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:pb r 83yst@m%ila awva-ba n.nd dos%ga 0% ct~anpXtim ,dgo 'r%*o 

ha &gaexPk upon a s ~ ~ b b t ~  res~ms ~ Q P  ' & ~ L P  d@bag4>:ip%loaC3 S~,E@GB 

a pmaf deactripaoa of an idge,ri?hn 1~ o d k d  a 

no.taf;iomil ~ahrne for %ha descrig~out o f  infol,ralil,n procesaer, i a  

A pso87p-tx laq;r;.am ahoa-d b 

ooacf,srt3, p r s e b ~ s ~  e o n ~ f  &%en% o v e ~  tt wide we& 0 f  B . ~ , Q ~ ~ c B % % o w ~  

mtaaa, and s e ~ a o ~ i c d .  o f  spb0113; A$. ~km~uX.d. a&,CoAt 4leaassl~ 

aod 2% shosdld pmdt the dea;zrip%ion of a procorts to bt io3epndun-t 

o f  p%"+darfirar r@p~esea.Q;s$;?koa chot341b. . ~ O P  +be data* 

Bx9sti;lg J-a!sogwg@~ prove wed WbXe for a varlwg JP marow. 

G05gsp~Mr r:odhg s $ m ~ % f  i d  8 aeqwnes aonsWa%nti; & d @ g ~ & t 6 1 ~  a d  %a ak@9 

o a ~ @ h e 2 % ; & ~ @  sBsaae %he Xsg~nal fxaatf ona pdltSdeA by the ~ ~ C P Y Z I Q ~  

~ E ; P * W  tI%c7ast8 %B p$"?I. ~ 4 3 %  be pl.~y@d %C 82-28 Wvy jawkEd @ 

& g o ~ d U ,  $o~c .v~ t ,  %h ~t of' '8~ees%a ~:wr~~tlc.tx EI provided wlr~ sobs 

in goners3 , d b a f  Jg sui  tgd t o  ti&@ exesution of comaod y-reeded 

; I " P ~ Q X T ~ Q  8;gnb~;xa ramd, fas vwsiabh3s !?.am aJi3taa:& 

mamac f &'$we M O ~ ~ Q V B P ~  the$ 6 483rI%p$;f on pm~vlded b,y GOlg;~&Wke 

ur0dL.q depnda dimctlg up9a tb par$$ ouXm reprc. sa nf~-;i~o.c~! chnma 

fir -khe daw, m d  1% *refO~e? ~"88n0$ 8 e ~ v @  ab B d68cr:~ptj 01% f5f' b b  

d ~ z % W  



WL4,sh used. as s basis fo r  +~crQhra ~ ' 1 t o r n t i a  ~ O ~ P I  

l a  ss fmf 1-&ST bw:t nor@ e mpakz"c~~.t,kmr~~~~ .e:A"vd ~$"xbgtb%. 8 fa2J.a 

msa .3;gi?idiee beeaat= o f  the 0t;m10+~~ baa t an~~e3~9;t d pre 2% s-l.oa S @ Q F . I ~ . ~ ~ ~  

in tik@Br LEE&@, 

Yf ~t i .&%3 19 d X o f  -the G O D ~ X ~ % B  spz.s.tio~~s naeedeS %n a 

ma9 @,I? @3~?h@&~ b~&n(~;;h 0f =them b f  ~8~ Thb~efO~@ ~~~b ern 

rFU. ?b m,ds of e~3~8-bAng n~bz$lmaas~ 3o~ve?rge1~!, sf nod a o ~ t  ~sotes%fcsm 

WQ :~lpsai~J.baed t o  a a a p o s  . f i e l d  o f  ~ l i g c o w a ? ,  a I S ~ E ; B , S ~ S . ~ ; ~ ~ A %  

unbf ::b~atJ:-n =st b pxaasridsd FOP example a mgara t it-3 and coufl - ict - t3-~~ 

notaifians have baeu de~~elcapd  f o r  treatment of @ @ $ C : ~  I Iag Iad  

.sa%*ilibla a,, vzc~ors, mkr %@@S, an?:! &%&%@* a3.1 of' wM3h  PI&&^, 3kl 

broatl m,'.lre~m c f  d i s c c ~ z m  3 , f  dab2 pxoosssiw;, occw Zn e  sin^&$, 

d* go3t.f -&.% a 

, i s  ~ p c i l i " i ~ a $ f  on o f  was qowntkw OB' 

~arn.$%ti~t; in terms of  om fini* opwt ion  tyon sJwcif&ed 

0 ~ ~ 4 d l n  ~*WQ% ff ~8'2802g~ %B r8pb?1&%34 bJT 8 U T m  ~ ~ X T ? Q P R ~  



24. EXB*& 0% a t ~ ~ t ~ a e n t s  k c ~ g e t - b r  ni$h a aspai f iad  r~rder of 

~xegt8acn coristieku+as a pxog:raat. Tb pmg~are i s fiai if ThP, 

nm~&,rp c.f exeoutiotas 1s %'In% tc3. The ma of' the prcjgrsn a*, 

81?a"81e subseit o f  %he quantities spsxi.ftad by p m p ~ m ~ . ,  'Jtb 

35El cr  o&er s f  execUgfr3n ~ : % b l  bCS defined by the tadax? 02 

bXat?ng ~ r * i  o~h@snie~;@ by asrDws ocrmsz.k1.n.&{ q r  skat@~@k1t t o  ilm 

sqJ@cessoF. 9 c;yclfLc FAsquansi. o f  s~tements i:, ca l l ed  a 29. 

Thus Pzngrm 6-1. I s  a pmgram of two at8tern9u.;;~: dlefi~ing ~ + b  ~v3s~ j l t  

v asl the (apgroxbate) eraa ak' a circle of ril(ij.v.s T, rhemas 

.&og?m 6-2 f s ma i n f i n i t e  pmpm in wM-~f? ~ L N .  quan.ti$y P, 16, 

spac.U%~rC1 as 6 ~ ~ ) "  031 tk>.e n th  exrg~:a-t%tn 011 tk~+ ttwo-sttliamat loops 

Sta+smen$a UPU. b numkmd 33; tibe hft POP ~ct3f~rea; .~tz~~ 

A ~lu%bar u i  shilar gmg:eaas my bs sba7t)sm~d m~dea w a%&&& 

p~~ga"&"~lz 6 i ' fd - ts  ulmber of a$tarlraa.i;ivfrY atatsmg3uta s.re ~ r p a i f i e d  as 

~ 8 8 f b I ~ j  EjUGd3Segl2'Sn On.@ (i3f $h@f3@ $3XI:16@8SOPS i.& c ~ , o ~ % Q  1(:60M%u&g 

'bf3 ~nt l f -be~~.r l  ~ Q S B F X ~ ~ ~ Z : ~  $23 S~B~BQIBM a3* 8b%1':,@m68,8 ; t ~ m ~ * 8 d % ~  $b3 

b s w h  pai.,xs-k. T ~ O G L I  C ~ ~ . ? B E B ] P ~ B  Q ~ W  U B U E I ~ ~ ~ ~  sta.*!ci es a sas&.w 
or %2e$ o f  a s ~ e i f k s d  ssla$$on l~etwesra, a sp::~.fllsc$ pa5.r c,?e 

queana%iau?, .6 brmch 3 . c ~  denoted bx a @st of azmws P s d b ~  to each 

@f Khe ~3~terwa'oe ~ u a c e i ~ s a r s ~  a:L.&;h eaab a r m  labeled bx ti@ 

~bb8mu T b  Q U ~ A " E ~ . ~ S @ S  f t m ~ ~ ~ d  EBPST~~B~I by 81 s?o~~..QB $11 f$%& 
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.<,- . 7 t,, ,",,*I>? ~,~~~~~~ "j.+,.;,l .)A95*i2a , , : d  tki,.,<Jw $aL :, . : i t ) f%p&r{ .,.,r+ L.1 r iip. * ,..% ,?c.C> h . l .  "g . , ,1*  *:., .. ? [ , ; ~ ' ' p $ ~ ,  l ...x - y S +  - k.2 - .:"? I) 

w a, .. . 
;ij;:,;', f; J.' :-. : 5fls :,ml 2:: i;f,.l,n Iwfi:. 21" :;. ,"-, .I.tl * Q- t>:r j c e ~ e ] ,  .*ic,,.:,,c,x; islapm e;~.t~c.t2.-. 

