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1, INTRODUCTION

Infinite terms (streams) have been introduced in
several FROLOG-like 1landuades [2,374s8,10]1 in order to
define rarallel communicating rrocesses, The resulting

orerational semantics is aquite similar to Kahn-McQueen’s
model [3]sy chasracterized bw zdents which communicate throudgh
channels. Most of +the above mentioned languages are anno-
tated versions of PROLOG. Hence some of the most relevant
features of FROLOG, such ss the sbility to define relations,
dget lost.

If infinite terms are added to rure FROLOG (i.e. Horn
clauses)y the definition of 3 °doo0d" fixed-roint semantics
is still an oren eroblems, In [1] 3 dreatest fixed-roint con-
struction is Frrorased. Such solutions however; is not satis-
factorys hecause? ,

i) the dgreatest fixed-roint semantics dives 23 non-emrty
denotation not onlws to nonterminating srocedures which
comrpute infinite terms, but also to "bad" stanmdard non-
terminating Frodramss .

ii) the construction is rot always effectiver i.e. there
exist Pprodrams whose dreatest fixed-roint cannot be com-

ruted.

In this rarer we rrorose two semantics based on a least
fixed roint construction. In the first semantics we only
consider 311l the finite arrroximations of an infinite term:,
while the second semantics allows to handle infinite terms.
The landuade we will consider is a3 many sorted version of
PROLDOG., Its suntax will be defined in the next section., It
is worth noting that the sorting mechasnism will 2llow us to

distinduish finite and infinite terms.

2., SYNTAX AND DERIVATION RULE

.fhe landuade alrhabet is comrosed byl

1) A set S of identifiers for the rerresentztion of the
sorts. A sort 5 is?
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8) simrle if s belongs to S. The set of simerle sorts is
rartitioned into two disdoint classess canonical and
non—-canonical sortssy to core with finite and infinite
dasta structures resrectively, .

b) functional if s belonds to S*--> § , If s has the
form?: 5, % +4s % 5 -=» s’y 2and 3t least one of the s, s
is non-canonicalsy then s’ is non-canonical too.

¢) relational if s belondgs to S .

A family C of sets aof constant sumbols indexed by simele

sorts., If s is 2 non-canonical sort, them the set of corn-
stants of sort s contains the srecial sumbol w;,s, which

denotes an undefined (not yvet evalusted) data structure.

A family D of sets of data constructor sumbols indexed by
functional sorts.,

A family V of numerable sets of variable sumbols indexed
by simrle sorts.

A family R of sets of rredicate sumbols indexed bw rela-
tional sorts.,

The landguade data structures are obtzined by arrpluing

a constructors to variasbles and constants of suitable

ts. More rreciseluyy 38 term of sort s is!

) 8 constant sumbol of sort s,

) 8 variable sumbol of sort s,

) 38 data constructor arrlication d(tyse00rt ) such that
tyreiert, are data terms of sorts s, »y.4rs, and d
belonds to D and has sort s, % e X Sy~ S
A term which contasins a3t least one occurrence of an
undefined constant sumbol is called susrension and
denotes 2 not comrletelw evaluated data structure,
Because of the condition inm 1.b)s if one of the t; ‘s
hss _ 8 non-canonical sort (briefly is non-canonical);
then also the term 1is non-canonical. In facts the
result of the arrlication of a3 data constructor to its
camronents (arguments) is a3 susrension if some of its
comronents are susrensions.

The landusdge basic construct is the stomic formula.
atomic formulas is 3 rredicate arrlication FP(t;r..erty)
h that t;sev.rt, are dats terms of sort s;s...75, resrec-
elgy and F is a3 rredicate sumbol of sort s; % +44v % 54,

A set of atomic formulas can be interrreted as a3 col-
tion of Frocesses or adents [2y7] connected by channels,
h atomic formula denotes & rrocess. There exists a3 chan-~

~connecting rrocesses. g, and r » if there exists s vari-
e sumbol which occurs in the atomic formulas denoting =

P+ The basic activity is messsde rassing through chan-
s and reconfiguration of the collection of srocesses.
ormations can rass through 3 charmnel in both directions.
s is not the case of the SCA model [7]sy z2s well 3¢ of the

Kahn-McQueen model [S1].
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The duynamic behaviour of the collection of erocesses is
srecified by 3 set of clausess which are exrressions of the
landuade defined as follows!

1) A definite clause is 8 formulas of the form?
. A O-- B]!ooo! B“
where A and the R; ‘s are atomic formulas., If n=0 the
clause is caslled "unit clause® and is denoted zs follows!?

