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The systamatlc  is and deaign of 0011plex algorithm 

wurt be bassd upon a a u i p b b  man8 for their d e d p t i o n .  sinom 
I 

a powim description oil an algorithm is o a U  a wr a 

notational eohses far th/ dewription of i n f o ~ ~ ~ t i o n  proaearw8 ir 

aomlse, pswIw, conaio$mt over a ride a ~ e a  o f  appliaatiaa, 

mmmonie, am3 earonodd 1 of symbciluj it ahould exhibit alearly 

the oolrstraints an the mqmncg in rhioh operaUcma are gmHom+d; 
l 

and It  ehould psrPlit the deemription of a pmceee to be Independent 

ef the prtbrrlar representation chorren for the data. 

& l m t i n g  laaeuPgea FUWO unsuitable for a variety of ma80ns0 

Computer cOding spmffierr sequenue e0nlr-t~ adequ~t+lg and 18 also 

oolppprsben~~Im, sbm the logical hraotions pnrvidd by fbe traurah 

iaatmwtbna am, %n prindplsB be employed to rripntbbsioe an,? finita 

algorithp. H w o v ~ ~ ,  the' mt of bash  0mmti0n8 p ~ i d s d .  ZWt, 

irr m m ,  d b -  suitd to the g~b0~tl031 Ob ~ w - w d d  

gmmseres, a d  tbs ntmrerio symbols wed for veriahlea have llttlo 

mzmmmia velrw. lloreovek, the dosoription provided by awputsr 

uoding depends dlrestly ppon t& partioulsr repreuentetioa ahauk 

for the data, and it tbsmfore o8011ot serve as a d e s d p t l o n  ab tb 

algorithm per - 0  



Qrdinary WUab l a c k s  both precrieioa and aonoiuenem. 

~laa r0idel.y used G ~ I . ~ ~ V O Q  h-' fiowduwting pr0vid.a tho 

mndesness essential to an over-all view of the prowes, only at 

the cost of euppressing gssentfal deta i l .  The so-e&d paerdo- 

IhgUsh wed sa a basis for ~ertairm automatia programming ~8tspc) 

suffers frun the same defeot. Mortrwer, tb4 potential ~pl6mah 

advantage i n  substituting famil%ar BngUbh word8 and plmmes fcP: 

less familiar bat more C- P D B ~ ~ ~ B U L ~ ~ C I ~ ~  ppboss fai l8 to 

materialbe beelruse of ih obvious but ~~1091ted preoiaion roq- 

in *ir ues. 

V i r t u a l l y  all of the ooncl~pte and operations needed itr a 

p r o m  language have already been defined and developed in 

ane or enother branoh of mathenmtioe. Therefore, muoh uee a m  sad 

rill be made of eadstlng notatloxm. Howv(L~?, s h o e  most notatioas 

are speaialiaed to a narrow f i e l d  of disaourae, a oaneietexrt 

mifieintion must he providsb. For exmple, separate am3 a- 

notatiolls have been developed for th treatsent of mts, 10- 

varhblee, vectors, matrioea, and trees, all of whloh nayp in the 

broad unirerae o f  dimouras of data pmaerrslng, ocour in a d n g h  

algoritbp. 

A is the epecifieation of soee quantity or 

quantltlee in terrPs of finite operation upon speoffled 

operaodo* Sgedficatian i s  symbollmd by en arrar d-otsd 



torerd the apeifled quantity. T b  "y is s ~ c i f i e d  by sin i e  

a atatesent denoted by 

A est of statements together with a s p e ~ ~ i f i e d  order of 

exeoutlcm uamtitutes a program. T b  program 16 filaiM If the 

nunber of exesutions is finite. The m&ts of the program are 

soa~b subrnt of trhg quanutlee apecitied by the program. Tbs 

musq or ordez of exemtion uff l  be deflned by the order of 

listing and otborrniee by arrowr connecting any statement to it8 

ewoeasos. A cyelio seqtubnae of utafePPente is called a loop. 

Thus Program 6 1  is a program of two etafamnts defining ths mtnalt 

v ao thb (approximete) area of a circle of W u a  x, rhpl~rs 

Program 6-2 i s  an infinite prom in whiah tim quantity r l o  

apeamad a s  (a)' on the nth e m u t i o n  of tbe two-stat.mt bop. 

Statements w i l l  be numbepd at tbe left for referenee. 

A number of s h l h  p ~ c o g m w  glay be subsued under a abg& 

mere general program as Pollour. At certain b r w h  a in t i  

-gram a finite number of alternative atatsrssnts are speciiied am 

possible aucoeesors. Onr, of these aucwesea~a is ohoesn acooariling 

to  oriterie determined in the stateoaent or statewats pmoedlng the 

braaoh pofnt. Tbeee criteria are uwally stated au a 

or test of a apeeifbd relation between a apaif ird pair of 

quantities. A bauLoh is denoted by a 8et of arrowr leading to eaeh 

of tbe altemative ewwessora, w i t h  eaah a r r o w  labeled by tin 

o0oppar imi  ooadition under w&i& the correspoodlng swcsssor i e  

oham. Tbe quantities mapared are actparated by a aolon in tb 



Tb. pmgmm mpreuent. a / etude but e f f e o U n  prooes. foe de- 

r = n* for .qp psiti? peiibct mabe n. 

Rogm 6 4  show+ tbe pmeedhg pow norOuJwd into 

a ecmpaet linear array. I T W O  fu~tbes maventIoaa on tb. labsling 

I of h e h  poiats are ues . Ths listed wweseor of a branub state- 

meat is seleoted 10 none, of ib labeleb mnditjiaw i s  met. Thas, 

slatenent 6 fdlom Bta-nt 5 if neither of thn mroU8 (to ad% 
I 

o? to statement 8) are f+llowed, L e a ,  if a 4 a. Marewer, erpr 

unlabeled arrow LEI alwayb fo3Sotsd; e.g*, statesent 7 i s  3s~- 

Polloud by statenemt 3, never by etateplbnt 8. A program bgpinR at 

a poht Ud5sat.d by an ~ , n t r ~  anrrs (e.g., step 11, d ends at  a 

pdnt W o a t e d  by -rvmr (e.g*, 8teP 5 ) .  

Rognr 6 5  sbors an equlvdbnt eoaputer ad*,  tbe nmbem 

On the left  mft?fifng to, the 8pOndhg 43tepB 0f m g r a ~  6e4. 

Compaz3soa b s  that tbs for08r e w t s  at swtamnt 3, ddpphg 

mtements 1 sad 2- TMrg dif'ferenos ouaurrr bwsu8e the var%~Ueb 

J and k are speeiiYed in ttbe ecmpptdr progme by the initid UOMWW 

af the oorresponding regtsters, and need not be spaoifbd lrrp ruFthar 

etxpliait opamtSans within the program. 



Itera* and a pmeeru i[auoh a. Prcigrtm 64) wU& indud.. O. 

or -re i terated 6 u b p r o ( p ~ ~ s  is s a i d  to be iterativQ. A peraewtsr 

p e e r  is 0.U.d a c m ~ .  A parameter w h i o h  designates a 

W o u l a r  element of a ~tmmtured operand ash as a veator w 

ma- is d e d  an We?. A rinpre use of an index oceurrr i n  tb, 

beglmirrg with the index equal to a and deoremnting to aem e l l a 8  

th, e r n p a r i ~ ~ ~ ~  to be mde with sem QLd duo obviate8 thb med t o  

rpoow an akxuhry indsx if, ara e r s m  in Program 6-6, the iaifhl 

velw of n need not be pmaervad. 

deaoribes the amtrix multipliaatlon C t AB defined a8 

Eaoh o f  the indiaee i, j, and k aervee also a8 a aountar. 
n w P r o m  6-7. Step 1 rrpeoifie$ C a6 a matrix sePor, 

steps 2-4 initialbe thg indieer, and ttm loop 5-7 aonther to 

add suomseive produota to tbe partial eu mtjl k ma-s s o .  



Vhbn fhia occurs, tbe cess czontinues t h u g ; h  step 8 to d e m m n t  

1 ad t o  repeat tbe ent i re  ~ l a t L o n  f o r  tb. new value of J ,  pwid lng  

tha t  it is not ssro. If Ij is sero, +h branch t o  stmp 10 deurtmnto 

i and the en- pmuesa over j and k is repeated fkoa 3 = dB) 

pmidi r rg  that i is not q r o .  If f i e  sero the p o e e s  is aappleta, 

a6 i n d i ~ ~  by the exit ma. 

The programing language will be designed to admit both 

*origin and 1-origin indexing (-0. 1.9). lEtcaupl0s used in this 

o h p t e r  will, howeves, be stated i n  tbe more familiar loorigin 

indexing. 

In all examples used i n  this chapter, emphasis will k 

placed upon c l a r i t y  of description of the process, and considem- 

t ionr  of eff icient  exe@ut%on by a computer o r  class of cornputera 

wIlZ be subordinated. These  ons side rations can often be introdwed 

l a t e r  by relat ively routine modifications of the program. Far 

ex~mpls~ sin- the exeeutlon of a conguter operation involving an 

indexwd variable is often more coe4;ly than the aorresponding 

operation upon a nonindexed variable, the rrubatitution of a variabls 

aumlerate the execrution of the loop. The variable s would, of 

00urse, be M t i a l i s e d  before eaoh entry t o  the loop (inaidentally 

obrk t ing  stup 1) md would be uaed to specify C L  a t  each termbation. 3 
Sfnce zero often oacurs i n  gomparisons, it is  aosvenient to 

omit it. Thus, if a variable stands alone a t  a branch phta 

canparison with sero i a  implied. Moreover, s h o e  a coaparison orr 

an index or  eouater frequetntly ocows bmedia teu  a f t e r  it is modified, 
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use of Scgmbols tp repre general quantities whlah in given 

iaetames are further s ed by other qulantitbrr. Thtl(l 

w3 . i%o&rru 6-4 represents pwtcre whiah detammim8 x = n 

far aqy suitable value a spsoiiSo -80, rey n = 27, tbs 

quanu* x fa sp.uified 

Baa OpoTaPd 

~~Iflcrd UltiIMts3.y a ~ p t & d  mn-ptrm Tb, 

r e t p l r e e e ~ u  sue acoeqrtad wnuaptrr w i l l  edled l i m o  

Ex8q.lee of Ut%tals an, the lntagercl, the charaaters of tb8 d o u e  

alphabets, prmotuafion ka, end m l a a e ~ u s  -1s wob am 4 
ard 0/. . T t u  ll.terals o a u m i q  In p r o m  6 4  a m  0, I, and 2. 

It is irpa%ant d i a ~ r h  dearly betraeo. general 

aepPlbols and literalr. 1 ordinary almbra t h l e  present. . . llt%b 

difflaul.ty, dnee the o literela ooourring arrs the iafzgbn srrd 

tbe deofrnal point, and e P ~h ge-rral apbol empldpd lndudea an 

alphabetic ehamater. I descri- non, @nerd pmorrrmr, bwmr, 

d@&O%i~ UW-8 (S a6 WPF -8 8Dd ElleUd8 v b d . 8 )  d10 

appear* Moreover, 3.n a prrter d o ,  nla4fiu -111 (mgiater :: sddrssma) are wed to pmment th, varf.bl.r, a8 Uustratud by 

the right-&md ~ ~ r s i m  o A.ogrsl b .5 ,  

Sn general then, ' elphabetio litenls, alpbnbetio vari8bl08, 

nmnerie literals, rurd n r i o  variables nay a l l  appear in a m p l a  Ui. 
-.u, .od I t  I. imp+tire to di.tlng"ll *ow th. Th. 
qpbols uad for Ut.ralp dll be Roman letter8 (enalord in quotee 

when appearing In tart) @XI etandard numerals. The rrynboI.6 wed 

for variable8 w i l l  be i W c  litterr, itcrlia numrdle, and boldfaao 



6-1. Yiswllaasoue and 

endosed ia quatbo in both pl.o-~ 

and text. 

a m r  of qmbdb for d i s t i m t  &s#s 

of operaDde not visual interpretstion of  a ms 
but alm p e d t  uction in the numbor of di-t 

sin- analogous operations upon different 

m e  of quanti scnted by ths aau aymbal (e.g., 

A h  B for  a h b fapr a m u u t  of  logid 

reotorr) . Potential 7 
is resolve& by the dirtbat  operand 

-oh. Spoial ope a ( ~ c h  as tb. uit reotort~l~ d e i i o d  in 

Cbaptcbr 1)  fuwtione ill be denoted by m k  latter6 t& 

appropriate fa-. 1 

In any determinate puesa ,  eaeh operand met  be spsaifled 

ulthatsly in terns of literals. In Prom 6-4, for example, tho 

quantif~ k is epomfld terns of known &-tie operatioma 
I 

(multiplication and div i  on) involving tb. lAtenls 1 a d  20 T& r 
quantity n, on the other1 hand, i a  A O ~  detenfnod within the proou, 

and m u s t  p w b l y  be ~bolfied within some larger proaeaa whioh 

indudes Program 6-4. Suah a quantity Is  referred to aa an g r m  

of tho pmeese. 