.w;& Zr,;:.* tb,~; g ~ ~ , , ~ p . , . ,  .Chi+ a~~: :<j~<; j .~~:~a  q.2 + h ~ >  b:g ::.-&?:; 3;T a j~$jp~p::.y 

tloC:.sg$ jq; ::,g;::r.n jgttis.t 1) 3 :i l,sJ oirz$ axid i:g,$jaugj.bix , 
. .., * i.1 * .st:: > g ~ : ~ ~ ~ j  t&=3 3.j. ta:3.t?:t~ad;;p~s .;,bbc? ~ 1 ;  3 3f ;A t 3. nala ps:B:a.F.,* ;)ygC$e- 

, +p, ,, - . ?.> - , ; ~ 5  f,, 2. a ;:o~piar:'ls-: a ~ i ~ ~ ~ ~ ( ~ 2 t  d c t  :nrmirla $2 Lhe F;.z 2 -i;o FJ.~~~~~&@IQ~;;~:.&I:: 

.+ S L  i::,i:: &a, t:.;'; y,"igl a::er-jiag as :: z 17,  a -: a: sz* n r: a:, rz:p,c.-;2velyT 
, 

1~2(28q+~3;_:  PQ 13;3,fic,~ g~ l.?E8 8 e y ; ~ ? ~  5; .i.I5 sf !"j i;p..tiy-62 1, ~8 13: 3 f 'e;p d ,l ~ ~ : \ j 4 ; ; & , ~ ~ ~  

2,!3 .g> 
:. :*: '-"- ; .$ \.':r f!;ay $:.a &?*"'38'3 ~)<~j'f"@@';; b"r~b.+ 'a,, 

;::i ,:k;cfia 6-4, sijoas : yx3g?~ t  td.i::: peg,-; ;g ~ ~ o y , g ~ j ; , ~ ~ o , , , ~  ~s&,Q 



@p.&aiQ .J?. alodlia~by fia6ex if, art assmec in i?xaograill 6 6 ,  tha .Ln%WdL 

4 

1 steps 2-4. i ra i t ld , izo -?hi* indioee, and *GY loo:? 557 ~ o n t h u e s  trJ 



! and to repeat tho t 'n ' lse s 
I! 

that. it 3,s not %@roe If j i ~ a  zara, .the! branch :;o Btep :kO d;esrelmn+a 

i a d  entAra process over j and k 3.8 rspea-~std from J = % [ ? b ) : ,  

lprpovidiw ",% i %a 9tao.k zero, X f '  % d.a 2ero .~;hts proce8si :Is aonpIheftf~~ 

B B  indi~a;);@d br the ~!xA% 

pXa.ead upon clarity of' dessrip~$on u f  %ha procons, a d  aolafiidrnga~~ 

w9Pl 'b subsrdinat@d These consbdsrri%iows can o f  ten be i r , t ~ s i a u , s ~ d  

E f QP the variable ;: fn the f iss-k statement o .:' i;hs Xcop 5-17 namld 
9 

aaaelerai~ tb execution o f  tho loop. TLL$ var:ltrtrle 43 wadki, o f  

courm, b l a i t i a l l a e d  bs!fom each sntxy to th* i,oop ( i a~ i . iden taZy  



daacksisas 

resolR.l;s fxa effieXent exeautstpan aa %ell as no.t;aP;foma1 elsganae, &nee, 

\ thevariable must be presoat in a -rcentral regis-r kor both 

Since the sequence o f  execution o f  staiements i s  indicated 

cting arrows as sell  as br +he order of' Pisting, the Xatter 

+ c& be chosen arb%trarily. Thie ie iUuatra$ed by hogrema 6-3 

a&ad 6 4  wNch des6ribe fmof3.o ly idantical' progrms. Certain . 
A) 

prtnciples of orelbring m a y  y i e ld  advantages sueh is' cIbar2ty oF 

&%,3.iui.tg.l of the pattern of connectionsc' E o ~ h  though ths tiidvantages 
/ 

w i l l  itsalf be a boon* The scheme here adopted ( f o r  reasone at 

f o r t h  in Set. '7.1) i s  called the method ? ,, 

condsts in placing the decision on each pwemeeter as early in tb 
l 

pmgram ae practicable, normally juclt before the eperatione indexed 

by the parsmeter. Rograe  6-8 shotns such s reorganization of 

Althowh the labsled arrow mpr&en+~%ian of p r o a m  

branches prov&dee a coarplete and mnemonic description, it ie 

defic ient  i n  the following respecter (1) a routine translation 

to another language (such as a computer code) would require the 



'PMs denotss a bsaxle b to s ta  ka~~erit n r z ~ b o ~  * t f t;hs prc>gra3n !.f tha 
f % 

:relad;lor? x . T ~  y hold& i 6, .+ The pme~@"i2as :<, ainf!k ; piqfr 

laad :$el@c tR8a ve~tox~g  240~8 ge~1~::r~d change 6 3.15 w L t  te~16jnb~ can b.s 

affi3rs-l;ePd k;r$ aounstdsxait~g e5a - ; I ~ Q ~ w  itself as s vector ; whora 

C O E ~ Q ~ ~ E ~ G  83% f&@ I.E? f v.%d%&L m r i d x ~  D U ~ R B ~  8?&"$8m~ u.& cb bil.1 

DF kZie o4mraaagss dei3"xasd lrpsn generg-1- ve~tork; can $8 br01.4.gBt 

ta 3var ~1pon the ~ t ~ i . t ~ : : ) ~ e a t s  b k e m ~ : e l w ~ ~ ~   PO^ 6,.xanp1e8 *$tb 

s+~bf:mem$ can bs mej: ;T~%fis~d by $;he 4 t h  thrs~c;L the occuyranoa o f  



q p ~ b i ~ l s  -;uprewn3.,g :;uc.h accopt,sc? ccrioc!pts n-'.ll bz caXlei 3A.&g@&+~ 

Bam,pjlss c ~ f  X i t e r~ l s  slss j ntagers, +be chaxtaaters c f  i he va~iuus  

aIph.abcts, punat.u&-blon wrks ? and nis~el.lnner~-~f: symbol B ci .nh as 4 
a3.6 % ,??he l i%ar~ l : i  O C O L U . . - ~ . ~ ~  An i j~ogram 6~*1.. are 0 ,  1, Aad 2 .  

d i f  f i 3a1-&-, sd.ncs the only ~.ikemd.b;l oocz\mfing are the  2ra+if gers sad 

t& d s ~ l ~ m . 1  psirs.4;1 nrd snch ge?x?s r9:d 8y~.bo$ empl.ayed Sxl@la?c ets an 

nvmar%c lS.$9srda, and nurnerim? ws.!?Sablaa mar ai"', a p p m  %p? a oonpbeat; 

vlion apper.s%ng in am3 s-lzwdard nweralrc= The sy-abrh umd 

for .rmin'r'lss mhL1 be? f Wf r. x& t"i;s~a, -f:%lB&r: t~tmer&,% s, ax;..<,  boldface^ 



kg%: :-06 88 d@tailfp6 1.1 Tabla t-1, 1iizaeU.aneo1.s sip16 and syubo:l.t: 

when ixied as litaroa:!~ w i 1 . l  t;:i cinzlo:w? an quote8 bn both ~ r o g m s  

;cg*o 

Tbt3 IUX? of f".l.stimtet cl,aases 91' emb03-:s f o r  dia%irrst trlassee 

of o.pxmds no); on3-d). aids 9~ the v ia=  l inw~-~)r@.?-,a~k.ion of' a prapm, 

but aiiaa ;~mr&.t,s s:Lr~n%f i carat, mdiec.tiozz 3.n a?,?mber of d j  stinat 

op.~a$iosa spbcrks rt%q&red, sinns eaaI.,og:ous oywratisasna u p n  different  

wpsi; o f  quantities mx ba xepFescmted by tb ~aeme :;ymbd (e .g., 

& .$% $OX' & ~8?0dt4t?t 6 f  ,k@frS &nd * '  !' for  8 P'Q~UO% l C b & h 3 d  

vectors). Potentia3. emkiguiw i , s  resolve& by :he distinct, apraphd 

q n b  ~18. S p c i d  0 p ~ a ~ 4 i a  ( ~1x@h ae the wxi t uwctors $5 ' defiinsd in 