. A K== A

All the variables occurring in 3 clause 3are viewed 2as
universally uantified,

2) A nedative clause (doal statement) is a formula of the
form?

. “:“"" A|1000! All

where the A;’s are atomic formulss. If m=0 it is 2 null

clause denoted by ,

<—~l (or O ) >

From 8 1051cal viewroints the sumbol *s* denotes the lodicsal
connective ANDy the sumbol *<--*' denotes the logical imepli-
cations and A is the neutral element with resrect to the
orerator *»*y that is <-- Ayl = {-- A

The notion of derivation of a2 dosl -statement from &
diven dgoal statement and a3 Frodram is essentially the same
defined for PROLOG [Cé]1y and is based on resoclution [91., The
only trivial dlfference has to do with sort checking,

The relation

G 'Qf} 6

_denotes that the g0sl statement <-- G’ is derivasble from the

dgo038l statement <-- 6 and the prodram Wy with the substitu-
tion 0 s which is the comrosition of 2ll the substitutions
used in the elementary derivations.
If: for some 0 » the relstion
G !fL}A
. w
holdsy then <-- G is refutable in W.

- Our interrretation of goal statements and clauses is

‘exactly the same dgiven by Kowalski [4] for PROLOG. However:s

we think of a dozl statement as dernoting a8 collection of
PIrOCesses., . The derivation of 38 new doal statement
corresronds to 3 reconfiduration of the collections. Each

elementary variable binding in 3 unification can be seen 3s

3 messadge rassind from 3 rFroducer to 23 consumer, Our

interrretation 1is motivated bwy the fact that we view

processes a3s non terminating rrocedures which rroduce (or
consume) infinite data structures. Such Frocedures have an
emPty denotation in FROLOGs both from the orerationsl and

the fixed-roint semantics viewroint.
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3. OPERATIONAL SEMANTICS

In standard Horn Clause Lodgic the concert of comruta-
tion of 3 do3l statement is essentislly based on the refuta-
tion of that dosl statement, (i.e, the derivation of the
null clause)s and therefore on the concert of termination.
In other wordss the result of 3 comrutation of 3 go03l state-
ment (i.e. its orerationasl semantics) is the relation esta-
blisheds for each sredicate in the doa3ly by the substitu-
tions determined in 311 the rossible refutations [é3].

This definition of orerational semantics results inade-
auate to describe srocesses which handle infinite terms
{(streams). Considers for examrle, the following rrogram?

W = {list(xsx.L) <-- list{s{(x)sL)}
where the sort of % is *naturals® (canonical sort)s the sort
of L is ‘*streams of natural' (rnon canonical sort):s *.°
denotes the stream of naturals constructorsy and *s®" dernotes
the successor constructor on naturals (for the sake of sim-
rlicity we will use 1 instead of s(0)y 2 instead of s(s(0)),
etc.),

‘Since the dgoal statement #=-= 1ist{(0sL) has no refuta-

~tions in Ws the denotation of the rredicate list given bw

the standard orerational semantics is an emrtw relation.
In spite of this» 3 derivation of 1list(0:,L) rroducess ster
by sters the substitutions?

L. = 0.L
L = 0.1.,L
L = 0.1,2.L tcoss

, It is esasy to see that an infinite comrutation of this
doal statement will lead L to be instanced to the infinite
list of natural numbers. In denerasl every rFrocess which rro-
duces infinite terms has the same rroblems with resrect to
its semantics definitions since its comrutation necessarily
does not terminate.

The solution we Pprorose is based on the introduction

for each pPredicate sumbol P which is nmon-canonical (i.e,

which handles infinite terms)y of 3 terminal clause (unit
clause) defined as follows!

If P has sort s, % +4+s % 5,» then the terminal clause has the
form P(tyseesrt,) <-- y where each t; is? ‘

-. 8 variable of sort s. » if 5, is canonical

- the undefined constant sambolc%i: if S, is non-canonical.

The terminal clause is added only if there exists no
unit clauser» in the mrodgrams for which there is 3 surerrosi-
tion., This condition is necessary becsuse it must not be
rossible to introduce new solutions by adding a3 terminal
clauses The new terminal clause must onlwy 3llow termima-
tion. :
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Note that if there exists 3 terminal clauses for which
there exists 3 surerrosition with the new oney then it con-
tains some non-canonical terms that can be substituted
with w. For +this reason the termination is duaranteéed in
this case.

In our exaemrle the terminal clause is
list(nsw) <-—-A
This clause z2llows the dgoal statement <-- 1list(0sL) to have
8 refutation. The values that it comrutes for L are of the
formt: wy Q.wy 041wy 0.,1.2:wy etce.s.

