pus 5 l H I L I T y Ou T w I T HO u T 
NEE L) l I ◄ G T O CO t11 S I D f_ R TH f.:. ,:, 1-W 8 U . .t·l S 1 1"4 VO L V t: 0 I N AC C E. SS I NG AND 
MODIFYING Sf.TS SlUklLJ IN n11s l-/\!:Jl-1H.>l>1. 
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3) THE THIRD POSSI81LITY IS 10 k~COGNlll THAT THERE ARE TWO 
KHW::. OF TUPLES IN TtiE. 51:.T: 

A > P f\ I R S <T lJ P Lt S OF 2 E.. LE t,l un s > 
H ) TU p Li:. S OF HU I, t. THAN i::: E. Lt t-'. I: f,.iT S 

SUIJ1'0SF l HAT FOR t: ACH hEAl) VALUt. X, TWO ENTRIES ARE MADE IN 
THE St:T F: 

FXP = SET UF 2NU ELEMENTS Uf ALL PAIRS ~HOSE hEAD IS X 

FXT = SET OF TAILS OF ALL TUPLES WHOS~ flHST ELEMENT IS X 

THE VALUE OF F(/X/) IS fXP+FXfo THIS UNION t-1UST ACTUALLY ljE 
COMPUTED If 80TH ~tTS AkE NON-NULL• ~UT ALMOST NU PROGRAMS 
USE SUCH MlX[D F0RMS SO A SIHPLE OPTIMIZATION PREVENTS THE 
COMf-'UT AT I Ot-4 Or· Hil S UN I ON IN Hil:. NORMAL CASE.• 

THE SETS fXP A~D FXT TRtAT PAlHS ANO TUPLE.S IN A CONSISTENT 
MAN~l~, SU THAf THE SPLITTING OCCURS AT EACH LEVEL. 
CONCtYTUALLY, lhlS RESULTS lN ulVIOING THE SIMILAR ELEMENTS 
Of ANN TUPLE INTO 2°*(N-1) Sil~ EACH Of WHICH IS EITHER NULL 
OR CUNlAINS A SlNbLE [LEMt:.NT. 

THIS HFPRES~NTAllON WILL bE ~UlTt:. EFflC!t.NT IN PRACTICE SINCE 
EITHER ONt OR THE OTHER, BUT NUT uOTH SETS WILL BE PRESENT. 
HOl~t~VU~, LJLf•LING wITH Tr➔ E UNU~UAL CASt:.S IS COMPLEX Ar-JD 
REQUlkES A LOT Of SPECIALIZED AND PkOBA~LY CLOSE TO USELESS 
CODE. 

1.3. A SUGGEST[O CHANGE 

THE FOHt1ULATI0N OF A SETL RUN TIME SYSTE:..M B~COMES MUCH SIMPLER IF 
THIS CONFUSION IS P~MOVEU. GOING bACK TO THE ORIGINAL EXAMPLE, WE 
MU!:>T Dt::ClDE 1tJl11-~Ti1EK <2,J,'+> CJR <1-,<3,4>> IS THE:. PREFERRED FOF~M 
FOH MAP ll~~ENlS. 

ONE:. OF THt.SE IS A TWO ELEMENT TUPLt, THE OTHlR IS A THREE ELEMENT 
TUPLE. TH~ CUHR~NT S~MANTICS l~~AT THES~ CASES QUITE DIFFERENTLY, 
THE:. l~E~ULT OF A MAPPING OPERAflON ls Trlt. TA1L OF TH~ TUPLE UNLESS 
IT CONTAil~S E"ACTLY TWO t.LEMUHS, 11" wHICH CASE IT IS THE SECOND 
E.U-.:t,11:::NT. 