6.4 Suaceaaar operations 

The major advantages aoeruing f'roin the uae of tb mt 

operations euooeeaor and goredeaseor (defined In 8eo. 1.7 and 



suamri.ad i n  ab. V of ppndk A) are two* t h y  allow tb. 
I C 

daecription of 8 and tbs spoolfloation of th. repre- 

mntaUon of amplatsly divamad, and thy elhhato 

%he reawrenae ok the ral 1 in the l n ~ n t a t i o n  a d  deorsl. 
I 

mntation of counters indime. Their use ril l  be illu8tmt.d 

by a dn@e example. 

slder a p o e s s  to detelsine the length 

of the long*& A n  in one suit in a had sf thirteen playiae 

oards. A run is1 d e a e d  as a set of cards whose ranks form an 

inteTval in tb set 

+&ere the l i t era le  deno deuce,trey,four, *** ,kIq ,  and ace. Tbr 3 
length of a run is tbs *r of elementa it aontJma. 

2 X 13 whom ool- veu e.ch r e p a u n t  one uud, E' and II: 3 
1:opmsenti.q suSt and rank of the 5th oard. Herum, 

and 

.hue the l i t e r d e  denot! clubs, diuonds, b s W r  .nd @pad.., 



tbsw the longeat diaraoadts, hearts, and spac;se are 

1,3:,?* and 1, se the lonsest mm in say ont. stdt 

t.8 : a 

Program 6-U) examines each oard 

o i  a run and detenines the oomw 

spoi 3iq3 run result q 18 determined ;;a tbe 

mx:: awlit over 

over g 1s per901wd by 

the oard currently exrulraed 

partid. run. The var- d is 

, d ~ede f iaed  in ~ t e p  .:.5 bg its 

redc-.finsa, oi of parthl run i.; inare 

r d i s  redefined, j $8 also reriefiasd t o  

hand i r ,  immedf:r the new 

.  he emupariso: w i t h  

(etep 12) is needed to prevent f llrtbaf 

over a subset of the integers "-8 

aaa predewsec? opera- 

. . -  :$* 1u; $1 ! 



f i8 alee inp-t t o  orgeaim * 
ewh as the ordering of the mta 

of the Ob0am bymba3.a. Table 6-2 

pressnts the d 

a 8 8 i m  S ~ S ~ O J . ~  .dl th. mad 

dbension, If a yarl&le poam6seu 

th61~86108s be desorlbed %n 

further rorr. Tbe me of the variable is described in sol- 

t ima .  

ariables appear in the program, eaeh 

x proaeaws it is, however, ofton 

in an extomled or 



could also be tke general sucaeaaor opm.tSops in 

tbo W r  would 'bind tbo en+* deauz%ptlon 

6.6 Refemnoe table of notation 
I 

Appendix A sma4riser the notation developed in t h i m  

alteraafive operation discustmd i n  tbe text, and 

also corrtaina numeroua rtant but easily grasped extedoarr not 

treated aq-dicitly in tds text. By grouping tho operati- into 

aY ~ 8 -  tb. 0.bd b(3 arperkposed upon 0) to denote the Ld.pr 

origin in  we, e m h  ops*tion i n  Appendix A is expressed I n  tarma 
l 

O f  both O-0-h .Pd leyigh M O X  ~ B b m 8 e  ThO ~ p o d t i o n  tb. 

tgt 21) lippfted almost .Ptirely to 1-origin lndexhg. 

Vplor of the op@ons defined apply tmly to  o e r t d n  

matziot.d ola8-s oi opLranda (e.g., u i t b r f i a  nqtm ~ p n t l o n .  

do not apply to  nonnumer d veotorrr), aad them reatriotioaa w i l l  t 
be irpdiaated by adopting the connntlone sbnn In  8.6. I of the 

appendix. The elatwee of operand8 appearing i n  Sea. I are d a m  

ae follows. A metor nt n t s x k a n  &.pa t o .  

given aet P is oalled 



subelass of the ahsee8 preoedkr(l it, 

upon a olarre also applies to eaah .sub- 

ti6 operatiom defined upon n t ~ ~ d r i d  

alaasse of logical and integral motors. 

hieh m y  assum the value a s  well as 

by m, r, or a, or&. 

definition of Appendix A am 
-------- 

operands. Thus tbs 

aai* rerrtrieted to fh6 l o g i d  

but the logical reduotion 

(Defe. l.07-110) scalars, reofom, and matria*. 

The operands further commtibiliQ oonditiona 

(primarily dimensions) whioh are l i s t e d  

I 

i n  a systematio mnnnar. E~eh  faPaily w i l l  be denoted by a apeoiiicr 

opration -1, and th+ p u t i c u l u  member of the f-iL w i l l  

deaignatd by an! aaawhlsd controllian -mi%_( 
------- -- a d s -  

maw, or tree) whiah dlately preaedee the main opmt ion  1 't" 
The oP~and L &ed i g d i a t . t  after the uin operation 

I 

mqy be viemed a s  the kth mmber of tbe aet of suaoessol. operafionrr I I 



I parentheees, exsauted right to left. Thus,  k)j)r la equivalent 

to  dtjk), not t o  

0pera.tid s inwo ing a dn&e operand and no OOJAWOUW P r 
operation symbol;a whioh tbs o~nrndr  Openations involving 

two o p e ~ s  4   NO^ a. tb. mA opsratioa 

\a,u,b\) n m  bed enclosing 
I 

the erntire set variab e8, and 42~1 cn.fslolling pammter lcill " 
P appear between the two o rantis. i n  them cams tb. operatton 

Ce- bpentor serve a purpose analogous to that and 

~0- 10gh V~C- ~ b n  US& a6 C ~ n t r d l -  t 



tho- suited to autoaaratie exeorr?tiarr, 

thet asma oprationa upon eaoh of r 

re uaefbl to generaliao opsnrtione 

rresponding operations defined upon 

eaah element of a trtmo array of operands. The s w t t m d  

~ a y a  employed am ily the mts, vectors, patriwe, and tree8 

typs of generalisation employed 

log- O ~ S = ~ % O M  @, 

. The execution of a -8s 

tsa (and In the urn of a wmputsr 

mive elemntm of thO -. 
of 8trtmtured operaads depends not arly 

ns but alm upon the ability to s p e w  

elements. The mileetion 

by 8 p ~ ~ i w  bdi0@0 

(z) . SiDO. deetim 

t o  &hot), mem 

a l o g i d  veofoar, 



The eele tion o mUon (Def* 135) defined upon rur m e -  P 3 
aet B i s  denoted by the tatemant I t  

I 

Ai *Or ik i 1, and the set C is ordered on 8 .  In other words, 

C is obtdned by 

The l o g i d  to pornmu tbe mt A* The h o t o r  a 

isel, v (a) = v ( A ) *  For exam@, 

vector u, the 80 number of unit uomponents and 

&aru du) + Moreover, v ( d ~ )  = 6(~). 

o d i ~ t i n ~ t  W~JTB.  Row c u a m ~ ~ i q ,  d.ziot.d 

v e o t c r ~ '  of tbs to i- r m 

uA vetotor Ai to form a rtrk of dimemdm 

a ( ~  ) 8 v ( A  ) . conditions are v (u )  = d ) for oolP 

preesim, and v ( ) = &(A for ooltna compression. For example, if 4 I 



esaion pup- 

al vector and that 903.- 

This i l l ~e tmte~  tb tgpe of 

operatloas upon matsiaea 

which are ob operatioas upon veotare. The 

cone is ten^ - an operatian 

if the underlying operation ftom 

whioh it is gene led t o  this, row ~9efbm8 o$ tb. 

t is applied to aolll~sns. 



to produm the f l loring four li8t8: t I , awount amber, and balsnoe for eaah 

a belawe bas than two dolhru; 

(3) tbe and account number of eaoh a-t w i t h  
l 

a bal ee exaeeding one thousand doULBCafi BlYi I ?  

repreesating nar#s, aimttllt 

# d wieh ror veotors 

individual aomunta. Bn unseolgned 

by t&e word unmen in the luau 

I sts w i l l  be dennted by the matriaee 
I 

T ~ Y  - be IXr0d-d bp 

the VeoW of b a l m 8  aad 



@? 
veotor having unit corpomnt~s co~sponding to tho- asroaunta to 

I oi step 1 n k t r  tb. appropriate -a of L to d e i ~ u  P. stap z 
18 s W a r ,  but etep 3 inoorporates an additicrnal rarr mapsdon 

by th. e~pat lb le  p i ix  mator h (l,1,0) ( ~ e f .  127) tO =loat 

c r o l w  am aad two of L. Step 4 represents the cmaparisarr of ths 

I 118 ( i ~  oolum 5) with tb. uteral "nolr", eh. r b d i o a h  of .a& 

mu uhieh shows agzwlpllnt, sud .ths a u p p ~ ~ e d o n  of all txdrmrrr but 

The expresdon ma ooaurring In step 4 af Program 

6-U. illutrtrates the uaw, of malar replacement (a uaeful 

generaliaatlon of the m u l t i p l i o a t i o a  of a veotor by a mameria 

erralar) w h i &  is  defined (~ef. ll2) as follows. For a q  logioal 

motor u and arbitrary quantity a, the statement c- au speoifier 

the veotar c obtained Frola u by replachg eaah unit oo~ponent by a 

and leaving tim aero oanponents tmhaugd. 

I f  B 1s ruly subset of A which is ordered on As thsn tben 

exists a logha1 veotor ti s ~ h  thut u/A 3 B. More generally, if C 

l a  arry aubaet of A, then, sxiata a motor u suoh that y/b = C, i.e., 

a& thet I ~ A  ie a permutation o f  C. Consequently, any eubmt C 

can, uespt for ordering, be represented mith re8peat to A by a 

logical veotatr u w h i &  is walled the submt veotor o f  C on A. For 



f i rnu context, then A nay be ellded. The notetion far the d t  

vectora (Def. l25) is cossistent alth this cawention, thr 6 u p F  

A pref ix  vector of weight j and a suffix veotar of weight 

j j - demtd sdx r~' ard a m s ~ o t i ~ e b  (S.C. 1.9 .nd D e f ~ o  

327-128). P suffix and a prefix of the same weight are clearly 

re lahd by a rotsltfon (Sec. 1.9 and Defe. 176-177) as followst 

wJ = fld, 4 a$ 7 J J . Moreover, every ini* motor is of ths 

imp i l a l o  
If u is an Mix vector and if B q u/B, then B is d U a d  

an _inftt i n t e r ~ a  of th mt Am Yomomr, if u is 8 p f i r  

suffix veatar, B is called a preflx or suffix of Am 

(BAG),  ad = E : ,  andv Z4i, then o l e w v h v  

: a v o a d  (BvC).  Conaquntly, see. Md m t  operations un A 
PreguentJy be rsp3arred by the analogous vectora a d  motor operation8 

rrith re* to mate spcii9ed taniverss of dimoursrr A. 