The sumbol Q: in this examrles looks 1like the emstuy-

list constants and the values for L look like standard fin-
ite lists, Their rradmatics however is aquite different:
since the rrodrammers can think in terms of infinite lists
and not be worried asbout artificial terminal casess which
can be inserted sustematically by the interrreter.

The introduction of the termimnal clause is similar to the
termination rule for infinite dats rroductors rrorosed in
[7]s In that case a3 rrocess sroducing a (rotentially) infin-
ite data structure terminates when 3ll the rrocesses which
consume that data structure have terminated (lazy ~evalua-
tion), We obtain the same behaviour by exrloiting the non-
determinism of the landusde. A rFrocess which rfroduces 2
(potentially) infinite streams at each stream arrroximation

can be reduced to A. Howevery if there exist consuming
rrocessesy the rrocess has an alternative reduction which

rroduces 2 refinement of the stream.
The orerational semantics is defined as follows!?

If W is a set of clausess and P is & rredicate sumbol of
sort )X see X Sy then the orerational semantics of F in W
iss

D, (PrWI=L{(t ss0urty )1t has sort %_yi=1v..byn
and POty reevrty) l-'w-;l}

wheée W’ is the union of the rrogram W and of all of its
terminal clausesy added accordindly to the rule above
described.,

EXAMPLE 1)
list(nsnel) <-- list(s(n)sL)

Pis({m)sk.Lyg) <== P(nsLem) ¢ Frod{krmsu)
F(OsLsl) <=—A

Assume <-- prod(ksmsy) be refutable iff y results to
be the rroduct of m and k. '

list(n)L) is the rprocess which rroduces the stream L of
2l the maturzsl numters citertindg from n

418
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P{rnsLsm) defines the relation *m is the s=roduct of the
first n numbers in the stream L*.
Thens consider the rrodram!

1) fact(nym) <-- list(isL) vy PCRsl>m)
2) P(s{r)shelsy) <—= PFlrsLem) » praodihsmsyg)
W'=4.3) P(OsLs1) “<--A
4) list(nsr.L) <-- list(s{(m)s,L) .
.. S5) list(nyw) <--2A {terminal clause)
Note that S 1is +the only terminal clauses since the
clause F(xywyg)<--A will not satisfy our condition.

fact(nsm) defines the relation 'm is the factorial of
n'.

We will now dive an examrle of comrutation. For the
sake of simrlicitys the second clause will be rewritten
in the form! . .
Fis(n)sk.Lok¥m) <-- PlnsLym)

where the sumbol "X* is interrreted as the sroduct
orerator on natural numbers. »

4Initial do0a3l statement!
== fact(2y:)

bbs clause 1)srand the substitution x=m!
£-= list(1sL) » F(2sLsm)

by clause 2y and the substitution L=k»L,, m=k¥m;
Lo list(lxk{L,) ’ P(i;L,,m,)

by clause 2y and the substitution L,=k,.L2: m,=k,*m§
H—— list(Isk.k,.Lé) ' P(OrLz:mz)

by clause 3» and the substitution m,=1
L list(iyk.kl.Lz)

by clause 4y and the substitution k=1
- list(Q,k,,Lz)

by clause 4y and the substitution k,=2!
<== 1list(3sL,)

bsfclause Sy and the substitution
L=-=A

r'
u
g

Thetrésultins substitution for x is?
®=m=kXm, =kXk; Xm, =kXk, =k =2

The resulting substitution for L is?
L=k0LI =koLl 0L2=1020w

Note thatr to have 3 refutationsy at leasst two elements
of the list L have to be comruted,.
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4, FIXED POINT SEMANTICS: FINITE APPROXIMATIONS

The fixed roint semantice for 3 rrodram W is defined as
3 model of the set of clasuses W U {terminal clausesly
obtained as the least fixed roint of 3 transformation which
is defined on the set of the interrretations of W [1,10,112.

The interrretations of W are defined over an abstract
domain Ur which 1is a8 family of sets Us » each set being
indexed by 3 sort s occurring in W.

Each Us is defined as follows!

1) All the constant suymbols of sort sy occurring in W are
in U (note that if s is 2 ron-canonical sortyr 3lso w.is
8 constant sumbol of sort s and then BlSDcu belongs to

: Uede .