THIS LEAO~ TO SUCH ANOMALIES AS: 

F = (/ <A,R,C> /) 
H = F<Al EQ <~,C> 

13 IS Tt~Ut .• U•Jlt'.~,S C IS U~~DEFll\;ll), if'.l WHICH ~/,SE., cl IS FALSE SINCE 
F ( /1 ) = rl ( N O T < t-, > ) • 
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Wl HAVE THE RtLAllO~S: 

F l ( 2 , ::i > --- F l ( / 2 / > ( J ) 
Fc(2,3> = F2(/2/l D) 

HiLSl lkkIVF F-f<or; Hit: Sl:.T THEOf-<ErlC BASIS UF StTL AN[) WE DO NOT 
w l s H TO 1 f\, V 1\ L 1 lJ 1\ H T H t.. H • rw w I T I !:, C LI::. At( T HA T : 

F~(/2/l :.-: (/ <3,4> /) 

SINCE TH~ MAPPING GPEkAl!ON MUST hUHK ON PAIRS. THIS MEANS THAT 
F2(2,J) r-lLJST l;L ,, so THAT <2,<3,t,>> MUST l:H:. ALLOwED A'::, A f'1AP 
Ell:..Mtlfl F ufm. 

WHAT AHUUl Fl? CAN wE tXCLUDE THE lkIPLt <2,J,4> AS A MAP ELEMENT 
FURM'? Tm_ /\t'JS11Uf TO lHIS IS TtiAT ~E CAN ANU NO INCONSISTENCIES 
RtSULT. lN TH!S CASf, 

fl(/2/) WILL HE THt NULL SET 
f l ( 2 , J > ~!I L L b E UN U i: F I f'I C: D 

SINCE Of~t-VARlAl-iLE MAPS AR£ RE.Pkl:.SENTED 
TUPLlS, IT ~~S NATURAL ~NOU0H TO 
Rl~kfSENTATIO~ OF TwO-VARlAbL~ MAP~ WITH 
HUT THl~ lxn:1~SI0N IS NOT COMPATIHLI: WlTH 
MM-' SEMi1rd I CS. 

AS StT5 OF TWO-ELEMENT 
fXTEND THIS TO THE 

THHEE-ELEM~Nl TUPLES, 
OfHTER R£QUIHEMENTS ON 

I l IS Hit.JS SUGGE SI LU lHAT ONLY PA IRS BE lkLE:. VAtH TO THE MAP 
SlM~NTICS. SElS MAY, AS USUAL, CONlAlN OTHEK 'JUNK' ELEMENTS~ BUT 
ltilSE l)U /\JOT AFftCT 1•11\P LJSE. Tt<If->LI:~ ANO L01~GER TUPLt:S ARE SIMPLY 
SPECIAL C~SES Of •JUNK' ELEMENTS. 

I F A 6 •• t. Lt. !· '. E t,J T T U 1-1 L E I S T O d E P L /\ C t:. U HJ A 1"1 A P I N SU C 11 A w A Y A S T 0 
ALLOW A ~-VAPIAhLt MAP REFEriENCE, 11 MUST AP~EAR IN THE FORM: 

<Al,<A2,<A3,<A4,<AS,A6>>>>> 

}.4. IMl-'LE~lNlATIUN AOVANTAGlS 

F I H ST , T I i F ST UP AG t:: 0 F SE T S I S G 1-/r.. A 1 LY ~ HH-' L l F I E:. D , I T I S ME RELY 
NECl:.SSt..HY TO LiJ\THl-.R ALL PAlf~S \-.ITH A COMMU~ HtAO X AND STORE THt. 
PAIi-< <X,F (/X/l >. THIS IS Eff lCiUd t:JOTl-1 t-0H MAP REFl:HENCI: ANO 
,,,E:_MtH:.F~SHif-'. IT IS A LITTLt: INCur~vt:,HUH r'UH IH.kATlON, BUT 15 
MU 01 U t I Tf. r:? THAN TH!: /1 l T £1~ NA T I V t: S Id H-1 u U T TH 1 S CH ANGE • 

ANO l H ff~ A I> V Al'H A GE I ~ TH A T SI: T S U F LON b T U 1-' LE S , \\ H I C 11 CAN OFTEN 
OCCUR Jr✓ l·JO~J-MAP cor~TEXTS, ~rfr_ SlUt·d:O lN AN tfFTCIErH MANNEK AI\Hl 
AHl:. NOT ri;i:-or,LN I.JP' TO 1\LLO't', f-Of~ Hfr_ POS~ltHLilY OF NON-tXISTA'tf 
t-1 I\ P f~ l:T tJ~ f: t KE S • 
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THE RUr--.JTI:.-11: Llf:HAHY IS REUUCl:D IN SU'.[ $INCE Th[ OPERATIONS TO BE 
PLHFORNLU ~~E SlM~LlfllD AS WlLL AS MOHE ~f~lCIENT. 