P logicid veotor u and the two vectors a = 70 and b d o  

obtainsd by compressing a vetotoo: a, oollsctivelp determine the 

veotor em The operation which specifies e aa a function of ri, b, 

and u i a  aalled a-and 18 defined as followem If ca and be?& 

arbStrarg vector8 and if u ie a logical motor 5uah that 6(:) = v(ti) 

and b(u) = v(ti), tbsn the a s h  of a and la un g is denoted by\a,u,$ 

and 28 (DtBf* u5) a8 the V%cwr C SWlh tha% a an8 U/& 

= b e  The me& operation is equivalent to chrroeing suaceasive 



oi u aro o or 1. .w, for example, a ( @,a, @ 
b = ( 0, @ ), and u = (0,1,0,1,0), fb.n\asu,b4 = 

( 0, 0, 0, 0, @ 1' A. a NrUm -fie, -0,P-am 6-12(.) 

(which descr ibe  the m b r g i n g  of the vectarrr a and b, w i t h  tha 

aud every fhird oompoaarnt therreaftar ohamn f'ram a) aan bo deaaribsd 

dternativedy a8 shown in Pragmm bl2(b) .  Sinoe & =r (1,2,3&,5,6, e l a) 

(~ef* l.6666)~ thsn 1 (n3e / = (1,280,1,2,0,***) ( ~ e f e  25). 

eo.nseqwntly the motor u speoified by the logical reduotiorr 

(Def. 108) sn step 1 i s  of the fofn u = (0,1,1,0,1,1,0,***). 

Ye& operatiom an matrims ars defined analogouslgr 

(Defs. U&,1@), raw re& and o o l m  mesh being donotid by 

and double reverm Birguleeb reepectively* 

In mmeriual or other veators for whioh addition of hro 

veotora is deffIMd ( ~ e f .  28), the effeet  of the general mdr 

Operation oan b prodwed 88 the sum of two meshes eaeh imdvhg 



Yareaver, aqy nmierical vector x oan be de-meed by a og~pptibl.e 

motor  a aceording to the ralaticar 

T b  two tern8 are vectors of the mme d b n s i o n  whioh have no 

deaanpositicm of 3: appears as 

d o g o u *  ( ~ e f  a* 155,157). Row expaasion of Y bq u i a  denokd 

by ul\p and column expansim by u\p. The de~~l~poeiWon relations 



In e%peA€daa opcuntions, the oolrpa.tlbility nq-ta 

(shorn explhitly in App8mUx A) 8onoez-n the weight of the 1- 

mtor rather than its dinendan. Tbe latter qu~ntity mrvee to 

detsrPsirw thr dlmmlsion of tho reaultirrg retrtor co: aa*. 

Mask opoxatdorre (~efe. 160,16;L,163) m gs11ordiretioar 

af the mqa te r  mak operatibna defined i n  Seae 4.4. The vwtm 

1~8& denofid by o t /a ,u ,b/, definsr c as foUorsr 

9 b  matairas, u, d b  must all bcr of the arrae dfaonuhm. Tim 

mdt o m t i o n  i 8  (ubndd to 1p~w-8, 8b& d d e  

virgules denoting row ma& and aolun maJr, mspeative4. 

Ths O-eS wp lllgdr, Btd' mBh o p ~ r ~ a t i b ~ ~ ~ l  QI V-0 

olearu are related as follast 

Anal- relatione hold for tba rar ma& and raw nmeSI a d  ice the 

Bnrk a d  ooluan mgh. 

Certaln selection operations are oontrolled by l o g i d  matrioen 

rather than by logicrl vectors. ~ h .  r o w  eompeseion U/A, for exaqh,  



Since tihe nonaero elemeats of U laay occur in aa arbitrary pat-, 

the reeult m u s t  be constmad as a veotor rather than a M W ~ .  

M o r e  preciselyI ri!~ denotes the conoatenation (Def- 151) of the 

'Phe column conpression a (Def. 139) denotes ths ton- 

catenation of the vectorr !li/hi. If, for example, 

Cosrespanding mesh, mask, and expansion operatlone axw 

deffssd ae shorn i n  Sso. VXII of Appendix A. 

6.8 Soan operations 

Operations, such as the summation of aU. components of a 

wetor, wbiah require a scan of a l l  smponsnts of a structured 

operand w i l l  be called soan o~erat iom.  The weiah$ of a vector x, 

denoted bp 6 ( x )  and definsd peviou8Q as the SUla of tbs oomponenta 

of x, is a special ease of the apflioation of any associative 

binary operator 8 to all aomponerrts of the vector X. Tba 

6-weight of x w i l b  then be denoted by @/s, and defined ( ~ e f .  59) 



For example, v x  z &), Yx is ths prodwt of the cmponent8 of 

ZB 

is the l o a i d  sum of all eomponsnts of x. 

~b +weight opera to;"'^^ extem~ed to matrio.. by tb. 

established convention of using a d q l e  virgule to denote an 

operation extending wer m s  and a double virgule to denote an 

operation extending wer eoluamr. Thiu 

For example, it 

tb.a 9. .* (lYls1) d vfi = (lb~tlBO)o 

Bmmple 6-2. U d r q  the ledger LI deiindl in Example 6-2, 



tb. mat* L to the form L = 

d L6 U. 1 O @ d  VW-8 do- L4 = U 

' 6  = uiD1, atx~ uJ i a  th. l o g a d  mator ( L ~  < 2a) ocmprtrd i. 

period j. The produetion of ths aatr1-r T axl L $6 tlwn do- 

w Prolgrrm 6 1 3 *  

FTcemm 6-13. Step 1 ehorr8 the ailditdm of a mnt& 

1 Gtrp 3 i h a ~  the r b a t i o .  p r f o m m ~  by tb. l o g i d  motor iolllrd 

I to lea- the .atrk I in  the^ form appopriat. to tha aumodlq 

The use of a man operatioar on a motor of ssta l e  deo 
I 

b.truot ln .  Let  a be a vector of rts, that 10, ai = b . Tbn 
sixma the Cartesian produat operator @ (Def 87) 18 

opeei~~iea the rut c s A' ~ 4 ~ ) .  p r t i o ~ l a r ,  tb. 

hwogemolls produet 8et [A]~ y be denoted a l t e r ~ t i w ~ l y  bg 

b( h / ~ d  

the dimmaion vector . v(a) . as  foUor.r %(a) - V(ai), 

~(4.)) = da). T&R &a) = X/v(a), sod for tb. hlog.naotu 



pmatl~t ut c a @!(aJ/~e), do) = %{o~/v(A) 6) = (v (A) 1' 

If b i a  any member of the m ~ t  mt@!/ar tb.n u u  
v(b) = ~ ( s ) .  Ilorewtsr, the produet wtr m s d n  

-d, -d8 lursk.d, W ~ M  Tw.t#n be m w  
- 8 q  in & a p o d ~ t  wM* FOP a@# u,; . 
b c  @/a, t4.n u/b .@/ (da) .  SBU, 18 .qt mppWt 

pmmutattm. vsotors a n  b, c @/a= 

tha mapomnta of a vwrtpr oould be trcratd in tbs deedbed 

Bbar+. fforevw, sixma it is often noeersscy to dekrrirw the 

JamtMOf* ooanpoasnta for -oh the m c d m m  weurr ~mtaad oi 

(OPT iD addition to)  fbe rr law of t& maximum itwrli, an al-.t;fwa 

tfWtmrrf i8 ~~~C~IEFOCI. The nrudPiurfioa operator detemhme a 

loglodl reom .bo#, unit elwlenta indicate ths laaati- of tb+ 

Haxlmisation over tha entire vector x ie denoted by C ~ X ,  and 

l e  defined as followat If v = ap, then there exi.ts a quantiq r 

m h  that trlx = ran and auloh that a l l  oapommts of q/x am ~ W c t l y  

less than m* The madmum ia asrrumed by a aiugle oompomnt oi x If 

and anly UV(V)  = 1. The aatual value of the m a d s u m  3.8 given by 

tha fircat (or aay) a O l P p 0 ~  of r/x. Yoraorsr, the illdiosll of tho 

lanriglar uaPponente trre the aomponenta of the veutor r / ~ .  (Sea 

DO?. 166.) 



and if x = (2, -3, 7, -5, 4, -3 t 61, v = (0,1*0t0~0,1~(3), 

v/r = (-33-3) r (&I1 = -3, rh (296) 

0xxI-y ma-ation is defined w i t h  xespeat to order in 

the mat nuinbeas and can be geuereliaed directly te aqr ardelred set* 

4 x 1  T- if :r is e u ~  element of the horngeneom proiitl~t ut [A] , 
the sfatelPoat 

b p u e s  thPt %/I = ms. and that ((; A U)/X I m 0  = r. h r  e=plr, W 

repressnter a band of cards aceording to the, coomentia~s o f  

EXWQ* 61, t b n  



ivp ~ e f e .  68 and 7l. Maximbation m r  tb. entire matrix X i s  

- O B ~  b E ~ X ,  wbrm i8 lull utri. of o.. 

A fwst%at f which detfhe. for u o h  element Bi o f  a mt B 

auniqtwimrre.pold.nt$fnasstAisorll.da iZc l lB  

to 4. If f(Bi) = (L1, the elemant Bi 28 a d d  to ID t& 
d m $ *  ~ f b ~ t 8 f ( B i ) & ~ t b . # f A , f i . , & ~  

u p  B A. If B Imp8 onto A aad th elaments f(Bi) ur all 

this oarrs, v(li) = V(B) and there d u t s  an ieverm mapping A.ar B 

~ ~ p r o ~ f o r p e r f ~ t h . ~ ~ b ~ f ~ B  t o A m u r G  

themfare dstemdm for any given element b r B, t& sorrespordmt 

a 6 A arwh that a = f(b). Beam of the 8 m n i e m  O f  mw 
upan a solld subaet (infir) of the iategsrr (e.g., upen regbte~ 

addresses or other nueerie -) in ths autaarstia exeeuttaa ab 

po?o&Mina, tbs mapping is ~ U e n t l y  perfomed I n  three uuW011sim 

pbaerr, defe* ia tra~ the foIlo- quantitleax 



Tho thrscr phame are ahom h P m  b14(a). The fir& 

(stape 1-3) is equivalent to mapping B anto tlm den- sat of 

(8-p 4) then d e w s  k whiuh in turn detsnabr  t;bs aehmtioo~ ai 

I 8.ub.. l!k&t, staub} is . ut of QaMn w o r d .  d m  i. alpbaafsal 

I ord.rs and if the fhmtioa required is tb, .a* of a @TTII, 

I En@& w a d  b into it. (*run equivelat a aaoording to tb. 

Enerieh: appl. bootg dust eycc night 

of a mapping operation) whom uomponenta are eaah distlnut elaunt6 



tb pmmtatioar ie a e t w  pedasmed upon A. Tbs identi& 

mttteti01~ ~.pkgp will b. d e ~ M  t ( .Ild &fhd il, = km 

-u, At E A. 

Tim operation of permuting a sst rlll be e x t e a  

hmra of ka Pennufation l o  assoehfSva (but not wmmtrtatirr) 

In prtAourCV, ii i f am mutually inverse, thsn 

P r o m  6-%(b) dasariber a mapping inverw, to that of 

Prom 6-;L4(a). ~ h s  imerae mapping oan also be de&bed i n  



by a man of its COlPpoJ.mL1ts. 

The metar k required for the mapping inrrrres to mample 6-4 

i e  dearly k = (1,4,2,5,3). The motor k Anverse ta a ei- 

j b m d  be defiasd the 8 - q  

s id la r  implieit eta- to meprate the mefn ups- m w l d h  

i2?rra tbb follaring auxiliarg variablaa. 