2) Fér each data constructor sumbol of sort s;x.vex s, -=> 59
Us contains 3ll the terms d(t;r.evrty) suc% that tlv...;tn
belonds to U% s...,Usn » resrectively,

Note that U contains the standard many sorted Herbrand
Universe as 3 rrorer subsety i.e. the set of 311 the dround
terms in which none of the w, occurs. In addition U con-
tains susrensionsy i.e, non comrletely evaluazted datas where
both undefined sand standard constant swmbols occur.
Finallgy U contains 3lso the fully undefined termsy i.e, the
terms wg +

: The Herbrand RBase B of W is the set of a3ll the dround
atomic formulas! for each rredicate P occurring in Wy of
sort s, XeeeX s, 3nd for each n-turle of terms ty s.v0sty
belgnS1ns to Us Tever Usn resrectivelyy P(t;s+4vst,) belonds
to .

A Herbrand Interpretation I ofbw is any subset of B
containing A,

The set J of all the Herbrand Interrretations of W is
~partially ordered by the relation g (set inclusion). As is
the case for standard Horn clauses: (d; €) is 3 comrlete lat-
tices i.e. for evers rossibly non finite subset £ of >
there exists lub(f) and g1b(L).

It is rossible to associatey to any rrodgram W» 3
transformation T on. the domain of interrretationsy defined
in the followind way!

T(I)={AlA<--B) s+++2B, is 3 dround instance of a3 clause of W’
3nd BI’QQ'Bne I }U{A}

where W’ is the union of the set W 3and of the terminal

clauses for W,

It is well-known that the tramsformation T is monotoqic
and continuous [461]. ’
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Since T is monotonics there exists!

I, = min{Il I=T(D)}

Moreoversy since T is continuous?
Ip =U 1k ceanm
k=0

. The fixed roint semantics of a3 rredicate Py of sort
S X eee X 8y in 3 rrodgram W is defined 25 follows!

DF(PIN) = {(tlitt’t")' t‘G Usli'ooor tnGUsnr P(t]lboo!tn)e»I ¥

The eaquivalence of the orerational and fixed~90int semantics
comes directly from the similar result for PROLOG.

9+ FIXED-POINT SEMANTICS! INFINITE TERMS.“

Now we want to define an alternative fixed-roint seman-
ticsy which reflects the idez that non-canonical datasy con-
taining the sumbols wgy are susrensionss that is eartial
aprroximations -of infinite terms.

A term containing occurrences of the sumbol w cannot
be transformed into an infinite term containing no

occurrences of wgr becsuse it would be necessarvy an infinite
number of derivations. However it is rossible to comrare two
susrensions to establish which is 3 better asrrroximation.

Considersy for examrlesy the eprocess F(r»lL) which rro-
duces the stream of 311 the odd numbers starting from rns if

n is odds and the stream of the even numbers starting from
ny if n is even, Such Froceses is defimed by the clause!

1. P(nsn.L) Z-- P(s(s(n))sL)
while the terminal clause is?
2, Flnyw) <-- A

One of the streams rroduced by the rrocecss Fy» starting from-
0, is L; = 0.2.w s obtained by arrluwing clause 1 twice and
clause 2 once.

Another stream is L;= 0.2.4.w » obtained by arrluing clause
.1 three timess and clause 2 once. B
L, is 3 better arrroximation than L, of the stream which
could be obtained starting from 0 and arrluing clause 1 for-

ever:
00204060 [ AR

Clearly L, cannot be comrared to znyw of the streams
obtainabley for examrley starting from 1 (lyw s1.3w »



etce)

It is then necessary to define & rartial ordering < on
the elements of A (ground terms)s which corresronds to the
concert of 'better srrroximation®.

i) For any constant sumbol ¢ of sort s cs{ cg ands if s is
non-canonicals wg+ Cg
ii) For any constructor sumbol of sort s, % v % 5,--» s
a) if ti=aki’ i=1yeerms then d(t'itotltn):“x
h) if ti{ t{! i=lyssssms then d(t|’Gto!tn)id(tftooo!t‘)

A similar rFartial orderind is defined on the Herbrand

Base By a3s follows?

For any rredicate sumbol F of sort s, +.v % 54+ and for any

t‘looo! t"! t{iooo!té of sorts s !eooiﬁm: . -
if‘ti< t{ i=issvm » then P(t‘!ooo’t.) < P(t{!o'tit;) .

Furthermores it 1is necessarw to introduce in  the
universe U 2ll the infinite terms which are limits of mono-
tonic seaquenrnces of terms, Similarlw, it is necessary to
introduce in the bese B 3ll the atomic formulas which con-

. ta3in infinite terms and which are limits of monotonic

sequences of atomic formulas.

. An interpfetation of W is any subset of B which con;
tains A and which does not contein anw ra3ir formulas A and
A’ » such that A < A’ .