C h j p ~ m  1) 02 f~dan~?%i(in8 w i l l ,  be denotrd b;b Greek btturr; %n F,b 

ap@r zgsiw%a ww lacell 

Xn an$ dg-twrnb,neta pnib*ooe ,Be, s ~ i c h  sfwr:akleP mu a t  km e : ~ ~ ~ ~ % R f  & 

dtlaa*iRtly. in terns 0% Jitera'ns. In Program 6-h., for sxooiplu, t hcp  

qwnmbiw k is spcmif$,ed in t+:mas of ka~avn aribhet ia  opert,.tjlon~ 

(luu:kti@lcation an& divfsiort) involving the literals 1, ad. 2. Thts 

qruzr::ity nS on the o<&er hand, is not  d(?tennk:~ed rithl.u, t k ~  procxms, 

m.6. taus& pmsm&~bg$ ba speif&ed withi a 80m ~ ~ ~ r h 3 8 ~ "  proe@$:8 wU@h 

in~lades:  P rogr~m 6-4.  Such a quis;.atitfv :.tl r n f + ~ ~ ~ ~ d  t o  as im 

of t8.e P%"6@@88o 

Q 4. Staase~sor sprat% ons 

The m J o r adva9;srgea raeorruixxg ffmm this uee o f  ?&is m% 

ow-rations E ? ~ ~ o ~ E s Q ~ ?  and ~ % w f ~ b ~  ! id,ebLned in Sec . 2. .7 ark3 



sufi_ - i  . ;:j., ,d in Set V irlXppanc':lx 1:) are t ~ s : :  key A ~ ~ C ) I V  i k& 

d~s: :  t;;,p$;kan of $ k 1  J ; P O Q ~ E ~  ant: ta t?  apec;*.irj.ca$:Lc~n sf "6e 6 3  pxbw= 

Leriq:h crf' a run i a  the n,u&e:r o f  e.'bamsn@s it o:e;nbieac 

Thla may he repxbc2~~n*ked kg r n a ~ ~ i x  !' of dl: 2ansion 

vcetors eigc.r?h rc+paeent one card, f aicd 7' 

,ri 2 ," ,I 



a. thrrr the longest runs in clubs, dirunoeils, heerta, and spat $8 ars 

1,3zJ?r and 1, respectively, and t he  longest run in sny ont. sui t  

is 2: b 

The process described by Progzm 6-10 a 

-8% M 8 t  base (first. element) of e run and deleminee thgi oorra- 

qw1. l ing  length p. The f i n a l  sesdi: 9 1s defemfned %:B tb 

:: s m  over #e v d w s  o f  p* 

as 2 pos&bA~p SWCBSBOP $n aqy tid rm. The varicab1t~ J de  the 

denc drmeon of' the largest element obtained in Uls partl-: run., 

It f s Wtiallsd by 1 . 2  on step 7 ,  and redefined in step ::-5 t %%a 

suceossor i n  D LP this successor is e q d  to gach ti: As it 
1' 

1 reds finsd, the count p of the &eagPh of the partid. run i inare- 
I 
I 

1 men'd on step 16. 'lahenever d is redefined, j is also ra'iefinsd to 

tb value f V(B) = 3 4  BO that the hand is sakamed i ;F tho new 
1 

sue; s s s o ~  h oacd ti for which the suit doee not egre s with 

B 
3 "'3 

ZIi :' s rejected by the decision on step 11* The compariso5i with 

the t e r m i d  elellent Dml (etep 12) is needed to p~cevent f 4rthe~ 

oon;, ia~t i iors of the run when d is an ame 

"Pho inarementation and decmrnen'i;aGoa of' qurjtntie%~~s 

asr .:be index j whsioh range over a EluBae~t sf' the in t~gers  :a 

id.: .cated in Program 6-20 by the successor and predecessc opsra- 

U c :  is 41 and &j * T h i s  procadtare virtupxUy sliminatoe t h o  explidt 

ooo inence o f  l i ~ r d s .  ~ t m  use o f  thr, eymboA b ( ~ )  (in:;teps 1 

9) in lieu of *a equivalent but lsae maxl$ngful 3 . i t e r b d .  

W I I ;  facilitaws interpretation of %he p o p m a  





tbs text $a severd saya. X t  fruquentlp provides a more aoncise 

aI,te3.smave C?l.ef'%nl tion of an opration d i s ~ m ~ e &  in the t@xltlp 

aJls3cr c?anWlae nw.e.scgan imprwnt but eaafi7r grasped ci3xtenwions not 

t&~aa-t;gd ax~91,iciQ~$' in t h s  *r$@ By p o ~ p i ~ j  op@ratf 0x4s $rat0 

related clasaoe i~ 6.iepXaga $hei:r f a f l y  salat%onnhipso F 1 1 m l - l ~ ~ ~  

by uafng $be axabtd 6 (R  superhpased upon 0) tcb denow the hdax 

ar&gin 2x1 use, amah o p s a t i o n  3-n A g p n d b  A iw sxpresmd i a a  -bGma 

bo?b O~or$~g%sa sad 2,-ozmdgf n %nd%ex 8yaterns0 g k ~  expositPsn Im tb 

-text, i s  l M t ( r d  d mrjst ,  entire13 .to 1-0x5 gin indcrxbng . 
o f  * # k ~ t ~  opsauone dt~fined e,pply only %o cwrtain 

~es%r.rio-kad cbnsrwo of opesands (e .ge ,  erithwtfau vectoa. cpgxbaticna 

do DOC ap@j .to nt>mwesioal vet-tara), a d  theset restricticns sil-3 

bs f n d i e a f ~ d  by actsptfng the aan~r@rsa;ions: ahown, .'&Q kh9, 3 of' tb 

91p~gl.dhe Thc~ ~I, l ;df3@&. oQ: Q ~ ~ ~ M H I  apme~j.ng Sea. I mi3 e#.@$jl~d 

as foailoiro. A ws-tor whose eomponant sats zk are d l  equd to a 

giveam sa$ Y Pa cslled 

mby he Ew",he~ c lnss i f iud  as3 ~ r ' i c d ,  8 

a ~ e 0 ~ 1 i ~  a8 Y %B a f in&te  a&-?, o f  t f r ; ; ~  .md nmbrao i s  a 



_ g i : : % $ + , v & ~ :  G L I ~ , : : ~ % ,  of' :-ht3 inte3gdrap OF %S the 6@% 

Bash of . t k 2 m x  clamsas is cit subioel,aass kaf .?kt@ obaa~se preceding i.Sr, 

and w c h  ol~ra-t;Pari defined upan a elaae also applies to eaah sub- 

~Aas~l; ,  Fna. exanp,;.~, i%rith@%Ac o p r m t f  on8 def in& upom am~bried'k 

veatars a.3.210 appQlS *;a the aubcLassa~r o f  10gical and in*gra.fb veep;ors, 

A s p c t a  "iaapp%ngeP operand, whlah rng~ a.same +he value 8,s well as 

fn tegrd ,  ~~r i lues ,  v r i 2 2  be denoted by m, Y ,  01: 3 ,  or)&. 

pPkr szip.nbo2a u m d  in eaeb d e f i u n i t k ~  of" Bppe3ndk A are 

those of i3ie mat gf?n@ral c%ass of suit8bk8e opra ldae  'Iku Lbi3 

logicail opjraUons of See. VX are+ mainu restriated to %lw l o g i c d  

operaxfds u:.v,r, la, ,;!,:is t l , i 3  ,g3y8 y$ but +be lagioal  redu@tion 

( D 9 f  s. hnF 130) arhply t o  arbiWa:gby ~aa$w8,  vectors, and matrioes 

The rsperarxis must sratj-sfy asrtaim f u~ther  &- conditions 

(prinsrFLy conoerrdilg their  rala t%ve dimensions! whis\h are Isistad 

in * t , h ~  f %PE,W cobtm eaf Appnclix 

%ng language DIW$ fnaerprat@ 

of operat:-cima such -&hat %he menbass o f  lsi given f a i E y  are retH8t.d 

%n a t3ys;Wlcjat rnaaoro Each 5akniiy be deraoted by a sgacif%cc: 

op@ratian 1'3yrnbe3l0 aad ?he pe(.zr".l;iclfirsr meabsr of the family ~ i ~ 1 . I  'ug 

deaf gna%?il by an ~sscseicated (asaJkr, vcrctor, 

m*hB o r  tree) v h i ~ h  immedlaf~l-p preeecles ths  mr3n oprat+ion 

mqy bba vic?r~ed as kth awnbe2 of the set of eua~essor operatione 

denoted by the 8.1btd. ) . 