Tbs USiB of OQItYF8mnt indi-8 Wffl b, indimtrd 8 

negative sign a8 usual. ~ h t u ,  tha r t  B E A-, I 8  t& rt A tiLrn 

m m  that B A-1#A-2-2' p~--y(A$ P-, C 
11 j IS p-tion mtol', th~n L tb. mt Aj won L, 

revarm orde. 

Pemmtatioa ie extended to matriues as f o l l a r .  

18 d e w  W 

arrd effeaQa a rearrangement among the aoluacr of the antfix. 

Colamm pmmtatioa is den- A'. 

If is o m n i e n t  to dePinr, a mom general mapping op01~8Sos~ 

rMoh aU.ms both stqrpireseion and repetition of uoaponentrr as m o l l  

as tbm reammgment prorided tbb pennutation operatZ0~1. If, 



for exampk, A La the mt of alpbabetio @ h a r a m #  aud 3 = (4e5s5~418 

and defl~ed aa tollowes oi = B , for L 6 fll,u( k) g, w h a  

Ira = I ((m c oe)/m)-c, v ( ~ ) c ) -  
klc 

lbmally, the nomall elemnts of m all belong to tho 

idex  aet of Be i n  whloh cam k &ply aoapr&#a fbr nomull 

dements of tbat is, k = (#or )/me   he mdwtion mod V(B) 

&$ly en~urem that th4 mapping operation i a  d e f h d  for any 

sapping vbofor m rsgardlnes of the dlmeneion of tho mt B to 

whhh It  may be agplied. If n I s  a  permutation -tor erd 

'y(n) = v(~), tbn k = P and Olb 'UP- l a  a pemutatlon~ 

Gimm a mpphg metor e may mntain two or mom 

id-tid noDlrtlll m p O l r ~ t 8 ,  tb. 8 ~ t i t J  B, mW fm PC 

more id4ntiaal ~ ~ t r  ard mt therefore be eonsid.nd as" 

a vsafdt mtbr than aa a aete Lika pernutstiom, nppiag rsj k 

dilrwtly to m0t-8 end ~ra-8, drom in h f 8 e  sin. 



w h i o h  r p . B  onto A, i.e., Bs \. If, for m p l e ,  

A(.(. - B) = (3p2,4,1)p and AB -A) = (4,2,1r3). If A = Bp 

thbn AA t--~) it3 alearly a permutation veatce, edi ~ ( 3 3  6 A) 

~ m :  arbitrarp mta, the ma- veator m = AA t 8) i u  

detbmd more generally ae a veotar of tho mme W a d o n  a8 B atoh 

t h f r n S = k i f ' B i = \ ,  d ~ , , d o  l f B Z i # / #  If8.+.,, .Ild 

G I  B A A ,  t b e u O l . c ~ c l y o ~ = C ~ .  l o r e x a q b ,  if 

Intheaualogoan.apphgA.cwnaveetorItoave~a 

(donotad bCp N(. - b) , tb, poasibiUty of WO o~ n m  i d o n a d  

608:pa~)1~ta io a bad8 to potential mblgdty whioh rill bm maolred 

bgr&ooeSngfbeiadexof thefsrstofarprgpupofiddntbal  

~ ~ t s ~  P-, i f n = & ( a t b ) ,  tbu ,mi=o  i i b i #  C, 

. and % i s  otherwid. tb. aaalle8t integer Wh that bi 
= 

a mppiag metor n=#(ac--p)  may be defi&ed for sny mt or 

vwtgo a and any smt ar veatar $ #  as shown in hf* 172. 



Exan& 6-5. Let it be mqubed ta detembe tbe kth 

e i b m e ~ t  of the set B A A. This may be perf'& ef f l -  bQ 

Program 6-15 whioh applies the mapping meter m = AA +B) to 

t B e c # t A s a t h e r t h e n p r o d ~ t b r , a e t B ~ b e x p l l c i ~  fith 

m t ~ A d B m f i ~ & ,  t b e f h g t t ~ ~ e C m p ~ ~ f t h n p s ~ ~ &  

?MB p e r f d  but oaae and nssd not be repeatad for each value of k 

treated. 

It i a  samtiPlea uaerul t;a aonaider a set A as a v.otso, 

that t8* to speaiiJ a metes: o woh that ci = Age Thi8 L denotd 

w the Sta+iamat 

Vector oposatiolla nug then be a-pp3isd to the veotac o. F e  

surmple, Prog~ra~ur  &U(a-a) be mfowulated more d m l y  in 

tema af vector operations ae &om in Program 6-l6(-). 

Because it may copfain duplicate oarponents, a metor aarrnot 

hamever, -ful to denote by the statement 

the eef C o f  distiawt acmponents of a, ~~~ t b  arered wt 



I+ i a  mmefiPles w m a m q  to reorder or (i.ew, ts 

pernu*) the compolventm of a nmrieal  vmtm x so as to ammge 

t b m  in irareasing osd.r. T b  p e ~ u t a t i o n  vetstar j required to 

effect thirp be @.,led the orderin& wetor of x and rill k 

hmtedwj = ~ X W  Tbay " 'J hats* p n , p l , ~  t h t ~ ~ r v ~  
fa S k. tb oaponent8 of a need not be dietinnt, thir 

potential ambigu%t,yrn T h i s  is dom 80 as to p w r v e  tb initid. 

rblatfve order of eaoh aet of s g d  oompo~~bnta~ ForPPellg, 4 i 8  

def'bd as followst j ie a permutation veetcrr sub that eithoZ' 

$1 ' &+I CW "i ' ?i41 ji < 'i+le If, for exap~plo, 

x = (3,17r-2,3,5)1 tb.n 1 =o. = (3,1,4?5,2), 7 xj = 
(*2,3,3~5r17) 

More generally, any veotor a whiah 1s an element of fhrr 

bmogeneow pmduut set [I B v(.) y k & e d  on tb wt Bw Thm 

3 19 I 8  de9ined ( ~ e f .  173) a8 follow.. If o = 8 then j I 8  a 5 '  

me Tlm ro ta t ion  operation k ? ~  d e w  in See. 1.8 

I n  a spooiel but very hporWnt warn of pelpp~utatio~~ It8 

d e f i n i t i a  and its extension to rm and ooltoaor rotations of 

raa.tsiuee a m  &own i n  Defs. 174-161. B r i e f l y ,  the mu r o e  



o o l d  r ~ t . ~ ,  c t ~$ACI)O~ s 

Any vector rot.tlon k h  may be e v u d  aa a 

~ t m t l t j  m t a a o n  vegtor, tht ir, ktia = aJ. ~ b .  pnem~ 

rar (or eolua) rotation ia norrr 0011plex tbur a dwla 

psmuta~cm, but for tb. .peeid o a r  ir = kc, (&A .5. 
R d c Q g .  The first atop in  perf^ a is, 

-tdl Rogmm 6-16, tbs deterahation af tbs hd- in a 

operation is given the spwla l  name of .x%ddqg, and t b  e p e d d  

notation c(b wo B) defiwd ( ~ e f .  89) as follarro 

More gemrally, if b ie a vector belonging to the p d w t  wt@/a, 

k .hero e d  aaeponent A is a wt. 3 
If, for examplo, 



d a b t i o n 6  of BlrupZ. 61, and a = (S,D), then k(ii1 wo a) = 

( ~ e f -  JO), then 

The wtual value of the rank of an elearent b i n  a mt B 

(that is, c(b Qo B) ) depends upon the o r i g i n  used for indrrr 

mt of B e  The rank may therefcaw be referred to as tlae 0-0- 

or tbe 1-migia rank acoording to the ery- ia ues. Tbe quantiw 

f r crbarly indepmdent of origin. 

In operutions swh as left justiefoation and right 

justifioatlon,it i s  oomenient to be able to epeoiip t 9 ~  we- k 

of thb longest pf ' ix  (eoUd initial asquenoe of 1'0) i n  a glmn 

logical vectw u, T b  quantitp k is called tbs p f 0 r  we- of U. 

It is denoted by 

k t  cl(u) 

and deiSnsd ( ~ e f  . I l j )  a8 f ollorss 



3 for examfie, u = (1 1,1,0.1*0*1), th.n ah) = ?a lo A = ( l n 1 4 ) ~  

a 4  = ( 1 1 1 , O )  df r is a n t p s N a l  vector w b j a h  ia~ to be 

Alte~~~~tively, xmay be rotated left by k so as to psodrw, fhe 

bit juti i~ n c m r ~  = *Tr dth  tb. dimension muhmqpd. 

The eufPim: weighs is defined n n s l o g a d y  and l a  deaoted by 

da). C W ~ ,  a($) = ul6d/J) = 3.  oreo om, ii u = 0, tima 

a(a) = OIP(U) = 0, d if u = 45, then a(tl1 = 4 ~ )  = v(u). 

The row mefix me* of a logloal mwix U is a veetm k 

w h q m  U E I P ~ P t l  arw the prefix Weight;e of the suamssit~e rove 

o;PU. ft is denoted w k  = a@). The u d u m  prefix might i(l 

d.fiacsd d o g o u d y  and is denoted by a ( (U ) ). Row and odamn 

suffix weights a m  a b o  defined as e h m  in Dais* ll9, 120. 

A n u a s r i d  matxk f may be left jus-ed by ttm rotation 

a@ = O$X, or top justif ied by the rotatloaa a(& = 0 ) ) h .  



6 Algebraia motor and matrix operations 

Tim algahraiu operation6 defined upon veotom and matrioss 

appear in ma I11 of Aj!pndix A o  Dsi in i t io~~~  l2-45 r e p ~ ~ n t  

straightforward axteaslone of camaon algebrala operations def- 

upon saalars. Definitions &-Sl  aover the m m a b b g  elem~ntesy 

operatiom of matrix algeba. The iaaorporation af the ocmpreuo 

and expard optmatiom leade ta a powerful extension of ardiaary 

algebra whose basic identities are eaamnrirea i n  Appe- B Roofs 

af them identaties are Peft eer an eaceraise. 

Bay positionel repmaentation d a number in a W e  b syatem 

oan be corrsid8mrd ss a n u m i a d  -tar x whoam base b value 5a the 

number represented. More generally, x may reppeaent r number in 

a mixed radix apt8311 in  whiuh the rruwseai~ radio08 (from laf't to 

r ight)  trre the a u ~ ~ s i v q  qoqmenta of a motor yo 

The baa* value of the mtoz x ia a 8orkr d.mt.d by ,Lx 
and defined (Dsi. 52) ss 

= be, theq ai = bw(J-i (Ud ( b € ) l x  is themfore the v d U  

aP the baae b mnber famad by the amponmta of r taken in ~~l~tural 

order. For arqnpIs, if x = (1,2,2) and y = 3f, tbea 



More gemally, if y is not of the form yG, the talue ai 

y l z  is ul. lmlue (l in tb.d balm aystmy FmI a i t b ~ l t . b e r  

formed by the eormpments of ps 'Phs rsight a e e l p d  t o  the oorpo~@at 

5-1 2s 3% ttu the weight rrssigmd to tha oaopolsbnt 5. For 
uaemple, i f  thb s r u ~ a ~ ~ v e  a w n ~ t a  tat x repwe* *lapmi weeks, 

days, hortrs, mltaruteu, and eeaoads ~~peuti 'pbly,  BlYl if' 

= (52,7,24,60,60), tba gLn is the elapsed tla in eemmda. 