Obviouslygy the interrretation contzining atomic formu-
las in which there occur infinite terms can be redarded as

limits of monotonic secuences of interrretations without

infinite terms.

Let p be a3 function which transforms subsets of B (con-
taining A 3 into interrretations. It is defined as follows!
if s is 3 subset of R then

p(S) =S - Al A€ES » JA‘E S ACA’D

In other words p elimimnates 211 those atomic  formulas
for which there exists in S 2 better arrroximation.

The set of the interrretations of W is rartisllw
ordered by the relastion < defined a3s follows! if IsJ belonsgs
to H ‘

I<J iff VAael 3JA’e J A<A’

ory equivalentlu?
I<J iff I € o(J)

where o is defined as follows:

482
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olI) = {Al JA’€eI A<A‘PUCA>
Note thaty if I is an interrretation! p(a(I))=f

The set J of the interrretations is s comrlete lattice
with resrect to <y and it holds, if £ is 8 subset of J ¢
glb(d) = p(U o(ZL))
lub(L) = glbLh

where £'= €I‘1 VIed I<I‘)

. Note that &' is never emptuy because it contains at
least p(B). In rarticulars if £ is finite!

1ubl) = p(U o (L))

’The transformation T’ associated to 3 - Frodram W is
defined in the following way!

f?(I) = p({Al A<--B;seevssBy is 3 dground instance
of 8 clause of W'y and Byr.esBa€o(I)X UL A

‘ﬁﬁere W’ is the union of W and of the terminsl clauses of W,

-0(I) occurs in the definition of I becauses if 8 cer-
tain arProximation of 3 data structure is comruteds then
also any less defined aerrroximation of such @ datas structure
must be considered as comruted.

It can easily be rroved that T’ is monotonic and con-
tinuouss hence there exists the least fixed-roint I; of T
andi?

If = UT({A»
kz0

The second. fixed-roint semantics is defined analodously to
the first?

DF:(PJW)-’{("’] rreertp )it e Uslvnoor tnEUs"7 F".(t‘!oocltn).f U(I;)}
It is worth noting that in the rrevious semanticsy the
lub of the chain T A contains only finite arrroxima-—

tions (susrensions)s whiles for this semanticsy the lub of
T'Y(L{A12) can contain also infinite terms.

RIBLIOGRAFHY

i. Arty KR+ 3nd MH. wvan Emden. ‘*Contributions to the
theory of lodic rrogramming*. J, ACM 29 (1982),



ra

S

b

7.

8.
9.

10.

11.

11

BelliasM.r» DamerisE,s DedganosP.sr LevisG. and M.Martelli.
*Arrlicative Communicating FProcesses in First Order
Lodic®*. Sumrosium on Programming., Lecture Notes.in . Com-
puter Science 137 (Srrindger Verlad, 1982) 1-14.,

ClarksK,Ls 3nd S.Gredory. *A relastionsal languasdge for
Pparalilel efrodramming®. Froc. of Functional Frodramming
Languades and Comruter Architecture Conf. {(1981) 171~

178.

HannsonsA.» Haridi»S, and S+A.T3rnlund. *Frorerties of a‘

Lodgic Prodramming Languadge'., Lodic Prodgrammings Clark
and Tarnlund Eds. (Academic Fress, 1982) 267-280.

KahnsG., and D.R.MacQueen. *Coroutines and networks of

rarallel srocesses®., Information Frocessing 77y North
Holland (1977)y 993-998. :

KowalskisR., *Fredicate lodic as'a rrodramming landusde’,
Proc.IFIP Cong. 1974y North-Holland Pub. Co.r Amsterdam:
1974y pr.569-574,

MonteirosL. *"An extension to Horn Clasuse Lodic 3llowing
. the definition of concurrent Frocesses®. Proc.I.C.F.P.C,

(Edst¢ J.Diazy I.Ramos)s LNCS 107y Srrinder—-Verlag 1981,

rPereirarL.M. *A FPROLOG demand-driven comrutation inter-

rreter®. Lodic Prodramming Newsletter 4 (1982)y 6-7.

Robinson:J.A. 'A machine-oriented 1lodic based on the
resolution erincirle*, J.ACM 12 (1963)s rPP.23-41.,

Van EmdensM.H. 3rnd G.J. de Lucens. "FPredicate lodic as é

landuade for rarallel rrodramming®, Lodgic Programming,
Clark and Tarnlund Eds. (Academic Press, 1982) 189-198.

an EmdernnsM+H. s KowalskisR. *The semantics of rredicate
lodic a8s 23 prodramming landuage'. J.ACM vol.23 (19768)
Nnedsy pp.733-742,

484