Q ~ ~ . x ~ F ~ '  ,: .C~BXIS : xI~so:P, wing a skngl[ almx~l?+d c t x i l  I:,B CCI~?XI:.:~~.%W~ 

3 . -  4 . 1 ;  E r J  1 a~i.ical. .J% .ienci tjet1 by 9 ~ 5 ~  ~f 

1 I *, ,: "2 fili,t?&*;l2dC FJ ~ ? i ~ t j  i p,&Xofim ?.b)?'.' [> 83 kt? h E:E '&he 1 ; ~  9 " % 0 1 ~ ~ 3 ~ & . ~ 5 . ~ i ~  

'r:+,rr,ki$) r?: 1.2. ;,e <$s;loTx-.t3 by g. +pair o f  oi:~rg-t1~orl ~;vmbolij grelLodag 

$ 3  " e. 

'&LAC; 3~rk%r~s SG-;; 02' "s:nr~*ia bJl a 8, und ths c 3; i l ~ & d  %kit{ ~3@.raaept.~27 s!kLP- 



da,i or : i - ;ka~~ pcartic~aa~1jf thntw ~.~.x.l to nv.ts~~a&%a s x ~ o u ~ o n ,  

tend P;c :~c~r~uixw "i-,s sxoau.tlcbn a1"he ~ 3 ~ 3  oprw.$;iona upon aaoh o f  a 

g24ap of ol:ermidan I$ i s  t h e m f o ~ ~ . ?  ~ 3 3 f " d  qW ge~erdb%e oprat icm~ 

d@%l!a@d upcm s$razg:,s opran3a do es~mspsadiw aperations def3ned ~k~cfia 

each elgm%?sit of a a.bructmed iaa.6avay o f  ~ p r a n d s o  The 8+3w~,umd 

m?r9e,ya e;i%bp;,~agod €I::$ ~ T ~ ~ S L I X  Qke ~@.b,@, v C ? C & P I I P ~ ~  m.t;ki~@kf~ ~d L.T@@B 

kttsodwsd i n  Seca. 1.7 and 1.8.. Tlw tzpe of generdisatioa ernploy~d 

i~ illuaW~kted by the ~rxt-ensioxr 04 tru, 3,0ginaA opratit~ns a s ,  OJ, 

upm R 8u:~u~t;t;"ed o +xmind cacl (and ia ti!@ uw a c~inou~r 

f~aqwn+;-Xzr -rust), ibi>~geves, be erxeeutsd b~ an sxpUaiC repcrtition of 

s g:"~vara 0]~3ra%:lan a i ~ a ~  successAve elallfecn.(r;a of +be ars%ye 

Th t sf:?ec:-:;i~~ rnm o f  s*k~t3tc t u m d  owfads be p n d  rs nost 

upon k~en@~;~k&~ed t-bpgrat%on~ bu:~ d i m  spa thz ab3li.by to e y d f ' $  

a& saJ.ea*F, ~ e r t a i ! ~  nlements or grows o f  e3dioeatse The sd~$ct ion  

& ~ f n & s  ~3Lemn%i3 ae;iaz, for  axw@a,  b mad9 by epecffging :LIPC~IG(SI 

i ;r;  a bbwa opszclzb~~a (i.~., to m l ~ c t  or not to scrleet), m a m  

gt4aerd ~jlea*td+on i s  eoslwenfagntaa;g $pa~%.fXed by a ,?kogied v@r(:%;m9 

@ash tux%% @ o B ~ w B @ ? ~ ~  indid;catf ng s~id e(4; t%011 bf aom@b5p6nd%ag 

campon@n% o f  c~ptrmil. The logical vect~rs thanteekves mtrg be 

~ w c i f i w i  %la af  the log iokg c p s r ~ a o n s  defined in S~G. 1.8 and 

aum~e%xrred in Sae '71 of Appnd8:~ A a 



1:; f . r s  alaic:h = 7, md %RE! EE*'~, C il; o ~ { i e ~ ~ : d  on i? Xn o the r  wari?,s, 
*" i. 

:?kc, .xvlr.mn*r- ~ 2 J . ~ 2 : 2 ~  .a" of a vectcr . 2.e &ear eked -:) zinc1 d e f  .ned 

. ,.,- C 

? r ~  : i i a i . ~ ~ ~  !TX! 3# ( 1 TI ) ;f?x~ c~:Lumn coiip?res~lan. Boc exm;$j&a, .%;T 

is rio ;3133i:,:;&c~?27 3 # .+ rsn+;~ix, , 2: (c,~.,D,L) , r i d  ,,; 2 (~,0,1) , 
tkza 



aad 

1% 2.8  clef?^ that roaf om];srossion @ s ~ s ~  

S;BUPXB ~ p ~ ~ & i ~  *LO :56>?0 8 8f f&i2 1.0 gl~d B PC!t#8 k and 

which sP8 sab.&~iiaod lax gcnerd2n"ng o.p8,*k:tiaas axpm vector8* The 

f ollovlrlg uorm+;~ci.iiir;~zr~ w I L l  ba used con& s tr~r?l3~2 - an ope~%.t%on 

f s callad @, If the  mder1~%ug spsat fon frm 

which 2% %,.; gsnasarliaed is apg1fe?d t o  tB3e row ~ ~ B ~ G Q F ~ ~  of 



lbL, so2id w% $8 intei;e$:s wishes to ~aako n qumateru revim o f  ~ocoun-ts 1 
t s s  p~"odaac~;1 *o ica;,lsm%ng few Kf;atst 

Llze na%e, acooilant ntmker, an3 bdsllcr? f o r  uaah 
Y r 
r, .alacowt with o bdance  l s s a  -&an two alloXX~w~.8; 
4 
1 
I ) .g~e na~ne, accouut n.x&'gr, and ball.anee for  eaah 

I w e 2 ~ o ~ t  v i t b  a nsga !$IT.@ balanae exceeding OW 

j h~rn~lred doJlar,pa; 

i 

3 ) the nasee and r i cooun~  ~ ~ h a r  o f  each occmit. w i t h  

/ 
f a b d w a e  exaeadfng on@ thouma6 C % O % A R T ~ ~  and 

i BI:~~%~;@FB, arid ' : 3 : 2 4 7 ~ ~ ~ 9 ~ ,  r@$p~-b%063v~ with 2:cw ve@.2;ora 
1 

" ! :  a d  r:.:a.p@ti"(t^8kye Tlhey car1 be pra~l~aed  by 

P P O ~ F K ~ .  6*:U. 

&2w7Pg&&h. Siras@ I . ~  :ba the srec,vdx* o f  bdsmms 



ner~s  (in aol " ) w i a  the b i t e ~ d  @nonen, the seleotion o f  ecs& 1 

ths  st;aao&+. 

ma3-g~l) l irl ' l~t& in d o f i ~ e d  ( ~ e f  . 1 2 i )  as f ollone. For my Logigax 

can, axcafr,; f o r  o>:dt$rf rg,  he wmpre;~enCr: ~128 res~cst S,o A br 8. 

Logical vec:to?l ;.u shlch fs called  he &]st?% vectordLI@ on A6 Fag* 



ro:rigt i Qalant:.ng ,1 set. W of ori~l elementt that is E %' {I fi j iQ 
A pre?:ix vac:tor of weight j and a suffix praetor o f  ssight. 

D is irii infix vector and if B g ?:/A, &A B is c d ~ @ d  

a x . 6 .  Az$&: 2i%B;;&i o f  the 8, Moreover, if : is a prei'Sa or 

~ 1 . . d ' f k ~  ~ F ~ Y ~ ~ R H I * ~  B :LS ~dXeCj a pre fh  or ~ W f i x  o f  A* 
B 

UI. - f ' :U"d C 
I -  = A, 

e b n  g ~ ~ ) g ~ ~  p; A ;; = e ( B h C ) l  ma A. 

aa;l \ i s  r:d&e:3 t i  sA ar.d is define4 as fol&owc. If - am?- oro 



'ihg ~",)lse:~a~\::~za 'p3 proves v e ~ y  usel\13- in numerical work and 

v3 1 b3 ca.J*ec? 92 . ~g~g igg  of ye gtar 'Je c t w  axpm-&ion l e  

denebd  b~ \ .In def iwd  ( ~ e f .  354.) as \ = !(I, A ,.A\. - 
C r ~ a ~ ~ ~ o s s l w l  of' \, -32 a d  br - clemla2j yield . and 0 ,  





W l  1 
$ a .  ;/ % \ fi" 8 d s  ;i ih, 

P a,\i = , l - j j z  $ " %  9 ?$ $1 e4 



The? cal-,~m~i co~:psc8sioz& ( ~ e f .  139) denot@s +-be con- 

Col:resporu.i~~g mesh, ~i;aak, w~d ~:vcipansion a-wra%fsmas m s  

d ~ f l a a d  a;:, aht~gqra :',a Seoe VI%T of App:'sA6:;,st bo 

c P ,.,, apcik!.  ?;ass of t h e  ~ ~ p p l  ieat?*ora, Q;Î  way asssoiatjve 



c i f  all oonapc:nenSt8 - 0 

opi3x*al%oa t.l:tendlzg cvsr rf$%a and a douhls  virgule t o  denote ae 

y ' ~  g- (,lit% 3]-: @il?&B '$" 2; ( z ~ , o ~  kfir!) 