T h . W  pvalusatawmtor iu~~~afurtherasrr ib l  

b*rpretatioa, forr if y is any mambw (mt r#u@8earw integral) 

tb. (yt)l .  I s  tbe ralw of tho p&xmial 

It i a  frequently zmtmrss- to syrsoify a metor j m the 

base b representation of am integer k. Tbie speoifiaation ia 

~ c l t ,  azbd the amdUerg variables muit be indidatba a6 f a # :  

demtm a ooaversion f h a  dyedie to ~~. Thar dimenskn of tha 

rewultiq decsiaril, replnraentation nust, of mtree, b, rreparati8Xy 

s p U i e d  as indicated by the auxiliary variable ~ ( 3 ) .  
To enewe uaiqmlreas Sn the s ta twmat  

k l j  -1 wok 



t o  less .#an the relat iv~ might of tho rwrrt hlghar 

0 1 j1 < $ 0  l b a  

Qlaeks a uo 

Th. d'b.miQn i x t  j is & t u m i d  by c r a m p a ~ t ~  ath fb rgaii iad 

notor k2. 
I 

- operation on -tore i a  sltem3ed to nnw and to 

51, rapw-y=- 
- 

where eaoh oomponent ai is a solra set d? bt.g.rs of the fam 

{(o,(~-c)~)),  then 4.) a Is, odl the 0-origin rank of x in @/a l a  

equd t o  the base k value of xo If, for x = @,2,1,13) 

is the elepsed time in dqa ,  hours, mhateS, enb saooad8, then 

---- 
L= ( ~ m ) #  

r = t i ~ =  7273 i. M tb ~ - o r i g i n ~ ~  o i x . ~ ( s / 9 ,  that 

is ,  x is the 7274th elemout d @/a. 

More gemrally, for an arbitrary -tor b belonging to a 

pmimt @/as its o=origin rnnk S/O .ro a determimi r 

the base v(a) value of r(b in a)-#E, that ia, of the O - o r Q i n  ind.I 

I 



The definition aan bs extended iplpsdia- to glly mmpafible barn 

y l b =  ,L (~L fn .)-I0 
a 

E, for axampb, b = (ar@), S a d  D srr the mta 02 

EX-lo 6-1, and a = (S,D), then u(a) = (4,131, ard 

is the band reoJrdexed an the proihrat set S Q  D, t h a t  i r ,  ardered 

on denomination within suit. 

Just es the matirk is defined ua a -tor ewh of rhoam 

oompomnt6 &J a -tor, so m q  *her lamb of etmwknrs b 

establlaw by dsfhimg a -tor eeuh of' whore aompowtata ir a 



matrix, and sa forth. Although in eertdn fields, sucrh se temor 

analpis, it is oonrenibnt to define more gwmral map whose 

8peaIfi.a the mmber oS learls of 8- (i.e., zero f o r  

a saalar, one for  a -tar c& saalar8, two for a wtce (d motma 

(matrix), tbrw for a -tor of matri~, eta.), the notatian rill 

he+. ~ t . d  t o  th. two lavela p n , ~  t the matrix,* ami 

t. The only essential partioularisation to two le'~t)la ocaur~ in 

the pmvlaiotl of singla  and double symbr,Is (e.g., a/" and *p; 

mfn and w; '1" and win) for mu and o o h  operation, 

reapwtivelg, and in the use af mpemcripte and subearipfrr far 

denoting rum and aolrrprme, respeetlmly. In appllaatiom 

rquhbg multipls levels, the former aan be generalhd 

adjoining to the single sgrpbol an ixkx .hiah 8pmifi.e fho 

oomdinate (e.g., and ))/*, for rw am3 o o h  u0~1p-eaaion, 
2 

d, in general, nkn.) The httm orra he gdmrallsed by wing 
$ 

a veo- index subeoript pasmsing o m  aoerpopsnt indac for eaoh 

- -- 

passage to groraer or fim Isvels of stmetum w i l l  be iadiedxul 

expllcitry. 

*rapb, if a mqueme noton, #,3,...,; .Ir to 
defiae the oolmPn mtoare of the matrix I, this will be denoted by 

the sta-t 



On the other h d I  the statamat 

defines ths m a t r i x  Z whose ror noton 9. Mere-, if h LEI 

a mwtber af a asquewe of k matrhea, the motor  v whose mqumnt8 

an the u t r i c ~ w  iL,, n4y b. W i d  by tb. .t.tamllf 

Cbrtailr: of the solsetion apsratims are partlmlarly aon- 

p~tnimt fm deCIoribiog tr8rSition8 betnesa diffornrat ZereJ.8 of 

s t r a o t w .  F a r  exmb, the rou oolapwssion a '- 8/4, (m. 138) 

orpeeifire the 43tmipanente of tho wetoo: 0 cra the 8U~e88i'w eompOmDnt8 

( j m n n ~ ) ) o l t t h b a a t r i r 8 8 s l s a f s d ~ t h . l o g i A a ~ t s i r U r n  

IfIi- ( A # o ) ,  t h a n ( ~ i s t h e ~ a r o b 1 1 0 ~ e ~ d h  

whiah fa &tan wed togethex rlth the rogiosl matsir U to pmMe 

a ooaaim r e p ~ ~ ~ n t a t i a n  orP a e o - m l h d  spame satrir oontabhag 

mM OW*- 638mu9 thb For Prwh ( W e  167) 8- 

'Po P o ~ t i h k  the PLBWX 4 that tr, \o,D,o\ ' A* Ill-timI~~ 

B = u \ ~ *  liommer., the m u  oollprrslon a- E / A ~  th. c o ~  

cap re as%^ ~ d - E / ~ c a  be to &fine th. b w ~  ud 

118fom (Dais. 243,344) obtained by taking the e'aufaa 

of A in and b @ o h  WP, -pWtiw* P w ,  thb 

shmnta  09 aaatrkAdafinsthevaetarr rrarfolbwsr a+-I/A. 
other trs+s of them ard relatad opefatiarm are -1aped in t& 



tbs tape thm iar soeb other pre6uribed arder. 

Cerbdn storage dmlees ere a180 self-iradexiag in the rcwue 

that the i t e ~  aeleotsd in the Bsxt read f r o m  ths M a e  b 

dstambmd tq oumemt state or p i t i o n  of the devim. Ths 

mart i t e m  read iron a - t ie  tape, for axsllp3R, irr deterdm3 by 

the p i t b n  Irr rbiah ths tap. ras left tbu &at praadAmg mad 

aperation. 

To allar tha aormabnt dmitwiptlon a? silgorifhPlr aorrsts.ined 

by tha ehaMIRtmd,stiorii of storage ibriaeu, the following +r;l 

notation w i l l  be adoq>W. A fib of lslsgth n i a  a rsprwmntaU 

af a YW-X cb diatmmfoa a arranged follcrrrr: 

The operatioa of t r d e ~ ~ l m g  a easapomnt fmn a file to q e d f y  



i.00, paeitiorrimg to the end of f a .  say fiZe for .hi6h Ith. 

As ia mBdlug, ewh forrard (baafasad) rsaord operation Immmmta 

(-mu) t h ~  p-itioar af th. fils A fib i~ 

mmordd during a promma is enllvr an output fib of the woeam1 

a file which is onl,y reed is aalled an input fib. 

Different f i lm omamhg In a pmm~s rill be distirrguiehod 

by right-hand aubsasipta end rrupanuriptrr, the lat* beiqe gemml3y 

mermd to denote maJw alarrm of f i b  (e0g0, fnpat aad mtpat). 

In a forward mad or rsouxd, the osro p!Wbc#.ipt llrrg k elided- 

Eabh temim3. pastffioz~ (that i8, X(1) snd &(-I)) -- 
a sing& fixed value *?mtad by X. Eaah ef the rawaiming paFt5tioas 



..' i-4 r- 
I 1 ,  ; .. 

4- d '  * J XJ) n q  uaa o m  d -rd rdwm &motad by i;,1(1....&, 6 
p g p t i w  d t b  larger India- #msmay dauddng  larger sub5p#;spe 

d e . o h o i t b . ~ l r g r a n ~ X 1 ,  andttureumiaiagoapomnt. 

by A,,. In rwtm¶hg an Itam, the 0.001ated partition i13 indimted 

by U.tiLl43 it dta the iten (eeg., - y,&) , msept that tire 

m%w & a u~u&& 0-• Th. wmtsd  e t b l l  tb*l 

The ladioation prwibd by the k d i s t i w t  partgticrrr 8pbola 

i a  rtsed to oontxo~ srr m a t e  ( k + l ) w  Wan& in the -am 

fa-ag ~ t u c h  r ~ e d  w e t i o n -  T ~ o  k~l lbh  ie -M try th6 

p q t i t i o a  ayllabol whieh bnabatm the read. 

I first and suooruir. 2t.r (oompomnt.) am tba ahorea ill turn 

I any exhemtad fils. The arthe pmoo~8 I 6  deserlhod by -am 6-17. 

-am 6-17, Step 12 indieat.. a road %ro91 tha kth input 

fi3s fo ~ ~ l f y  ths Psriabb b e  8-p 10 ay~w k tboo\rgh tb 

lmtw the set Oi s P c h ~ ~ ~ t . d f i l e a .  It i~ ~ p l ~ i f i . d  .t.P U 



uh-wtr a f i l s  is rohirrrstd (ae irdiaatmd bgr th, oomwrmw o,i a 

par tS t l s  4 l a  the md m step 12). 

fib tbe qumtity b Just read. Step 9 h r m b d a a  the pmmma when 

a13 f i lm sn sPhau8ted. stepe 1-4 I#TPonl an iatial reds ab 

d . m t r  uu -ing 0s th. fi* Of, Q {(l,)c(@))}; 

darn- the rmm?diog oi th. notor 4mmp-t p 0. fib3 f o  J $ 
51 j i3uak that uj = 1. 

drr f#r mtom aad a~l i r iom,  either 1 - e g i n  or O.arigio 



O - o r i g i n  bdaxiag ie mad, the &ad aad rind operatiom bmmm 

r(0; ~ f )  - 0, T(*;I - 4. ~1pm0t;i.w. o-ori* 

i a  umd in the fojlaring axample. 

6-7. lilr*: amJ(P01 containtha n & m z  rd 

y, ~ t i ~ e l y ,  sscrh M &bummian a. fh tbe firat phase, 4 b  

Pmpm 648. -m for Ex- 6-7 -ins with tb. 

m i &  of the entint 2 x 2  array af fi lwr. !b obviate further 

dixwtiaao Step 6 moms the e s ~ ~ ~ t i a l .  read and remd qmmtian 

WF on-1 oi the lqgid mtoD u ~h-o  lJ~2r3  
~ ~ ~ r e l y ~ c l d b s ~ p t a P t h e f ~ t o b a r e a d , t h a  



~ ~ a 3 l e ~ t g f i l e r ~ t r s s v e r y ~ e s p s b b l l ~  

indieatad try the praoent mtaticm. Soam fi-, for aarnph, o m  k 

read apd morikd ia the faolead direetioa anfy ad, oxaqt far 

M, aagsrot k, poaitionrd Mitfow to wM.tr- 

p a i t d m  4 met then be pd'oxmd a suaem8.ion of (bl) 



I 

I 

subsmqmntnabr;. Insiolpsfilsr, 

th. i ~ m d  -tion w, ttm pi~olr m t ~ i &  t 

tb, data itmlf. C o n a a q u w ,  momding in m$ba k 

maabo mrdiabb the data i n  all lltlbH4qutBnt porritiaos, asrd 

xwxmihg sarst al.eg. proowi tmmgh r31 - s i n  p o o i ~  

until terminated. If the tranalatioa Sror ths pmgra~ to tb 

eomptar o w  I s  to be kept s w ,  tb fib opeu~~tiamr sqliopd 

~ h c r r r 2 d ' k I l r i k d t o t h o # s w i ~ t & a ~ t i w r o f ~ a r d l . b ; l %  

W~ar graph, its e-ta am d h d  -# nodwr aad an ammuhtion 

i r o m n o d . i t o ~ j i r , ~ a ~ A W n o d e i t O ~ j c  



mil. pa axid P-2. - q .Ild P-1- - tbuui&aa, m a  
flw node8 af the path, mqmtfrsly, amd eithar nrgr abo be crallsd 

a taxllPiaal node. Any Mix d a path jp ia also a pgtb (pomtm.iag, 

p p e r a u b p 8 t h a t p .  ~ r m b p a t h a b p i s r d d t o k ~ ~ i n  

p, aad any propar mbptb is rai8 to be pmp0~I.y aontaixwd. X t  

lain.lrmnl path* In tb graph of Fig.  6-2,  fa^: aaaqib, 



A graph (8- cue Pig. 6-3) uU& wntcrino m airobits and 

w h i & b a s a t e t o s t o n s b r e w h e ~ ~ ~ i r r o r r l l v l a ~ .  