1.5. SOl•I[ LANGLJAt:it:. LXH.NSIONS 

IF t.LEMlNl·s AHt PLACtO IN A MAP lN THE MOUlflED LANGUAGE, ONE OF 
THE FOLLO~ING FORMS Musr BE USED (~-V~kIABL~ MAP EXAMPLE); 

A wlTH <Al,<~2,<AJ,<A4,<A~,A6>>>>> 
f(Al,At,AJ,A4,AS) = A6 

NOT~: Trlt. STAlt.MENT A wITH 8 MlANS A= A WITH B. 

THE FIRST FORM 1·s A LITTLE AwK~AHU, UUl 
Sl:::CONO FUf~M IS MOF:E Ot.51RABLE. IN MH 
ThE:. SECOND FURM INVOLVES AN ITt.i-<ATIUN 
SET FORME:..f<. 

IT CAN BE ARGUED THAT THE 
CASt.. FORMING A MAP USING 
HATHER THAN THE USE OF A 

FOH MULTI-VALUED REFlRENCES, THE r~o FOHMS ARE:.; 

A WITH <Al,<A2,<A3,<A4,<AS,Ab>>>>> 
F(/Al,A2,A3,A4,A~/) ~iTH A6 

ITE:.HATIONS POSE ANUTrltR PROBLEM. If X IS AN ELEMENT FROM A 
S-VAR!AdLL MAP, THEN kLFt:.~ENCES TO ITS COMPUHE.NTS TAKE THE FORM: 

X ( 1) 

X(2) (l) 

X(2l(2)(1) 

X(2) <2> <2> (l> 
X(2) (2) (2) (2) (1) 
X(2) (2) (?) (2) (2) (1) 

THIS ADMITTEDLY IS 5U~EWHAT GRUESOMt, ALTHOUGH MAPS OF THIS MANY 
VAHlAGLES ARE NOT ~OMMON. T~O Nt:.W llE.~ATOH ~ORMATS ARf PROPOSED 
TU SOLVL THIS PHOHLEM AS WELL AS MANY OTHt.~ PRO~LEMS WH~RE THEY 
PHUVIOE MORE ATTHACTIV~ FORMS. 

l) IN THE FOkMS: 

<I P, 0->R ! C I) 

?U->H \ C 
r,iJQ->k \ C 

Q MAY A~ A GtNtRAL LEFl HANO SIDE. THE ~EAN!NG IS THAT 
Elt.MLl-•TS ARE. O!{Al~I~ FROM THE Sl:. l /\1\ltl ASSlbtH:D UN[ AT A TIME TO 
Q USliJG Hit:. N(J!-<M1'.".L ASS!GNI-H:.Nl StMAI\II ICS. 

IN lHF C1\SE. OF l Tl:.RATHH, THHOlibH A t:'.-V~KlAblt MAP, WE COULD 
HAVI:..: 
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?<X,<Y,7>>->R \ C(X,Y,Z) 

THIS TF~T~ ~OR AN ELEMENT IN H Ml~TING THE CONDITION C WITH 
ELEJ1l_1qs x.y,z I\HlCH At-fr SET AI-W LLFT St:.T IF AN ELEMENT IS 
F OUIW. 

B> THE ~>t..CO~-.JD FOf-n1 IS SPECIALLY INTENDED FOH ITERATING THHOUGH 
MAPS. IT IS 5HUldJ IN ;~N t.XM1Pll !MlTATlNG THE ONE GIVEN 
Atrnvr-::: 

?Z=F(X,Y) \ ccx,Y,L) 

ALL lHE 08VIOUS EXTENSIONS TU UTHEH CASt.S ARE ALLOWED. IN 
PARTICULAH, THIS fOkM CAN HE us~u ro ITtkATt. THROUGH TUPLES: 

( fwX=l UPLE C I) ) t'.ILUCK; 

AND ALSO CAN Bt. USLD WllH MULTI-VALUEU MAPS TO OBTAIN IMAGE 
SET S I N ST t. AD OF J I\J L) l V ID UAL PA I H::, : 

(/ ffH, B = F(/A/) \A> 3 /) 
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