21 7; F; b -  3 Using -bhe lerlgi3* defined in =w@ke 6~2, Mwg 2L- >WW"&. ,,, G" % 

i2~odiaacr N. 3zZs*;log+ on̂  rime, acaouiit n:?a her, i*ad b8,laarce for each 

4 su.r:cassfrreb qutj-j-ter 8 .  The .req~rS.mA &k+lvr -(;Fan can be based upon th? 



atatvs in each of Wls previous three quu4;s~a obtained by enlmging 

L , X 4  L L when%&, L5, * m s f c k L t o t h e f a n L r  1 8 2  3 4 5 6 ,  
1- aad L6 a m  llogioal vector# defined by Id4 = u , L5 = u 

' 6  2 ui-l9 and uJ $8 the log iod  reptor (Lj < 2e) ~mmwd in 

period j. The production of' a matrioea T and i l r  then demribed 

( W b-89~ 6-13. 

Prognu 6-Ue Step 1 &ow# tho addition of a seventh 

oolram to 1, detemined by the current b d a n a ~  (See Dele l5;U e 

Step 2 Bhans the applioation of the logical a operation to eaeh 

of the rowa of the matrix formd by the last four colrmms of 

StcPp 3 shore the seleotion performed by the logical veotor found 

in 15-p 2. Step 4 shose the deletion of the oldest status vsotor b4 

to leave the matr ix  3J in the form appropiate t o  the succeeding 

prioa. 
t T b  tase of a man operatLon on a motor of sets ie aleo 

i ins-tive. Let a be a veotor o f  sets, that  is ,  % A * T b n  

spai f lea  the sot c r A'@ P * ~n particular, fim 

kmogeneolls p d u o t  eet [A] my be denoted alternatively by 

@! c aj/~e). 

. For a vector of sets rr it it3 oonvenient t o  define (Def. 3) 

tho dimsnsion vector . ?(a) . as fol10wot .:%(en) = v(a%), and 

v(.v(a)) = v( a) *  hen v@/a) = x/v(a), and f o r  the horno~emcrue 



= w 8orwwera the  prodiael suts con+~!.ninp: compressud, 

oxpaaded, n s d ~ ? d ,  mt~ked,  or p2muWd veetora can also, b expressed 

citirjly La n93r3n:3 02:' .:be+ orlgiaral prcrlart seto. For exaaph ,  if 

mxLaa.;a 

W3:rhxi:;s:;:.an over -the entire vector s is denoted bg { L ~ A ,  a d  

%- 13 cisfineti &B :'ol.,I om: i f  '.; =: $I:<, than ?hem ezl t i t8 a 3il&xlti%y' M 

sa:li s,hnt 1;; r z  ri an6 UJC~ that a l l  r:ompouentS of -.T/::, ari, ~Lr icCLg 

%ha f ' i x ' o t  or. rung:' compenwnt of *B/Y. loreover, ihe ind ies s  of the 



bQ d~f insd  so as t o  dgnore, the oompnents ô e 7~:. Speoifiodv, 

v im@Aeo that v/x = ne and &L ((q A u)/x g mnr) a. 

pgilchad a% f ; p & a ~  cornsponding t o  the seros of u 2s lowemd wer 

a plot of qhe aompomnts of x3 and &e psitiolls a t  wUah tho 

p l a u ~ ,  touclres t k 9 m  a m  the positions df the un%% caapomrat~ of  V* 

F w  @xw@~o, oaaxb*atian o v e ~  ehs nega?;ive compomnta of x i8 

deaasted br 

OL.diw.;y m~~hir;atfon is d e w 8  wit#?. respect t o  order in 

red mabas and can ba eueralisad d*eoU~ to odemd mt. 

JmpPges that a/x g2 mi:. and. *tha-~ ((G A U)/X it lac) = 6. For ex.p3,ep if 

regjz1~8ssmtw a h m d  of caeds according t o  the cornrention8 cb 



%3~~"\siP,;nba~o s ~ . d  g ~ i x h % % a + J c p ~  sxBinded t o  mwieea &$lndioa-d 

* b ~  D~fe. (8 md 71. Bb&~'a%satiun O V ~ B , ~  the an,nt;km r7atr3x ": ie 

Inrliow@rt by r . , wbre ' Pg ehe id2 -- c f  a3.L W@S 

~D+,~S . .  230) . iSAj,~~ii~~.tica i s  denated by ;-$ X, , and i s  def b e d  aneb20ge1+~3~y~ 

s, ;;he ulap~,&q is. x%equc?latJw$r pcrrf'+~m@d three suamsdv@ 



T t e  tkme phases sll, shorn i n  Program 6.-U(a).  he first 

(ntaps 1-31 is equivalent to mapp* B onto tbe den= %mt of 

kgtdgers f j l , v ( ~  ) g-, and io ao 
sot B in crda~ cxd amp%a;~hg each aler~ent with %b sar 

a>~und 28 a penn~~~~t%on 3f &e in*ga;rs L,$B) )9 ~hicah b 

desaribed br a rector 3 , meh .j z2 k* The clelaaLio8 a0 ( 

(Sup 4 )  t b n  defines  k whlleh l a  turn dstermlnee the seleation of' 

Englioh: ap@e booAq dust @,ye night 

I R sec.tw (8u6h a8 the vc?c%or .I oootarhg ,%n +h bf$si t%~ol 

of .a =pgr35*ng cpenatf.oa) who= ccmponen%s are sash dietAnc~1 el 



Bc~cti~u~se ;em~taUon bat vec4$o~ * i a ,  used in tk m p p i ~ * g  

i n ~ g r a e  of i:. .; Pe: rua%ton i s  aseocis.tf ve f b u ~  not comra~~%a~w) 



shich mgy be, m& ae I spoifies .,?: with e h ~ ~ p e ~ t  to ,.i $', 
- 4 %  



w ~ p r  O T ~ G W )  ~i the mt a B . 
F 5s deriE"$lad a8 a ve84;Or ea%P of 

whom acmpnents i s  either aa integer or a null alemen%. b 

ZIE: dena.ted k y  

Hc 

ex =s; of LIP ir. vrhfch cescl I: simplg acmpFis~ls the n o m ~ f l  

elemants c,t' a., Ur.t is, ir = ($efr )/,A.  he redmaon mad v(8) 

&prly enmaeo thst the mppPng operauon is defined for r i n g  

lvUch 2-t) .t,g be aij@*$erd. If 1 is a permutaaon vector EUP(1. 

%(A) = v ( ~ ) ,  then ?s = a aad the aappPrqg 3.8 a permutation. 

Sdaae w @&ply- veatw 7 ;  ooaitaia $qo or mom 

c ~ ~ ~ e , ~ ~ ~ t s ~  % k ~  t3~&tb;%P B C O ~ ~ & % U  tmtQ W 
13 

m ~ x m  ideatd-ad e o ~ p n e n t l ~  axad mst tkrafom km e o ~ s f d ~ m d  sax 

9 * r ~ ~ t b r  mtbr  than as a sate LIke p3mutatim, m a p p a  b 

ex::,rjnde6 C J ~ G W  to wotar'rs aocl s~awir~es, as s h o ~ n  La DeZs. 1-172. 