Warn aaoh nodn ie anteed bg at m t  one b x d ,  s path atistiag 

betweemeaytnonodeainstree isuniqum,arrdthhb~ofpafb  

is Ulr#rrW -e I l o w ,  if tro path8 har, t h  8- fiarl 

no&$, fe a mtrpath of the othac. 

S i n c m a t m m ~ ~ r u u a a i m m i t r ,  the'lyrrUIefpathiaa 

W t c r  t a o  is bouabrd. Thblrs theref- exist maximal p a w  d o h  

arrr properly amtabad l a  go lo- paths. Tho irritial d final 

n n d e r r o f s n u r r i m l l p a t h a r e ~ a l l e d a ~ a d l J & o f t b ~ ,  

~rcwpcetlw. A r o o t i r s d d t o U e o n f h . $ i m t ~ a b t h e t r a o  

d, ingcwrrral,andkrhi8hIlesattheeMofapathufbmgth 

j f l . a a r o o t , U . o i a t h e J ~ & m l o f t h e t a m e .  

A tree which uomtabm n roots i. said to be a-w&y mmted, 

a n d ~ n = 1 i t i s a r l ' l a 8 a p o ~ t S . . .  E n > & ,  tlwrrrtrort 

~ r e ~ ~ ~ o f ' t h u ~ r ~ ~ k  sndi r jo in t ,  fas 

i F c u r y ~ ~ ~ a n b r r b 3 i d b g . p a t b ~ e s n b o f t n o d i . ~ 0 i s t r 0 0 ~ ,  

arm i m  a p m  aubpath & the other asd i a  M c w e  not madmale 

I i i f w r i r s , a r r y a o d m o f a t r a e ~ ~ a ~ O i w h h h i t l s ~  

root, eollsiatiqg of itsslf am3  all^ rrtaohablsf'run it, with 



uhi& rill k donatal by tqpor-em krldCabs Ramw &ar&armo 

f h s h b ~ t a b r t s r s ~ i E I d i l P % ~ r s t b ~ ~ ~ ~  

p t h i n % g d i . d . l l o ~ b g . * ( 9 .  ~ h . o f i a a I # m l  

~ i . ~ t b . ~ t o f M j ~ i . d a D t a d ~ ~ J ( ~ ;  tho 

tOtal~oCamass~gieesllrdtihe.assrtolt~ePPd~drrwkd 



rt (2,2,2,1), (2,2,2,2)# sQld (2,2,2,3)* Z j a W 

oC th. trr Ti, fbn (&Ij fb * I r S  (i@j)* 

A path L Ti i. den* bg ( ~ ~ ) j a  For -18, if3 is r momding 

irdiw 1 and 2, mapeatidy, them #a pafsadl mala aaa+.bm 

T b  .ilb.r of *ub.. ))n140. nod. ( T ~ ) _ ~  i. a d 3 e  it. 





~ a d l 6 1 m ~ t o r r ~ d a i s t h m ~ o f n o o b a b t h 8 ~  

in th. rmat that v( i )  = 0, erg., st tbe atfnt. T&.odt am 

I F k p , 2 o o a r t l r ~ i f t h 8 t r r s p s u r s 8 u a a p a t h r q a d t o ~  

-0 









ai R, is .trio* pocative, th!m +/r, tb. root - a +/a* 1. 

aw posits*, sob bywth..i.+bm. trug p.rs* 







* thn -a* is -is (is,, its m), t&r 







pemmtation of the tree at Fig. 6-3 to prodm t free S of p. 
Pig. b4. 

Homogeneous trees. I%, for eaeh 1-1 of ri tree, all nod- 

on that level are bf the same degree, tho hw is aid to be 

hawgemmom. The atrwturo of a Izomogerrwus tree is aaaplet.ly 

oharaoter5~~4 by the maber of its mta aad by t degree, _& bwh r 
1 3. These quantities a be aombined into a lsill&~ des&p+m, 

ppppppp------- 

----- 

me u p i o n  no* q ( T )  N 6.f- to-8 +lp is th. lrmm 

ooUsatio~r of hamogeneoua trees sad their asaouia dirnpersion mators. 3 

- 

j E { (Z ,V (~ ) ) }  . The oaprm*rt v (_T) i 6  oalled the J 
h l  j, and speuifies the number of nodes of level, 

A txw 3 for whioh d ( ~ )  = BE is o a M  a 
w 

and a tw l o r  mhiah ~ ~ ( 2 )  = 1 and zlh($) = XI€ 

dl8penion ob 

j redubb from 

The dispersion -tor i a  i n  ttrrm, uniquely detamine by tho mament f 
veutor auoording to the relatiou 



Altho* all of the 0 p m a t i 0 ~  on g a ~ s l r s l  

a p e  to bapogmaoua tmma, aat a11 of them 

trees. Baoau8e of the Impartmue of hmo@wum 

system ef eperat5ons rlll be def'iplea upm &em. should alro be 

remarked %at the logical uapresdon apa~aUoll w J W t = @  

P fo ] p ~ ~ 8 1 1 % 8 d  bgr a h w m m  2 
/v 

therefere homogenreeue) bgieal t.lw, E. 
lbmuation a6 deiaed prodaims a 

applied to a h o n o ~ ~ o p z s  tras, and rill 

in the. syt3tsa. If T - is hcmogsnsm and 

) = T and v (x) be obtahed 
/ * u 

qxwatian i8 adlsd ~ m e r ~ ,  ia denoted by 

p-\r,~,& 
mii i m p ~ s a  that i : ~  = _T, ipd LYP rY = n/ 00 c ~ B v , , ~ ~ ~  = , a j ~ ) \ ,  

ae~ o o a p ~ b ~ ~ t y  reqriiraa ths*p(~) N &firm m inteba~. ai.preion 

. Far example, the e~ppoaed mawat vea-taT pr * {2,5,15) 

defi rms the ~&~pposed diapersfon vector n= (2,2.5,3) w h i c h  is not 

integral, and w i a  kher6f'orer not a legitinurh m t  veetaP. 

An operation whiob in j bbtgol a spesified g r a ~ p  of 

n & r f r o m e r P a h a f * ~ p s ~ a ~ m t i a M j - l ,  

and alrro wlaove8 the entire sublaw8 rootea 3.a the bletsd mod-, 

m i l l  be oa l l edpmni~  of the jth level. T h e  thar gP?\laed 4reo 

agfeea with the 0rid.nr'l ili the first j- 1 lemlu, qaa the di8pemian 

8eota-8 agree in aPT bt the jth co-t. Pore ~~, b 

sfstemat 



i. ddinad ftsr a campatibl, -tor u slmh th.f ~ ( d  =vJ(3) ard 

impU88 that of .w = da1/Yt H and that (?!-l~)k = f m 
r I 

Tbs Q O ~  operation is oallsd #rd?ting at t b  jth h l  

am8 iB a4Lbotea by the stet;swwt 

.hich 5splie8 that VP = Jt a d  that ~ ~ - l / ( i i / p )  = Po Tim eom- 
j 3 

H 

p a ~ ~ ~ v  rsquirsneate - 
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u3 Cmpter program for x = n 
prf4P- 6-5 







Y a m  mUtiplicmtion udng  leading de~idoru  
Program 6 8  



A refosmulation of Program 6-8 u s l q  an algabrala 
atatem6nt of * ?3rmmng 





Selection oa baPk l&@iw & (J!kample 6-4) 
Procp?aas 6-U 

P c ( z 1 3  ' 24) / L  

c . c q  < -1004 /L 

n r - - ( ~ ~  > -4 /a2& 

is--(% = 4Esd l e 2 ~  
i 

I, . 

L~ 

J 

Bank ledger 

kth .oacanf 

L: 

b 

~ o f k * . o c ~ o c ~ ~ ~  

if aamuot nmMr mUBQd 

- L; ~alanm of k~ amouat I 
2: Loo-fj number of kth rOOoltnt 





Program for Example 6-3 

Program 4-13 

* J 

L 

k 
L kth account 

L: 

I k 
112 

L: 
k k k  
L , L , L 

4 

Balance of lcth account 

Account # of llctlb accopnt 

Name of kth accauat 

Logical variables giving 
'tatu* (1 if Mlrc. 3 2) 
for three preceding 
periods 



A Set of correrpondentr in 
Program (a) and set of 
argument6 in Program 
@I, (c)* 

B Set of arguments ia 
Program (a) and set of 
correspondents in 
Program (b), (c).  

j k Mutually inverse 
permutation vectors, 
th8t i8.jk = k l = I  

C 

Mapping definud by a permutation vector 
Program 6-14 



Detsrndaation of b = (B A A)t 

Program 6-15 



\ 

A Set of correopondentr in 
Program (a) and ret of 
arguments in Programs 
b), (4. 

B Set of arguments in 
Program (a) and set of 
corre~pondent si in 
Program (b), (c)  . 

j,k Mutually inver~e 
permutatian vectorr, 
that i., j* = Ll = I .. 

* 

Reformulation of Prograrm 6-14(a-c) 

Program 6- 16 



L 

i' ROW of output files of 
dimenrion m with 
terminal partition A, 

P output fi le 
1 

8 
' Identification quantity 

for output file 

P 
1 Filee u/ * are 

exhsueted 

b Item to be recorded 

Pnogram for Example 6-6 
Program 6- 17 



Control vector 

Column index of 

Column index of 

Row M a x  of curreat 

of read and record 

Program for Example 6-7 
Program 6-18 



T Givsn tree 

s Given path vector 

i Path i a d e ~  vector to 
be determined 

f i  (9 Moment vector of 

L,(T) I Number of root. of T I 
Y cr 

D e t e m i ~ t i o n  of i auah tht T' a r 
N 

Program 6 4 9  



1 , 1 Right list of & 

Right index matrix 
of 3 

Index of row of 8- 
currently examined 

Row index of node 
reachable from 
node 

2 

Current index 
vectar 

0rii(in of inbx a d  
in use 

D e ~ ~ t l o n  on@ the Ldex .a& I associated wlth a right U8t 
Program 64% 



Determination of thg index matrix I amociated with a left list matrix & 

Program 6-23 

* 
L 

I 

j 

i 

8 i*l 

r 

v 

Left liet o f  Y T 

bft index aratrlx 
of ,T 

I x d . x o f r a o f 1  
being dote- 

Index of path node 
preoeding noda j in 
ourrant path (step 161, 
or i d e x  of last 
pmvioua nodo 11hom1 
branches remSia~'-~ 
unexhaueted (Step 21). 

Iadsx at ̂pride folloring 
m d e i i n h t p t h  
traaed mala i. 