?&:& i s *  t c  S~;IG%Q~ a aveetw . such . %  = Ai. TME 5.8 donot~d 



a m  in increasing &ere The permutation veotor j mquired to 

effect this w U 3 .  be called the ordergng vector of x and WU bo 

denoted j =ez. T b n  y - x3 ha8 the property that xi s yk 
far i < ke Sinoe the oomponants of  x need not bu distinot, thia 

definiMon of tho ordering veatar mat be refined so ae to remove 

potential nmbig~%ty. T h i s  i s  done so as to p r e w r ~ e  tbs initid 

rbIatl=vcb order of each set o f  equal. components. P o w ,  j ie 

defined as  follow^: 3 is a permutation vector suah tbat e i t h u  

101 

x i  < %4 or xi - Piax a& 3 %  u JiSl' If, for exampleg 

Mom gents aqy v e c ~ r  a which i s  an exerneat of t;ba, 

,j = 9 i e  defined  el* 173) as follows. If' a = nj, tben j i s  a 
( 

pemtlita%l.on veotor auruah thst sither oi < or ai = and 
I3 

3 $. J i+ke If,  fa^: emfi~b, a (38 @r 6, 0, 6, @ 1 s  and 

The rotataUon operation l & ~  defined in See. 1.8 

is a epeciab but wry important case of' pemutagion. It8 

definition its exteasSon t o  row rand mlwm rotationb of 

matricsa ere shown in Defs* 1'&-181* Briefly, the 

~ + h z t X  rotatas *soh row of A so b t  c'= k$~ '*  ~m 



(-- 

It, 
L. .. @ wcwr rotat ion k'k: m y  bo exprerrwd as a 

Mtanatp perm~+,at%ou veotor, is ,  kc& G .  . T b  gew8g;81&. 
d 

rmv (or ccJ ma) xacu,.tation is mom eompXU&2: t b  a singl~ 

~ ~ 3 3 ? 6 1 % % 6 8 1  im@ &$~@!t3, PI&@ G P C ~ ~  .ElEdB@ 0.r and thP sg~~3.d 



Tilm aoq;wJL. qre1ue o f  x*ar& of' dt3116e~t b i a  B GI& I3 

(.';h:ts is, ~ ( 5  wn n) d e p n d ~  u p n  alrigiir lased far -a@ index 

~ l i . : . ~  of' B. ~ h ~ t  $PPT& ~SW- tIaexwfos6 be .m$.'e~xwd t o  88 the 8-(~1rig%n 

a:: ?&.o le-mlg3au n x i r  acau~?ling t u  ~cysasn in uwe The q~m%&w 

3,s t:l,@mXigv im3epr,idtsn.% of or.LgAa. 

In sw:?s.z-aaa such ss Xeft 3 uatSfioation and ~ i g h %  

jv..JtitfAca-:sl.waD$t :Is convenient t n  be igLke Lo specify the ge8slght k 

02- %ha@ 10~iag88% ~~*f?f?tf:  (sal ld in%"r;ld 3€qllleEiW C?f , f l "  8) 8% & ' % Y ~ ~ X I  

: koz t . " t~~ l  vect;oy 1 qlw~+;f -gy '14: 1,s ed10d  t,he m 0.f '2. 

Pr; l r  denrated $33 





Tas ?Ya,@bsr~da oporw%f sas def%netl upan vecttms and rnaf;~ttms 

appew in Sm. III of Appendh 8. DeP:t;litiom 32-45 represent 

cstscl'.tght~am%a~d a:r:tensLans 3%' eomon d g , b r d a  opra%%sm defined 

a nizc~d ~s3 i .x  syatga Sn ~ h l e k t  ihte 8auacoasige saclLesa (f ram let% b 

; := k,.:# $]y$yj  
xf (:::d;, *3. 

-IZ b 
5. ( b  ) ;: is thesefore t h e  vdua 

oPC~OI*~. Par e:zrmpl~, if *; = (1,2,2 ) Lud ;; JC, t , h e ~  



- * j r n ~  i s  :ai Cimcp Lhs 3eigb.C ~ss.imed. t o  tho aom'g,oaen% -1 -- For 

uc-an~&@, if' th8 saacc~as$-v.sp3 aunp~nenta a? :*: mpansen6 @*sad weeks!, 

sh%zh rp~~r:3~~t~:~~os is &2l3 ~~ep~c%s&f;s;a%:~o~~ of  i b. t h e  raxad lams > :, 
T 5 i s  n@c;essc*xy t o  reekpio*: ths ab%~43831:s h t+qy p~siLiosi af t h e  



T (  : x  .-; :+:.-3eaLg $ ic . :~ kc Xen w s & h a ~ .  %he BW 1st ?.*fa migh$ of %he 1x5~4; h2gk.e p 

:.u2Lhj ., 4 a+---- l l -L f ,  00 2 2 

2 d@~trtLnis a oon:~c$~s:lona f ~ m  t,he ~ L x Q ~  t4w{3 :? ZBr,tre mked bass 1.: . 

af :: I s  a ma.noricaT vector b36llo~ing ice the product set @/ , 
w1:me eaah camponen% ,-) f s a soJM set. RP lnt~gms of the form 

" "'S 

- 1 " 0  " L  a !  * 0 r 0 x in @,A?! 3.3 Z 
aq1.1431 to G b  base ': value of *:.. If, fm tusnpla, ;(; = (0,2,1,U) 

i s  the clq3sed %kma in clays, hours, m W b 8 ,  rmd. sacom, then 

'j: L- (7sa,60,60), 

end s = r 4L 3 = 7:273 i s  indeed th 0-origin of :z >n @dti, that  

is, x is ?;I ie "12743h e 1 ~ = ~ . %  of '@A*& * 

hlom pmralXy, for an s s b i t s a r ~ i  m ~ b r  belongiag 'to a 

produa t scr;; aP~4;2 , i t s  0-origkn rer* Ifa @/a m a y  be dett~rmined es 

tba baas 1 ;:$. f value of 1 ( ~  i~ ;:)+:- that i ~ )  of the O-~r~g~gln irdax 



Ykxe dsfiaition eaa b ex$gtnd@d dla-kdy to any compa%9.bX@ base 

Sf, f o r s m p l s ,  ?I= (@,@), 8 andD are tb sets af 

w d  .! = @fy:{c ) A ' ) th09) (asswnf ng C-arigin indexing tadb i 9, &o) 
$+! 

' = (~,~,10,32,3,7,0,9,4~6,11,2,5) 

2% the h a d  r@o~d@red 011 %he preKJ[a@$ 88t S @ B, that is, o~d@rgi% 

otx dona~dna.a%i.oa *@it bLa sa%% * 



nirk~~b-x, a31 PO f ~ : ~ t h .  iantha~%b -F11 OBFLJI~  f l ~ u s )  B U C ~  BS temm 

wt&@is, i& i o  coriv8nioa% ta defing m0.m geasrcd, a r r ~ ~ r s  whose 

rak s p ~ c i f i ~ s  the ~lt'mbk of P m S s  of slructurcr (i .e ., se:m for 

R 4 ~ 9 1 ~ ~ )  OW f o r  B ~reotcr of scslms, kwo for m vector c l  wotors 

( n u t r h ) ,  thrce foa. a vaebcr o f  matricee, eta. ) ,  ths notation atill 

hare he l imited t t s  the two levale provP4d by the matxixxp ao8 

,/- 

(I,, 

f The oxdy s;sh3en%id p w t i ~ u l a ~ i a a % ~ 8 a  %o two Level8 oa 

%ha prcreisinn of s f ~ n g h  and ($ot~bJa s p b o b  (a *g., R/fl and ft/@g 

8d:oinAng t o  the slng:I~ synb131 an Lad- ahich speePfias the 

c o ~ ~ d . i n a t ~  [e,,a., "/" md 'viq, P o l  raw and ao mrnrnasiata, 
0 2 

itl ge:anreXP h s  Zak aggek b e ; $ n e r a z d  Qy wfw 
d 

a v@t?bP iad.ldex ~ubssri13t , P , Q ~ B R B ~ ~ % I A ~  OIIP) ~ompemllt indax for eaoh 

paasage t a  grosaar or f i n e r  Um3-f~ of aLma%we 1ssi-3.L M ~~ndicaated 

earp?d c".%&y 

1 2  849 I"- e~smple , Lf B S ~ Q U B W ~ ~  02 V B G ~ O T ~  .p , y , e , a, y to 

def:la~ the columc veotors of Lk~a ma.br2~ X, this .ill be denoted by 

khka ss%abn@nt$ 



!- 

(I- 

s ? x : c U i ~ s  tha G O E ~ ~ B Q ~ ~ ~ B  of t i h ~  

{in rm order)) o f  t h e  2nrr.esdx .%.. ~sbBaPiSd by tihe IcgioaX aa*.ix U. 

gvJ 3 e-- Q C ;": O!, then ;- %a the veaCat of nonaers elemawb:~ oi #\  

dlin11 18 Q L ' Z ~ ~ B  to@3tQhw with the .Zogieal meRPh ut ~)~ovtde.  