Parameter far teeting 
well-f mRat%010 

h&nt index -tor . - 
4 lop,$,& of r h & e *  %GI- w 

I 



u Left n o d s v e c t o r o f ~  

L LeftUelt0f~ 

j Index of ' f i re t  sem of u 
(Step. 4-8) a I a d a  nl 
root of aadleet oubtme 
containing deleted node 
(SWP 12) 

d Change of dogma aaumd by 
deletion of nod. j 

r N-r o ro s indiaated by $8 infix (a A )/L, w h e n  3 ie 
initial value and k+l i e  
owrent value of j 

C 

Detemlmtion of the left list L = 81% (M) 
Program 6-22 



Pernutation of T ( ~ i g *  6-3) to yield & (ma 
H 

P r o w  6-23 



Veator as a dirsated graph 

Fig. 6-31 



A g8mral dhctf td &ra* 

Fig. 6-2 





F u l l  lsft list matr ix  cfE 
(a) 

Full PQht list Atrh Jg 
(b) 

3 a o o  o o  1 
2  b o o  o o 2  

2  g o o 0 0 3  

4 a 0 0  0 1 1  
0 P o 0  0 1 2  
1 n o 0  0 1 3  

0 j 0 0 0 2 1  

a h 0 0  Q 2 2  
0 h a o  o 3 1  
o k  0 0 ' 0 3 2  
0 f o  0 1 1 1  
0 d o  0 1 1 2  
0 e o o  1 1 3  
o o 0 o 1 1 4  
'2  h o  o  1 3 1  

Full lie matrime of the tma of Fig. 6 3  
Fig. 6-6 

0 

3  
0 

0 

0 

0 

2 
1 
0 

0 

0 

m o  

w 

q 
v 

t 

y 
u 
x 

s 

p o o  2 2 1  
0 2 2 2  

0 0 2 2 3  

p o l 3 1 1  
0 1 3 1 2  
0 2 2 2 1  
0 2 2 2 2  

0 2 2 2 3  
2 2 2 2 1  
2 2 2 2 2  

2 2 2 3 1  



Compreesion of tree 2 of Fig. 6-3 
Fig. 6-5 



The of Fig. 6-3 permuted by Prograa 6-23 
Fig. 6-6 



Orrafting at level throe 
Fie. 6-7 



r L i t e r a l  
Alphabetie 

variable 
Alphabetie 
Muneri&r 

Roman, u.00 and 1.0. 

s t a n a d  riled 

u.0. italic 

u.o. boldface BoPlraa 

Unmarked 

Undersaam 

Umaked 

Red 

Bed 

Priatedt a,b,o. 

Standard Numerals 

Typographic conventions for dasaes of operand8 

Tabh 6-1 



I i 

Variable Rangs and dinension Me- 

H = 2 ,  dl0 = 13 

S S u i t  of card i 

D Denomination of oard i 

CaFd suit8 

0 Club8 

0 Diamond8 

0 Heart8 

0 s e e 8  

Card denomination8 

2 Dew 

3 

0 King 

0 am 

The definition of aplgbole 

Table 6-2 





! - (Iperation ibtation Dshinitian CoqmtibiWy 
1 

1 j c- V(A) Hambsl of d.awnta in 
Dluemion mt d 

2 j v a mber ab l ? u m ~ n f r  
in rsotar a 

3 1 -(a) j, = '(ai) a is a motor of 
aeta, id., ewh 
oos~poamat ia a set 

4 Bm A lJllslbar ef aompOn611trr 
dimautalon I n  eaeh ran metor 

af A 

5Colram j-p(~) ah& of aompobnta 
dirssrrsion in eat& oolr;romr motor 

Qf'A 

6  eight j+v(z )  fangth oi longest 
.arirelpathin% 

7 Mownt j c - 9  ~ o f r r o d ( w 0 5 ~  

8 Hull o 
eJmmat 

9 m.ll o ( ~ )  
elmant 
d set A 

10 @ @ = 0 far 0-origin 
isdtging 

war = 1 f O ~ P  1-origin 
orisin -w 

11 rb (4 I&= origin  ad^ a, 
rrhaT1, a is a set, 
-tor, matr ix ,  
ar trss 

L 4 



r i 

muMfitV ~ i a i ~  ; Operatiaa lJotatioa 

sclxl 
s-1x1 

Z-IX 1 
N 2-151 

g = (1-2(*))~ x 

@i P kil 
23 = IL:~ 

(&I$ 1 1(&)j1 . . 

I 

121 

~ ( 8 )  t V(X) 

4 2 )  = J(;I);p(ZI)=rCr) 

([%I+ = (lg@ 
. .. . . . , 

. . , .  . 

13 

14 

: -- 
. .  .", . . .  .";i 

k ~ r c k + l  . . .  . ...:.;q,t.. . . . .  

I 
I 

151 

. . 

171- . , 

prn?.:'..,',: . . . . . . . . .  

f;.;::; ,.. _.:. ... . : - .  
, ,,; . . , - .." . 
. . . . :  -. .I:!.: 

. . . . . .  ,I,,' .: :;;: .- . .  :..... 

{ ; ,, if; 2. . . . .  
. . .:,,::. :<:..$..is #; s: 

k c u  . . 

. . , 

x c l x j  

g 4 4  
' "  . 

19 :ii-.:.:.: I ... I , . . . .  ; a: . . .  . . .  . . .  . . . . . . .  
. . 

ki = kiJ 
K: = kt1 

(g )a . Lg )J] I i 

al ; . .- 

21 

22 

23 

24 

25 

26 

27 

. . .  '. ', : , ..,..! ;*:; ,$'7$' 
+ I  = *GI . . : , .! !. i;w/ i:F-!: .,. 

.- . . . .  ' . 1 ;-j :,.e 'i *.!;!:. :;: j: 

. . ..i. 
. . . . 

(w)+ = 

k z x > k - 1  

= F.51 

K: = k:1 
Q ~ ) J =  [crl)jl 

k 5 i (mod j ) i  

O ? i k < j  

k t = l i i ~ j i l  

i i 
~ f =  ~ I ~ ~ J ~ I  

(4 ) j  = 1 1 

. ; 2 ;:.,.*;i; 
. . . .  . . . .  :.: ;. ... .! :! I .: . 

,!::; < i /,.. . . .  .... .) .,: 7 1 .  .. , ',- .; j:.;. .b ;. *or) = 4 x 1  I :, , 'i.;.. r . ; ! ; , .  ., 
a. ," 7 ,.. ,,.. .' ,; 

*) = peg) =A) ' . ' . 
. . 

(D)+ = ( L Z ) ~  
. . 

. - . .  . . .  . > . .  . . 7 . .  . ,.. . . . . 
i " . '. 

.. :. - 

v ( t )  = v ( i )  = 4 3 )  

. . 
~ 6 t )  =d1) = + I ;  ,., 2.-; i. 

' ' '2 ,  .:r, . ' :.: .. /r(l[)=Ar)=/cGf) . . . : . .  

<;:. :. . , .._ . 

( = ( 1.b = ( [J)+ 

, . 

, . ,  . . 

: : .  .. 
. . 

:Ca iuag ,  

midun 

kclxl 

k--T.l 
4 x 1  

a x-rg 
k - l i s ~ l  

k ~ b 4  
K c ( r d I  

K .- 1 ~ ~ ~ 1  n, 





-, 
Operatitm Notation ---- - - -- Definition 

40 a-x x y  +(a) = * (a t )  = +) 

D m  
I psoduot Z c x x ~  a L x i x $  3 3 j *@) = v @ )  = *I; 
' I  
i I ,421 =pCr) =HI 
I I 
i 42j ." z-g  xz(g1)J  = (g2Px ( ~ 5 ) ~ ~  ( ~ g b  = ( u ) ~  
1 

I 
- U 

10: b c - x t p  ai = xi + yi *(a> = 4x1 = 4 y )  

l~irerot f i - i  i 
44 : quotient Z - z j  - x j  [j+ Y j  

I 

4 2 )  = 4x1 = 41); 
-43)  = Ar) = A n >  

I 
! 
i 

45. z_--x + r'cz 13 = ( q j t  - - 3  3 - -  3 - - -. ., 

46 s-w . 0 = 4% X p) 4%) = -y(y) 

47 
i 

,Inner 
I. i ( A X )  ; 4x1 = ~ ( J I  

produot I 
168' E - : *, 

A i ~ ( 8 )  = *(E)i ..(*I S A Y )  
i 

49 v(z) = v(r) ; /c(z) =/.(a; 
i 
i / +(I) = A T )  

I 

I 

50 jouter 
I 

2: = xi x 3 r v(z )  = -.(r); ~ ( z )  = *(x) 
, p r o d ~ t  I I 

51jveator . c ~ . J  I 6 =+sly -+ty i 4.1 = V ( Z )  = *u(J) = 3 i aross i 
. m* I 



I .. . . 
( .  I . .  . I I1 

chpatibility 

47) = ~ ( x )  

4 x 1  = 4x11 
4%) = p ( Y )  =Ax) 

A Y ~  =m)l 
V(8) = *(Y) = 41) 

- - v(b1 = v ( q t  

b 98 

*(s) =&); 
-h) = y(B) = *a) ;  
~i ,@,g 

4 s )  = 4B); 
w b )  = 4.1; 
Bi E @/a 

Operation Yotation Dafinition 

52 s =  

6+i = (x/@~/~) 1 + (i= ~ ( ~ 1 -  T )  
Bsse 

s i=  ,lxi 

54 s c d l x  a i = ~ 1 q  

55 ~ e s e  y valr~r 
~polsnomifi 
in Y) 

56 

58 

%o-(Jc)L = ( Y ~ I ~ X  

z t y l b  
a 

.-).dB 
a 

-- - 

s = y l(c(bwo a)-+€)  

si = , l a i  
8 

.,= I ~ B ~  a 



Oqpration -tation Minitiem Gcmrp.tibili.tg 

O * * *@a ii v(a) # 0 @is my biw 
59 bcqa b=r5+1 -0 if 48) = 0 errfmiative r: 

opssabr (mah m 
x,A,cI,~) d e f W  
u p  ths aom- 
paaenta ab a. 

I . '- 60 b c  ?A bi = 4 3 )  =A&) 1 

6lQ1.ight b-94 bJ = V A ~  db) = u ( ~ )  

& 
-- 

4 b'tYQ&c- - 

63 b-YA A/ b = y(~fC++~ 

64 
+ 

x-Q(y) x = /y = €7 

65 Weight x-.(T) x = +/(+/t) = 
\ 

66 x-e(x) x = +e= +/z 
67 --a rr V/X = m6, ad ((Sno)/x < ad =G ~ ( r )  = b(uj = v ( x )  

A A 

68 M o l n n  V - U ~ X  V f i = m e ,  and ( ( V A U ) R ~ )  =6 '(v) =*(B) = a@); 
A A v )  =Au) =P(x)  

14 = 111'g , and (C 4 ~mNrCrcmE@=3~~~~~~=-(-~~ = QJq - - 
A * 

'70 r-u r v / x = m € ,  and ((Y~a)/x>me) = €  *r) =v(a) = 4%) L A 

n wnimn Y-u x ~ / r  = m ~ ,  d ((PA U)/X m6) =6 V(V) = *u) = d x ) j  I A Av)  = A u )  = A x )  

n € F-ota !a= m ' r ,  Y ..a ( ~ g ) / 2  A, >I>) A = (b)e= (~9; = (154 



Operation Hotation hffnitian Cmpatibility 

73~embar- x E A x is an element & the 
SUP set A 

74 Recederme x < y element x preuedes element r € A y ( A 
A Y ~ A  

75 Inclueion B 5 A x € B implies that x f A 

76 Inter- C - A n 8  CisfoPmsdfromAby 
aeotian stlppsessing each % for 

which 4 1  B. 

T7 Cmple- C +8 C is formed from the 
mmtation universe of disaourse 

u by sUppZV38~illg each ui 
for whiOh Ui E A. 