% : E , X ~ ~ T @ B F ? ~ O D  ' & 7 ~ m - +  a ,!,, aoxl b ttg3& -&o def i ~ n &  kh:, F O ~  Ufit am% 

aijXuai[~&Jg& v e ~ t o  PE <3)8i8. 143, L&$.) o b t d n d  by 
nprw -*lrw 

i&' in so% w.ii i n  GO&AW> epdep, = S ~ @ C % ~ B C ) ~ *  P i ~ b U x ~  tihe 

ctlan@a%s o f  a m l a % ~ l r  ;i deflaa the m@Gttr as f 9 D - z  .i *- 2 /4,, 



racoFdd OR a u ~ ~ t i o  tape, for e r t r m p b ,  ipqr  !r ba~eacS Prom the bps 

:?@ad f horn en mametic tape, E m  aorqh, is detePmimd by 

p i . % A 6 3 ~ 1  %.dab the t a p  m s  bfl. by the last preeediw rsad 

22, q?acd(it%.ptBp y i s  i3*%lbd the file Qnd i s  denoted Erg y *- @ t, 

Fr 

k f . i .2~ rnw eiiijh8r bs pew1 as d (deao'kd OT & 

( d ~ p a w b a  Qy E a file origimw Ja pul~ition j is mad 



%~*ncsfa*e Lbt3 

The p~s iL3  cr a f  u fils @ a231 b denoted by n(@) a the 

s(@? --- " tssiLklus %a file to 3 a In partisulw, r[@j a--- 1 
J FUUI*.l*w- 

i 
cl@!sn-a the n lwllr&iag 02' the f Ale, and ST(@) ~~~ -1 denowl windine, 

seraaweasawr eaan - P 

f -L@ ,$ past%Lc~~'n&ag t.0 thn and af %he file. Arry file for h i e h  the 

(deeremaats) the pcsigim o f  'she f i le  'by om. d fib w M ~ h  f s  tmzr 
T Q @ : Y P ~ ~ B ~  d ~ l ~ i . 2 . g  & ]FFOQQaB f8 0dM ap3 C& ~ O Q ~ s t  

a 2jJ.u tt?bi62b. f 3 osf y rae:xl i s  c ~ M  an 

Iaieb t.sm3 n e l  pav%kUoa (.that is, X(1) ( 1 )  1 6 ~ 9  

s siq* fix@% ~ w b e  d@m%& by A. Esirsh af the a,i~i;lg p&i%f o w  
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{a U P O ~  r . a that l e ,  

w p m  la.-,W e The F O ~ W  fop EX-~@ 6-7 b g i ~  ~ i t h  thr, 
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k Q @ ~ C &  & %ha @3a,%%~rur 2 X 2  ~PP~QT fi1wd, $s 0 b k d 1 ~  T w ~ ~ P  

i ~agi,&ng, tho aw70;:o;ld.. (a eaah subsaqu~ka% 
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S l a m  a tree, conedm pro o*%:izdts, t+km rhag&h of' psith i n  rc 
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o ~ e  6s a ~ P ~ T Q F  s a t p ~ ~ t h  o f  *.&he 0&872 a33 '% tBi??clffI)om m% max3ml. 

a& xh&dk+t IF,% i a  

rue%, uoaainting d i . b o l f  smd ~~U a-9 ~@aahaFiie from it, wit21 

sf a karwa 

3-8 ~Z%B@~W B FQ&@Y~ a 

.%;$he &is j o f ~ $  sat@ r d e a  rewbble frm ezBa mda of %lh@ 



a* %the sad. of %he paQ?.. 

':?.a (% *%3.2l d n o  b mfe$;7 ,&a as nado i. If, fay 
r* 3% 



&gfBA~a %a% I t  , j %a suab (3b)*1 I X' then 

oh x$?i!%~ be* W M g *  Fer a r q l ,  b tihe tree3 pb Pig* 6-3, 

8% 

k d a  ar &"1w tms T ., 
-8 

a (T~*)$ 58 tfr~ *~;Tw zk, w I ~ ~ z ' I c ~  I.: (L&$$. 
@Yb *$ 

I 

p&ka i n  P: 9,s danclbd lqy- ((T])". FOP 
** 



& u ~ n  %",a@ tcLn$ 0% Z b  *bCti*b i n ,  ) ( I  
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WE?, , -% zz :.$ ," (%he% $8, $my rar 8 



!- whxm A, 3 4@,1,2,cp.+,3($j). Eq&v&istthv, tho ro- an, in * 
k, 

ss wbdb (NW rtxaer, ( S O +  1)- cry) 

aP*w mpwiog f i  

mat- -2 ia r%&t $psWied Blld 3 s  

tian, namu (*(A) ; ) & ~ 3 .  Frm Uls 

awqlra  af? Fig. M(b) it is oletar that ChB right U a t  s%a 

m h j s p l  by :ku%Is, 2 ~e ., 11c~gvwb j i s  

(L& .~I/(J$)~ B k = 2.  J (x), and i = 4(+4-14ji(5)). xn 

Fag* bh(b?, for ~ m - ,  ,$--L(T) /rr r (3,~,8,5~3), 4 it' j = 3* 

1% 8, i = ljOP wd. b y r a ~ s i + l = U t o  
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t&: :";he i-x j a f '  rmomasa~ of J. lu %he path tt 

3 e ai B bd (that is, 12. = O 



I kg% j~=T?~mUog cn step 6 
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P *--- U/T, iqliea~ +?bat9 tb 
P* /b. 



sfh.L& t3.a~ ~wfi:tsspry:diw m2sr ctf: 3 rxm k~e/~r, md the";@ a*~-&za 

of P i s  &tL8m2a.oC& is P033~w8: S x rt& g 
>w 

Cvr" =8'k&d X %f 

bein&% ts tiha st:&&.%@ OP soat& ab xs U', for 

6L~L,34z a$ FA2:.g0 4 i 4  (::,I G ~ R  J.& 1' 5.s %~BP)  af' PPg 6-3, Lhaa 5.Q $h.@ 

v&x~xy R?,g,:$ $2. ~5 [B) . 
YLm :lp%%B$3 *@ bf% xi.&>; 





*to be ap?Z-S,ed ik:$zes&lg. ta treelses. %:~opam 6-23 iUua.t~a%s the 

pe,:mutatioz o f  txae~ F & Fig. 6-3 fa praduee t h e  t ree 8 of 
w 

Fig., 6=76* 

IIomae;eneouu tmms. IEg for  each level o f  a bme, all nodes 
Q O I P U - p  

L Tmsa quruj$i%iea will be oornbiaed in to  a single dssoripf=.sr, 

.-, ? vector -v (T) defined as % a l  : I s  the mbr 
-I0111 0.4 

:tj(3) 58 the (a 
Sl 

6 2 )  Tho eanpoaent T i  (I!) i s  called %be dfapersioa cd' 
L (9 lyJ. 
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cind e *GB@ f OP which t i ( X )  = 1 and zX/d Q) = mq i s  cajJ& a ;-om 

is clemu equrrdl t u  the p~cduat af the firsti j samponents of the 

i i i~persian vetracetor, that i a ,  (T) = :I~J?/~'(T), for j a 3 . v  CU 



sgsstam ef' ~ B P B % ~ D ~ ~ S  .iU be dePined upon thenre It should also be 
1 
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#W 

ma&01["~ F w  Is, the euppossd mmcant v~otor n '- (2,5,3.5) 

thts syppcned dispersion mator (2,2.5,3) whish i s  not 

%a&@@&, ore not a legitimate mmmt V~CLOF. 

a w i t h  the ~ ~ r ~ i a a l  i n  the firae j - IS, aad the dislps~eion 

taatem e in aU. bzat ths jtb oonpoa@n%. Mom pmciee&,y, tho 



d&ind. fcr r.o~~patkble VBF~C~QP . : 9 . i ~  h that .  v ( u) = 11 ( 1  sad J 
I.ep3;lce that $mi $,, "@p ~2 :f imlA, hl agd thaeb i ~ ~ " ~ ~ ~  uc) (-$-l,fT)I f $32 