78 Comate- C +(A,B) C k4.,4+18 AAB =: 0 
aatlon % sBP+ls e**sB -'l' 1 

79 Union C - A V B  C E  ( A , B A H )  

8 0  or C+-{(a,b)} C r {81s$+l,***r~j),  a,b € A  1 
interval A 
of A where a = 4, b = AJ i < j 

81 o-k .t b b = Ai*o = A+ 
A 

kth b € A  
j - 9  = ) i + k - + , d ~ ) I  A m e y b  

BUC0888Or elided if 
i n  A it is an 

82 c t k t i  C , = ~ ? B %  infix of 
A A ' A 'the set k be 

of elided 
83 c c k  4 b b = Ai-o 

AJ; 
integers +if 

A b 6 A  k = l  
kth p d e -  
68880F j- 9 = lia k w # y v ( ~ ) l  
in A 

C * k i B  C,=k$B, 
A A * 

B t i A  1 2 



87 CFllrtesian 1 2  C - A e A  @*.%1P 
prodwt 

88 Hoslogenec#rs 
product a0t 

c-- PI& 

89 'element m- ~ ( b  uo B) 

90 -veotorr a-~(b 10-8) 

91 matrix P- L(B wo A) 

92 tnee ~ - L ( ~ w o A )  - 

93 Set t o  vector a-A 

I 

94 Veotor to set A- a 

4 

Minitian I Compatibility 

~ ~ m e l w ~ ~ n t . o i ~ a r e  . *(~)=4~4.*~)1...~ 
r r c t a r B  o with i 
40) = n, and cLC A , 
so ard& that if 
a # bp then 

A is a m a w  of sets 
V ( B )  = 4 ~ )  = 4Al 
4) = AB) =AlS 

Ai = bi# *reb=u/a, and W(A) = nmbr of 
h is the logical vecrtor of utwt ~ V m n -  
greatest base 2 value for 8 

*oh all coerponents of b 
sre dietirwt 

I 
Ordered set8 



Def initioa 

w =  1 @ U = O  

.I) 

96 Negation a s-'t wi = ui 4 ~ )  = *(u) 
i m> 

v(w = 40); /("I =Yo) 

.v(  a) = 4 ~ )  = +(vl 

Y('&.) = 4u) = dv); 

b g i u a l  operations 

Sectfon VI 



t 
Operation Notation Definition Canpatibility 

107 w +  (a U b) w =  1 e a R b  6 is a binary relation 
onaandb 

108 r-(a R b) mi = (7 hi) v(w) = 48) = 4) 

Miad M - - - - - ( A ~ B )  < = ~ A ; & B ; )  lo9 rednctiatr 
4 ~ )  = 4 ~ )  = 4~); 
,4m) =,A41 =,P(B) 

110 y-- (46 21 ( ~ ~ 1 3  = ~ + ) f  8 (gi)j) ( ~ 1 ,  = (lg,.$ = 

lJ l  c+au c = a i f u = l ;  
c = O i f  u = o  

112 st3alSr au oi = 8% 4~) = 4 3 )  
replacemen* 



Operation Notation D dinit ion 7' 

Compatibility 

k - du) 
k= "Y ( ( ~ / u $ / h ) x  (+/,Jlh) 1 

r-.Nu) r , = w ( $ )  4 k )  =,4F) 

k d ( ~ ) )  4 = U(U.$ ~ ( k )  = *(U) 

hi&. operations 



Special logical mtorrr, matTima, and trees 

*tbn V I I  

125 

1 126 

I m 

128 

129 

Uo 

13% 

3.32 

U3 

*'ation 

U n i t  ma& 

Full mator 

M h  - 
of weight j 

Suffix protor 
of weight j 

IdenU.ty . 
matrix 

FuU matrix 

hvel  tree 

Full  trw 

Mix tree 
of neight j 

U4Suffirtm 
of might j 

No- 
tatia 

€I 

E 

a 

oJ 

I 

"E 

E 

+' 
j 

* E  

Defiaitioa 

= (j = k) 

Ck = 1 

Hnt j oompmnt. 
of ad are each 1; 

'nwt are 0 

krat J ompolrent. 
of m eaah 1; 
rest sre 0 

= (j = k) 

E: = 1 

P E ~ ) , ~  = 

I 

Cornpatibill ty 

1 

YPE) = %I 

2 

Dimasion 
or sfmature 

* def- by 
oontext 



OpmatW I btatik I Def inition 

Vector 0- dca 
crompression (or cr c-u//a) 

C 4 - d ~  
Bow 

s -db 

Components seleoted like 
e k n t s  in set 
co~nprgsaian 

C is obtalnd by sup essing 
"fron 4 thost, nodoe '(" &)I for 
whiah (tIl)l = 0 and w o n -  
llecting so that node a liea 
in the subtree af rooted 
at b e  a Uea in the sub- 
of 4 rooted at b. 

Sestion VIII 

I 



Definition I Compatibility 





!-b 
R 

I I '  
I 1 

I 

DsWtSan C o q a t i b i l i t $  . 
I 4 

i.oh jL l a  a distioof clrmDt al I T  

I {(& AJI- ~ J I R  h 

(ak * -&6 Identiw, 
pePmutat.Lm reetoz 

163 ,MappLae *&Or 01 E a a k ~ i . e i t h e r a n u l l o l . m t  CW 

I an iP',teger 
- - f 

i 41 t a m  o s r ' ~ ; k p = p 1 ~ 6 A - .  

osr reotoe 
~ $ i ~ C t ~ i ~ * ~ ~ t ~ ~ g ~ @ ~  p ~ ~ a 4 ) ' ~ e t , ~ ,  

I that pi = a , w b n  C is tb. 60% of wefar 
di 1 

d i s t h o t  aonpoxiente of &,- 
I 

'.73 Ordwb& veetCrr 3-8 3 18 a pmutatlon vector suoh tht f o ~  L o=a I t  eithv c:$ = el+* la c$+l~ 4 
0 

Or 0% 4 *%+la 
B 

I 

Map#ng and permutation 
seeeioll I% 



Opcrsatian Botafion DefiniCion C-pa-tY 

1% 

176 

- 
c c k ? ~  C,=A, # J-e li+km +,V(A)~ 8I.m 

Deftis 56-37 
Set rotation 

@tt c-kb~ c p ~ ~ ;  ~-+[i-k-b4~)1 - 
ft o t k t a  cq~a,' j-Cli+ki&r(a)l 

--- 
------- - - 

1'77 

2.33 

179 

UD, 

o c 4. "pcq' 1-c 1%-b 4,vcG~ 

Row rotazio 

rotasan. 

lb82 

4 

~ 4 - k f ~  &kt?? 

c-kh JI' dc1.44 
Fl k(c)=/((b) 

~ - - k b  Gj=kJbj 

G C ~ ~ L  c ~ = ~ $ & ~  

TranrtpoEm ~ t r  C ~ A ~  



-fi= Efotatioa miinition CoarpatibiUW 

ls3 
P 

Rrll E i 61, j a 

le(=.-w(-' 
1 P{~P&)+,) 

zi Ff;; 4 ] J rg4tfi)+4t 
ls5 Col\833 4 C 

186 F U  
, $ A p a r t i t i o w  npnat t . t i on  et a 

veetorr of tb forr 

A(+) S+ ,A(4+1) * & b ) + p  
A(v~~)+~)P**"~I(-~)P 
~(r) is the partition at positioe r 

A(*) = A(-#) = h 

AJJ ~ ( r )  ~{&.~.a.-} 
187 + k t  to pait ion r 

P08iti0n fib 
1- (- p w q  if -4) r r ( $ ) c p r  at ..ah i i ~  of rali to position 0' 

189 (ddIr irpdi fm-+)  r(q )+re Set eaoh file o f  columnz, to podfhn r 

190 n@trE: Set  s a d  f i l e  o f 2 t o  position r 
+ 

v 

' "Filer 

Seotioa X 



l b b f i a ~ r  Definitim Copp. f ib f f l~  

in r .  z. 
partltiorr A ( r + l )  4- 
by dke and StoP a t  k elided 

position (*l) r i s  I f  b0 
R e d  mtid 

192 p o d t i -  r # Q 

by .nd Stop at podtion 

(-1) 

y-3% spoify r by zre .top at 

1 
r .  zero 

0 l 
poeitian (ml), branah po?sJ=iPt aeY 

B s d  auuording t o  A ( r + l )  r l a  be ellded 

1% J t;j:  poi^ y by rrle atop at ~ t t . l  , 
position (r-l), bran& poeitim , . o q  t o  ~ w r  
The cmmss opentiom def lnd  llppr a@) = )(D 
htriwo and veatma may be extended 

ireetly to fUe m b ,  e.g., 

du) =A@ 
p-I ,  cJ-wm-#c q*) = 7(p) I 

Files 
Seotian x 



197 bight V(P )  A) Dbnaion of bng~8f  path in N A 

Moment veutor 

H U i b o r  of roots 

------ 

Number of haves 

De- of node (A') 6(($)-#) .I 
Degree of node x 

Path I 
I +- W 2 

e is tbs terminal node of 
-- 

------ 

1------- 
p"th A 

bmral ordered trw8 
' h  

Seutlon XI 



- 
operation 

209 Tm t o  VeatoF 

Ve- to tree 

~ ( b  wor)  If u =  ( ( J ' g  be) = 0,  tbn 

di) = 0 j  i I t t f 0 ,  tbsn 

i = woe I/., .bm 

[ C I J ~ ~ ~ A  IQS of tb." A is an index 

fa~a 'motor of & d 
* A  j < k 4") ZXI) = 40 

MB)C)PJ a e ha = A& 

v' 

Gsnaral ordered Wee8 

Secrtion XI 



6)peratian Hotation Definition Ccrpat ib iUQr  

-.. 1 
4 

2l3 Blgbt degree veotar k c a  
-. 

214 Left degr0e reatar 
1 

k t a  /L& 
and 1 is the i;ietrd 

215 Bight node vector b c t ' ' / ~ ~  

214 kft node veotor b+- €*ahk 

217 Ful l  right list C* JA C9 ia tb. fight (left) 

d e m  rector of 4, d c)=v(&)+~ 

t =#+1 
is ths right (left) a(c)=A&) 

node V a d m  af' &, 

2 F u l l  left list mtrh C+-LA* I • J index matrix o f  *_8 

2x9 Rigbf list matrix c - ~ ~ / J A  

220 1nhliatm8trix D + - a 2 k ~  

221 Path l i e t  matrix C C -  1b S'/C = zl&, d I&)= t(U+& 
k = a'h I s  tho uath 

* da=!A$ 
v e c t q  suoh that 3 is the rcl. 

Index in C of the first node 

S eaanating fPan Mda Cel 
- . 

General ordered Wee8 

Seotion XI 



a G)=r ). s h ) = ~ ( g ,  

and the ~ o v n e h t  veotor 

,q(;)+&J, la s &A 
must detemba an 

integral dispereion 

matar dgj 

m a t h v e l J  g-4 8 ia o b ~  by 4.)=r(S 
1 

1 
aubtnes Ilr for "hioh 

1 
uk* a& v(%)=j-l 

ww at  level j p+)s,u,& algl/paj'l/ai ;J/Y(s)=G~/u(Es) 

liJ - 1 / c G ) = ~ ' - ~ / ~  H Iv 7, (;I=&); yl(jq)=s(u) ; 

iiJ-l/c*>a < ( 3 ) = 6 ( ~ )  x qm1(g) 
1 

r (_P)=/~(T) , P*,u(u)/ 

Homgemous ordered trees 

seotion XI1 



L 

Compatibility 
Identi ties Wuiremat8 

1 u / u \ x = x  6('9 = -4) 
2 u X u \ x = x  d u )  = &) 

3 3 / u \ m : = o  du) = 4x1 
4 ? i B u \ \ X = O  du) = Pa) 

1 
5 x = u \ u / x + i i \ i i / x  Y(U) = 4 x 1  
6 ~ = ~ \ p l l [ * i i \ \ ~  x , do> = & I  

u(u) = ah) 

I + G \ v \ G / v / x  + i \ i j i / ; f x  Il(d = & I  

( u / x ) Y = ~ ~ ( ~ \ Y )  4u) = 4x1 
a(u> = ,411 

9 ( u \ x ) P = x ( u l z )  a(u1 = vOL) 
v(u) = ,411 

10 u / (n) = X(1& / Y) v (u) = 4 ~ )  
u \ ex) = X ~ U  \ XI ~ ( U I  = 4x1 

12 u / ( x x )  = (u l' x11 Y(u) =PO) 

13 u \ (nr) = (a \ x)r a(u) 
- 

u ( u / x ) ( d ~ ) + G / x > ( 3 / ~ ) = 1 [ P  du) = 34x1 =,U(X) 

1 

1 5  ( u / v )  / ( U X X )  = ( u n t )  % x =  C Y / U ) / ( V I B X )  Y(U) = dt) =/(XI 
( u / v ~  / ( u / x )  = ( u A v )  / x =  (v/ U) / ( v / x )  V(U) = d v )  = 4 x 1  

r 

IZlementaTy identi  ties o f  matrix algebra 
Appendix B 
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