* 1 -  2 = * C 1 * a b Q )  1, (PI d.0, sod 
#' 
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3 

d m  ( 1  , ,.u & F i g ,  6-9, for ~ x q 3 . 8 ,  '*1=cfl ,ahare 
.'u %* 

i . s ~ s  o p r a t i o n  19 bellad grafting at +%he j th  lePel - 

rcb 

-nr5ir::b bpWe@ b h ~ k  f l  2 =. crd T, and th& %i;i-'/'(>dz) z Q e  I%@ am- 
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5 

I 
1 ! : = (0,~,1,0,1,1,0,~*4 4 

/ i  



Lc~glcah variablaa g3 ring 
&atus ( I  i f  balance 3 29 
for three preceding 
pe riod s 

P Fogram for Example 6- 3 

P~agram 6-13 



fa )  B.ggr?iL 
1 JZ 6 . ig 

(b) A ; ~ B ,  
i 

ii 4 Setcfcorresporldantnin , 
Program (a) and set of 1 arguments ia Programs 

r 

: 1 
; 

- n . j Mutually inversa 
I 
I I ge rmeatationn vectors, h 

N[i*ppina defined by r;l perm~:%aticrra vector 
Program 6-14 





* a r r v r ~ r r n a - 7 ~ ~ ~ ~ d ~ I R . W " ~ ~  

Set <a% cornoe~spondsnta in 1 
Program (a) and set of 1 
arpx-ne~~trj in P rogranie B 

04.8 i 
Sct of arguments in 
P~ograrn (a) and set of 
correspondents in 
Programa (%$, (c ) .  

Mutual1 y inverse 
parmutatf~w vatztsre, 

-- 5 2= tVd that is, - 
? 

A t =  ( 9  



kt' 



- , 1 Control vector 

*'l Columa index of 
input file 

I 

' a  Row index of current 
input file, a d  direrztiisra 
of read anti recard 

n I~umbe r Cbf i&e~k?a~ per 
file 

b 

m / Required number of 

Prapraxn for E x a q i e  6--7 
Program 6-  10 
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4 'r Given txere 
M t  

i 
i 

Given gat11 vrcto tn 

Path index vactsr to 
be d e t ~  rxdned 

M o m n t  vector of 







d ] Ctla.age of. dogl-oe ca~l~w% hirn 
1 ctu3!(2*,ion of  aode 3 .  





Vaatab as a d i ~ e c * d  graph 

Fig. 5-1. 





ah generd %v:ipw-roawd %see with Z(T)I = 5 ,  
*.u 

h!g ' u p  ee:(T') a = (3,?r835r3)r end ~ ( 2 )  = 26 



E'aI r igh t  list maLPjh JZ 
Qb) 



G q v e s s i o n  o f  tree? o f  Fig. 6-3 
Iqg. 6-5 



Thn Wee ~ f '  Fig n 4-3 pmutsd h ~ r  P r o m  6-23 
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Appendix A 

Cbms Soalar Vector BBabix Wee - 
I 



= 1 PDF 1 - ~ ~ ~ i g i l l  

Ind.mc origin of a, 
where a i s  s set, 
nwrtor, m s t F i x ,  

Dimensions, index origins, and wll elements 

&a%bon II 



-- 
CampatibiUty 

r(s) = W(X) 

4 3 )  = J(x);~(z) =y(x) 

( l@+ = ( l?)@ 
. . 

/ 
I 1 .  

,s. * 

# ' ; : I  

= YG 1 . ! : ' ,  
j ,  

i . . .  
I 

4) = *k)i,P(~) =A)+ . . . , i8;; ,.i 
. ' - 8 

! ,  .,:! 

( L&)$ = . I . I . ' ,  S T  

. . I  , 
C 

2 ,  

I24 

25 

26 

2'7 

- 
Detfinitton 

= (I-?(xo))x x 

i = Isil 

z; = 

( z * ) $ =  I Q ~ ) ~ ~  

Notation 
I 

--Ix 1 
%-(XI 

z-lr 1 
H zclsl 

t 

Residue 

! 
1 

161 
I 

i 17 1 
/ ~loak* 

r 

, Operation 
f 
I 

3.2: 
I 
i 

U I  
( Ikegnit* 

~1 
i 
I 

~1 

. ' :  

! .  , 

. . 
. 5 

f14) = 4 x 1  

4 ~ )  = v(x ) ;  p ( ~ )  =.A%) 

k ~ - l i , j l I  k s i  (aoodj); 

--I4 k s r < k + l  ---I--- 
k-LxJ I I St? bi] 

k z x > B * l  

I i i  = T.il 
X: = [2;;1 

1 8 1  I k+rr1 

/ m%uw 
22 

t 

I 

k-kl 

4 3 7  

N ( L q  = ((&Id 

u l ,  
i 

E-LX~ K:=F:~ 
19 

. . 

a+-[$ N 

i 

(!& w- )j = l(gi:l~] 
- 





-c-----l_-- --- -_- 

I- 
-...----- ---- ---- -I_--- 

Ref in i t l ion Compatibility 
-_ .__- -- - _ - -.- --- - ---..- -1- - -- 

, *(a) = 4%) = *(y) 

~ ( 2 )  = v ( X )  = y(P); 

I p ( Z )  = P ( X )  =,/.(P) 
1 

y,Jl (l~,() = ( 1  = (Lg+ 
..,*.*.-rrrr---rC- rMU.C..UUUlrY i 4%) = ~ ( x )  = Y(y) 

I 

'Direct i - i  i 
14: zj - x j + x j  

i cxsoss 
product 

Algebrait operations 



Def inftion Compatibility 

l ~ ( 1 )  = Y(X)J 







-- 

~ ( a )  = n, and c x ( A  , 
so ord~r& %hat if' 

--I- 

% " i if qr = ("Ii: 

L,. is a mat* of sets 
~(1%) = Y(B) = 4.k) 
A$) = AB) =&A) 

..---- 

- u p  

OYdar& sets 



Logical apsx a6ions 

Seetion VI 



bgiscal operations 

Serstion VZ 



Logisd operations 

Section WE 
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- ': " " ' T ~ < ; E ~ "  i t > j i  ~ Q C ' ~ C ? :  - "  , 1 i i.8 
1 T;t~ch ;;I f s a dl  stl.net, f ien%~?-E. o? 

I 

j rrsrj!, 28( :: ; i s )  I] 
! 1 : 

. I '  r , , * ., ,.*.%.$ 9. 1 1 3 1,~ac:i n[$ $31: 
. .3t c ? , i ( ~ . , ~ _ . (  ( k 

3 
.rts." Ni%I i~ .? :~~ ,  jat91' VCC?;3$ , -; 213" *&&,{ + 

1 

. s, 

-. , :l a: 2 ~ 2  asl; '.;cm:. k t  

I 
i lqaf~h 2% i s  o l t e  e r  n nu:.! elemeen-: c; 2 

! s*. 

j EE in;:ciger 
f 





ve0to.r %t of the fcwa 

A(@) 9 r . A ( 4 + & )  "'Py~,)+p 

~ ( v k  )+T) * * * 1 h ( - + ) 9  wbm 

r )  is the ~ t i q  a t  position r 

Position f i b  

' ' Files 

Seation X 



position (r+l) ,  brand 
according t o  A ( r + l )  

trioles and vea.t;ora amy ke extended 





O p n ~ t $ o ~ r  Iotation Definition C o m p a ~ ~ f S  
I 

20'7 Subtree i k amprime all aUbtz?%ea f is aa i a d a  oecrtw 

of jb W & U ~  root8 M d i ~ 0 0 f 4 r  Of 5 

208 Index of: b in A 
N L(b w o i )  If a =  ((J#++r be) 0,  *a 

4%) = O ;  Urrf 0,  then 

i t  U o e ) h ,  whrrr 

2B(P VeoW t o  tree 

211 i%Qht (justified) 

General ordered tree8 

Seation XI 



Left degree vector 
and i a  the rig 

Right, nods vector 

Left n ~ d e  veotw 

degree rector of .A, 

node vector o f  &, 

~ : ~ / p ,  i s  tho sight (left) 

Left % l i r e ; %  lum3.x 

I 

I I 

I 



I / -  

L 
I-- 

j-r, for Ja{@ *1,~(@)-$$ 

and the m o m ~ 2 ~ t  veot0~3 

must determ%ne an 

initegrd dispersion 
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